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Figure 5.12: Effect of elastic energy on CNg of IM within 5159 interface at the outer surface
of sample. The 2D profile of CNy (i.e., the wide SS interface near the symmetry axis of the
sample) for a model without elastic energy (a) and with elastic energy (c) are presented at
0 = 0% = 432K, ks = 0.7, and kg = 2.6. The insets in the top row show the profile of order
parameter Y(r) along the horizontal z = 30nm (top line-plots) and Y(z) along the vertical
r = 20nm (right line-plots) cross-sections of the CNj. (b) and (d) are corresponding plots for
the profile of order parameter J(r, z), which determines the width of the SS interface along
with its cross-section profiles at r = 20 nm (right line-plots). Dotted line in the ¥ plots indicates
the level line of ¢ = 0.5.
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of IM and results in a CN with lower Y,,;,. An oval-shaped CN of the IM is formed in all
these cases. The CN of the IM for the model without an elastic energy has the smaller aspect
ratio. The width of the S1.59 interface narrows down inside the CN of the IM. Although the
5159 interface is along the radial direction in the model without any elastic energy, it is curved
when the effect of elastic energy is considered. This is nontrivial and is due to radial stresses
in the cylindrical sample. The volumetric transformation strain increases monotonously across
the solid-solid interface as we move away from the symmetry axis of the sample, which results
in larger driving force for the phase transformation. Thus, there would be a mismatch between
the rates of transformation from center toward the external surface that results in the formation
of such complex curved interface.

We utilize the following definitions of the energies. Energy of the ground states with sta-
tionary 5152 and S1M Sy interfaces are Eys = f Pss AV and Egps = f PWUsms AV, respectively.
The energy for CNy is ECN = [ pyp®1 dV, and energy of the CNy is EN2 = [ pp©N2 qV/.
Then the activation energy for CNy of S1M Sy within 515 interface is AEs%Nl = E°M _ F,
and the activation energy for CNgy of S1M.Ss within S1.5 interface is AESC;N2 = ECN2 _ B
Similarly, we define the activation energy for CN; and CNgy of 5152 within S1 M Sy interface
as AEEWZXSI = E°NM _ F_ - and AESCT,]L\Q2 = FON2 _ Fgms, respectively. Three contributions
to each of the above energies, due to the thermal energy ¢ + 150, gradient energy 1V, and
elastic energy ¢ parts of the free energy will be designated with U¢, UV and ¥€, respectively,
where ¥ = U9 + UV 4 W€ (see Tables 5.1 and 5.2). We also define effective energies for the
stationary S1S, interface, E?! = Ey,/Ans, solid-melt-solid interface, ESMS = E,.,/Ain and
their contributions. Here, the interface area A;p; is defined as Ajny = [ dSy—o.5, where Sy—o5
is the level set of the points with 9 = 0.5. Since calculations are performed for S;.52 phase
equilibrium temperature, these definitions should be close to the definition based on Eq.(5.58),
which is indeed the case (Table 5.3) for E?! in the model without mechanics: it is equal to
5159 interface energy of Eq. (5.54);.

To experimentally detect a thermally activated process within a reasonable time, the ac-
tivation energy of CN should be smaller than (40 — 80)kg6# (Ref. (Porter, 1981)), where kp

is the Boltzmann constant. After forming the CN, thermal fluctuations may lead to further
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Table 5.1: Energies of the ground states with stationary S1S53 (i.e., Egss) and S1M Sy (Egms)
interfaces, as well as the energy of 51.52 interface with CN; (ECN 1) at the center and CNjy
(ECN2) at the surface of the sample, are calculated for ks = 0.7, kg = 2.6, and 0 = 0, = 432 K.
Contributions to each energy due to the thermal part WY gradient energy ¥V, and elastic
energy W€ are included; ¥ = W% 4+ UV 4 ¥°. All the values are in x1078J.

Without mechanics With mechanics
V& A v & vV e v
Egs 625.30 631.34 1256.64 633.86 635.4197 21.43 1290.71
Egns 581.32 580.95 1162.27 607.50 565.29 12.73 1185.52
ECN 628.36 634.3279  1262.68 633.93 635.52 21.63 1291.08
ECN2 662.36 660.65 1323.01 637.59 639.19 18.43 1295.22

Table 5.2: The activation energy of the CN; and CNo within 5155 interface, AEgNl and
AESN2 and S M S, interface, AESN and AESN2. Contributions to each energy due to the

sms sms

thermal part W9, gradient energy ¥V, and elastic energy ¥¢ are included; ¥ = ¥¢ + UV 4 ¥e,
Simulations are performed for ks = 0.7, kg = 2.6, and 0 = 0, = 432 K.

Without mechanics With mechanics

! A v o VA e v
AESM (x107187)  3.056  2.99 6.044 0.07 0.1 0.2072 0.37
AESN (x10718J)  37.05 29.31  66.37 3.73 3.77 —2.9959 4.51
AESN (x10718)  47.03  53.38  100.42 26.43 70.2221 8.91 105.56
AESN2 (x107187)  81.03  79.71  160.74 30.09 73.9 5.70 109.696

Table 5.3: Energies per unit area (J/m?) of the ground states with stationary S15; (i.e.,
E?' = B, /Ain) and S1MSy (ie., ESMS = B, /A;u) interfaces calculated for ks = 0.7,
kp = 2.6, and 0 = 6, = 432 K. Contributions to each energy due to the thermal part W%,
gradient energy UV, and elastic energy ¥¢ are included; ¥ = ¥? + ¢V 4 ¥e,

Without mechanics With mechanics
\I’H/Aint \I’V/Aint \I’/Aznt \I’H/Aint \I’V/Aint \I’e/Aint \P/Aznt
E* 0.4976 0.5024 1 0.4881 0.4893 0.0165 0.994

ESMS 0.4626 0.4623 0.925 0.4678 0.4353 0.0098 0.913
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growth of CN and formation of the alternative stable steady nanostructure. Therefore a ther-
mally activated PT occurs when the activation energy of CN is smaller than (40 — 80)kp6. At
0 = 6° = 432 K, the energy of thermal fluctuations is 80kgf = 0.48 x 10~'8J. The calculated
activation energies and their components are listed in Table 5.2. The minimum activation
energy is obtained for the CNy of the IM at the center of the sample within 575, interface,
AESN | with mechanics is smaller than the magnitude of thermal fluctuations. Therefore,
5159 — S1M S phase transformation occurs as a thermally activated process. The activation
energy of S1M Sy — 5155 phase transformation in the model with mechanics is much larger
than the energy of thermal fluctuations for CN; and CNg, thus the formed I'M is metastable
and retains.

One has to mention that the effect of the mechanics on the barrierless PTs is nontrivial but
moderate for the chosen material parameters. Elastic energy makes a larger contribution to
both activation energies of 5155 parent phase than two other contributions together. However,
it changes the distribution of the order parameters and geometry of the CN in comparison
with the case without mechanics, which significantly reduces contributions of ¥¢ and ¥V to
the activation energies in comparison with the case without mechanics.

The most unexpected and intriguing result of this paper is the drastic reduction in the
activation energies of CN; and CNs due to mechanics without drastic changes in geometry of
CN, which are by a factor of ~16 and ~15, receptively. Although the elastic energy reduces
effective interface energies E2! and ESMS | it increases energy of each ground state and each
CN. For the case with mechanics, energies of the critical nuclei are marginally increased because
their structure are only slightly changed. However mechanics increases energies of the ground
states more than it increases the energy of critical nuclei, which results in drastic reduction of
their difference that corresponds to activation energies.

We have to be sure that the small activation energies are obtained as the difference of two
large numbers and are not the result of numerical errors. Since away from the CN the ground
state solution is not disturbed, we can evaluate activation energy as AESN: = i p(ypENi —
Pss)dV* (i = 1,2), where V* <« V is the volume around the CN, where the ground state

solution is changed due to the CN. By varying V*, we found that the calculated activation
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energy is not sensitive to the chosen volume V* as long as the boundaries of the V* enclose the

CN and are few nanometers away from the boundaries of CN. The same is true for AE, .

In summary, considering mechanics is crucial for the correct determination of the activation
energy for both critical nuclei, description of thermally activated nucleation and disappearance

of the I M, as well as kinetics of the S1M .Sy and 515, interface propagation.

5.7 Concluding remarks and future directions

In the paper, a thermodynamically consistent PF approach for PTs between three different
phases is developed using polar order parameters. It includes the effect of the stress tensor,
interface interactions via I P, and phase equilibrium and stability conditions for homogeneous
phases. Explicit expressions for the Helmholtz free energy and transformation and thermal
strains, which satisfy all formulated conditions are derived. The GL equations are derived and
coupled to the full system of equations of continuum mechanics. They are implemented in the
FE package COMSOL Multiphysics. Propagation and equilibrium of S\S interface containing
nanometer-sized intermediate disordered IP and, particularly, an interfacial IM are studied in
detail for HMX energetic material. Melting releases the energy of internal stresses at a coher-
ent S5 interface, which provides an additional thermodynamic driving force that promotes I M
significantly below the bulk melting temperature. The main focus of the study is on the effect
of mechanics on the structure of the /M and parameters at which it nucleates and disappears,
either barrierlessly or via CN and thermal fluctuations. However, results depend strongly on
the ratio of widths of S.S to SM interfaces, ks, energy ratio of SS to SM interfaces, kg, tem-
perature, and parameter ag that describes the interaction of two SM interfaces via an IM.
Most of results are presented for temperatures that are more than hundreds of degrees below
bulk melting temperature. In particular, formation of the IM (Yp,in ~ 0.07) with a width of
~ 1.4 nm is captured at ~ 0.80%! = 0.656°2, which is almost 185 K below the melting tem-
perature. This is consistent with the simplified thermodynamic predictions and experimental
evidences (Levitas et al., 2004, 2006b). Size-dependent melting hysteresis, transition from a
first-order jump-like M to a second-order continuous and reversible 1M, and formation of an

IM-free gap are obtained without and with mechanics. Unexpectedly, mechanics plays a dual
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role in barrierless IM nucleation: it promotes IM in terms of decreasing stationary value of
T ,.in and energy and increasing interface velocity and width of I M but it increases the temper-
ature for barrierless IM nucleation. An increase in nucleation temperature for 1M is caused
by the extra elastic energy that needs to be overcome during the initial stage of IM-formation
before it can be compensated by relaxation of the elastic energy during melting. Although
the sharp interface approach predicts the formation of IM for kg > 2, our PF simulations
demonstrated the nucleation and retainment of IM for kg < 2 even without mechanics. With
mechanics, the critical kg for IM nucleation reduces. The difference in the results is because
the sharp-interface model assumes bulk properties of the melt while PF approach operates
with incomplete intermediate nanostructures and includes the scale effect parameter k5. The
results on the scale effect and presence of an IM-free gap is not limited to the specific modeled
material (i.e., HMX); they are expected for a wide range of materials, such as Si, Ge, and other
materials with reducing melting temperature as a function of applied pressure (Levitas, 2005).

The most important and surprising result is in the revealed strong (by a factor of 16)
reduction of the activation energy of the CN of the I'M within SS interface and CN of SS
interface within interface with IM due to mechanics in comparison with the model without
mechanics. The main reason for drastic reduction of the activations energies is that mechanics
increases energies of the ground states more than the energies of the CN. Since activation

energy for the S;M Sy CN, AESN is much smaller than each of the energies ESN and Ei,,

sms? sms

EC’N

even a small difference in the effect of mechanics on ESY and Eyg significantly reduces AESY.

sms
The same is true for S7.59 CN.

Despite the appearance of additional contribution due to elastic energy, this reduction in
the total activation energy is related to adjustment of the geometry and structure of the critical
nucleus.

For simplicity, simulations have been performed assuming the same interface energy and
width for both SM interfaces, as well as weak linear dependence of the SM interface interac-
tions on gradient energy of SS interface inside the melt. Also, pure volumetric transformation

strain tensors and temperature-independent energy and width of each individual interface were

accepted. These limitations can be avoided in more detailed simulations and when correspond-



135

ing experimental data will be available. Also, relaxation of the elastic stresses at solid-melt
interface can be introduced, similar to that in Ref. (Levitas and Samani, 2011a). The effect
of IM formation on the elimination of the athermal friction (Levitas et al., 2006b) and amor-
phization via IM formation (Levitas, 2005) will be studied in the future. Note that change of
the material parameters (ks, kg, and ag) may change some of the conclusions of the current
paper.

The developed model can be adjusted and implemented to study the PT between any three
non-equilibrium phases (Tiaden et al., 1998; Folch and Plapp, 2005b), austenite and multiple
martensitic variants (Levitas et al., 2013, 2003; Artemev et al., 2001b; Chen, 2002b), grain
boundary pre-melting (Lobkovsky and Warren, 2002b; Tang et al., 2006a; Mishin et al., 2009),
and surface induced PT and pre-melting (Levitas and Samani, 2011b; Levitas and Javanbakht,
2010), especially, for the finite width of the external surface (Levitas and Javanbakht, 2011b;
Levitas and Samani, 2014). It will advance the above studies by adding the effect of the
stress tensor and new scale parameters, like ks and ag. The diagrams on the effect of system
parameters such as temperature, ks, and kg can be utilized as a guideline to develop new
materials and alloys.

Our model can also be used to study the nucleation of solid phases from melt (T ’oth et al.,
2011), heterogeneous nucleation at the interface or an external surface (Granasy et al., 2007),
as well as the effect of mechanics on the morphology and structure of nuclei and nucleation
kinetics. One potential direction of research would be extending the current model to capture
diffusive PTs in multi-component systems. Other areas of inquiry could encompass the study
of interfacial and inter-granular phases (also called complexions) and their phase diagrams
(Cantwell et al., 2014; Tang et al., 2006b), as well as a comparison with the results obtained
using other simulation techniques such as MD (Frolov et al., 2013b) and phase-field crystal
(Heo et al., 2011; Adland et al., 2013; Mellenthin et al., 2008; Goldenfeld et al., 2005).
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CHAPTER 6. GENERAL CONCLUSION

We developed an advanced phase-field model to study the effect of elastic energy, scale, and
interface energy on the formation of interfacial disordered structures, and their role in the solid-
solid phase transformation via these intermediate phases. Solid-solid phase transformation via
intermediate disordered phase, and specifically intermediate melt, is important for materials
with complex crystal structure, materials with decreasing melting temperature as a function of
pressure and materials under large loading rates where other stress relaxation mechanisms such
as plastic deformation is suppressed. In chapter 2, details of the thermodynamics potential that
is used for modeling SS PT via IM is described. The evolution equation for the order parameters
describing the SS and SM PT are derived and solved analytically for the case without stresses.
Two dimensionless parameters are introduced describing the energy and width ratios of SS to
SM interfaces, kg and ks. Effect of these two main parameters on the formation of IM at the SS
interface is studied in detail for different temperatures. Multiple new and surprising phenomena
are captured which indicate the formation of melt 120K below melting temperature, presence
of two solutions indicating the existence of a third solution associated to the unstable solution
(known as critical nucleus), and presence of an I M-free range of parameters which the M does
not form for any kr and ks value. Transition from a first-order jumplike PT to a continuous PT
due to scale effects was revealed. Furthermore, we demonstrated the formation and stability
of IM at conditions which were not accessible using sharp-interface approach. The developed
phase-field model, considers the interaction between two SM interfaces when they are in close
vicinity of each other. We have shown that the interaction between two SM interfaces can
affect the width, energy, and structure of IM as well as the velocity of the propagating SMS
interface. Considering elastic energy, produces additional driving force for the melt formation

and further reduces the critical kg and temperature for the loss of stability of SS interface.
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In chapter 3, the developed model is used to perform a detailed study of the transformation
between three nonequilibrium phases. It is shown that the energy of SS inside the melt at a
SMS interface needs to be considered, otherwise the solutions will be highly mesh-dependent.
This additional energy contribution is introduced by a non-trivial gradient energy function,
which corresponds to interaction of two SM interfaces in vicinity of each other. The phase-
field simulation results were compared with the available sharp interface models for interface
interactions, which indicate an excellent match with these classic models at temperatures close
to melting temperature of the solid phases. However, as degree of undercooling exceeds, the
classic sharp-interface models no longer fit the phase field simulation results. We suggested a
new sharp interface model based on the simplified version of the proposed phase-field model for
large IM width values. The proposed sharp-interface model for the interfacial interactions fits
well with the phase-field simulation results both at temperatures close to melting temperature
and even 120K below it. The proposed sharp-interface model brings new insight into the nature
of interfacial interactions. Structure of CN is studied by solving stationary GL equations which
revealed presence of two critical nuclei for a cylindrical sample. One is the CN of IM at the SS
interface and the other is the CN of SS within the SMS interface. The results indicate that the
energy of CN is larger than the energy of thermal fluctuations at the equilibrium temperature
of two solids. Furthermore, it is proved that for a complex SMS interface the energy of local
and gradient terms are equal for the sample without elastic energy.

In chapter 4, we have studied the effect of elastic energy and internal stresses at the in-
terface, on the formation and stability of IM. The equilibrium and stability conditions for the
homogeneous phases are derived and a thermodynamic potential function was developed that
satisfies all these conditions. It was shown that presence of elastic energy promoted the forma-
tion of IM, increases the interface velocity, and width of IM. It is shown that for the plane strain
sample, the relaxation of elastic energy provides an additional deriving force which results in
the motion of SS interface even at SS equilibrium temperature. Effect of elastic energy on the
nucleation of IM phase at the SS interface is also studied, which indicates significant reduction
(16 times for HMX energetic crystals) in the activation energy of CN. In this case, the energy

of CN drops below the energy of thermal fluctuations, which indicates a thermally activated
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PT. This is in consistence with experimental results reported in the literature.

In chapter 5, effect of elastic energy on the formation of a nanometer sized intermediate
melt at the SS interface 120K below melting temperature. It was shown that although, presence
of elastic energy slightly promotes the barrierless formation of IM, it drastically changes the
activation energy and changes the nature of PT from a stable phase to a thermally activated
PT. Furthermore, we could demonstrate the formation of a curved SS interface when the
elastic energy was taken into account. This was due to the radially increasing contribution
of transformation strain volume, and could not be captured by the classical sharp-interface
models.

The phase-field model that was developed, can also be adjusted to study other problems,
such as surface wetting, surface-induced PT, intergranular and interfacial phase diagrams,

grains and grain boundaries, as well as amorphization.
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APPENDIX A. PROOF OF ENERGY INTEGRAL

Let us prove Eq. (3.45) using stationary 1D Egs. (3.43) and (3.44). Since for the stationary
solution T = Y(z) and ¥ = ¥(x), we can invert x = z(Y) and z = x(¢}), and can consider
either T or ¢ as an independent variable, and also express T = Y () or ¢ = ¥(Y). This will

be used in the transformations below. Thus, we evaluate in Eq. (3.43)

d(B5°WN)Ys) 50,44 s dB>°(9)
T = 500 =+, (A1)
dT dy:  d(0.56°°(0)r3) dpso(¥)
509 S0y, e S0 _ z 2
_ d(0-5550( )T3) 2dﬁso( ) d9_ d(0.53%°(9)T3) dﬁso(ﬁ)
= T —0.57% 9 aT = T —0.57 9, FER (A.2)
Consequently,
d(F*D0)Ta) _ d(058%(9)T3) dp*(9)
—— = o + 0.5y = (A.3)
and Eq. (46) transforms to
ot _ 21,52 d9(T) | d(0.56%°(9)T3) dB>(v)
T - —0.58"v;, IT + a7 +0.57,9, AR (A.4)
Similarly, Eq. (44) transforms to
o _ 2 df¥(9) | d(0.56%6(Y)0;) 2y 49(0)
a0 = —0.577 70 + 70 +0.58° Y0, T (A.5)
Next, let us evaluate with the help of Eqs. (A.4) and (A.5) for fixed temperature
! l
dyl = gﬁ dY + %:gdﬁ =d (0.58%°(9) T2 + 0.5 ¢(T)v2) +
S0
0.58%9, (‘WT )T d — 9,dp(T )) +0.57, <dﬂ y ﬁ(ﬁ)ﬁxdT— Txdﬁso(ﬁ)>. (A.6)

Since in the second parenthesis in Eq. (A.6) one has Y,dd = dY1,, it disappears. Similarly,

since in the third parenthesis one has 9,dY = d¥Y,, it disappears as well. Then Eq. (A.6)
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dip'(0,7,9) = dypV.

(A7)
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APPENDIX B. NUMERICAL MODEL

The following is a complete system of equations for the description of the PT comprised
of kinematic relations Egs. (5.1) and (5.37)-(5.38), momentum balance Eq. (5.6), elastic
coefficients Eqgs. (5.21)-(5.22), change in thermal energy Eq. (5.24), energy barrier Eq. (5.26),
connecting functions and their derivatives Eqgs. (5.29)-(5.34), GL Eqgs. (5.47)-(5.48), elasticity
rule Eq. (5.39), and boundary conditions Eq. (5.18).

Material properties — The energetic crystal cyclotetramethylene-tetranitramine (Cy HgNgOg)
(also known as 1,3,5,7-tetranitro-octahydro 1,3,5,7-tetrazocine), which is called HMX, is chosen
as the model material for our simulations. Parameters of the developed model were calibrated
by the thermodynamic properties of §- and S-HMX which are indicated by S; and S, re-
spectively. Mechanical and thermophysical properties of HMX are extensively studied in Refs.
(Levitas et al., 2007c,b, 2006b) and parameters for the PT kinetics are described in Ref. (Mo-
meni and Levitas, 2014). Here, we will use an an isotropic approximation for thermal expansion

a; = o] and for tensors of elastic moduli:

where K; and p; are the bulk and shear modulus of phase i; IT = {J;;0;} is the volumetric and
D = 0.5 {61,051+ 0udj1, —2/3 6§01 } is the deviatoric part of the forth rank unit tensor (Landau
and Lifshitz, 1970). Thermophysical properties of the homogeneous phases and interfaces
between them are listed in Tables C.1 and C.2, respectively. We have assumed all a = 3, A30 =
—3Asg0, A2l = —3As;, and A2l = 0, which results in temperature-independent interface
energies and widths, which is assumed to avoid unnecessary complication of the model and
analysis of the results. The large negative value of 2! indicates high stability of S; at § =
62! = 432K and loss of stability cannot occur in reality. Negative instability temperature

has also been reported for the NiAl by fitting it to the MD simulations (Levitas and Preston,
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Table B.1: Thermophysical properties of homogeneous HMX.

Property Value

Molar mass (M) 0.296 kg/mol
Density (p) 1848.78 kg/m?
Ko=K; =Ky 15 (GPa)(Sewell et al., 2003)
o 0 (GPCL)

1 = o 7 (GPa)(Sewell et al., 2003)

Table B.2: Thermophysical properties of melt (phase 0), § (phase 1), and § (phase 2) HMX.

As (J/kg - K) 0 (K) L (p-s/kg) 0. (K) B(nJ/m)  eor

s—pB(1-2) ~76.62 432 1298.3 16616 24845  -0.08
m—35(0-1) -429.36 550 2596.5 flkg, ks) gk, ks) -0.067
m—B(0-2) -505.98 532.14 2596.5 flkp, ks) gk, ks) -0.147

¢ Values are obtained from (Henson et al., 2002; McCrone, 1950; Menikoff and Sewell, 2002).

2002b). All non-strain related material parameters are the same as in Ref. (Momeni and
Levitas, 2014).

Here, a systematic study is performed to investigate the effect of main material parameters
on the formation and stability of the I Ps. The time scale of the simulations is determined by
Ly/A?" and is on the order of magnitude of 1ns. A time-dependent solver is utilized to study
the evolution of microstructures by solving time-dependent GL equations. Time-dependent
GL equations are integrated using an implicit time-stepping method, which uses variable-order
variable-step-size backward differentiable formulas. An initial time step on the order of 1 ps
and a relative tolerance of 10~ are chosen. It worth noting that the integration time step
will be chosen automatically during the simulations and it reaches larger values (e.g. 0.1ns)
when steady state interface motion is reached. A stationary solver is used for finding the CN
associated with the maximum energy of the structure by solving stationary GL equations. The
stationary solver uses a nonlinear solver that is an affine invariant form of the damped Newton
method. Different initial guesses are utilized to initialize the problem and find a configuration
close to CN so that the solution of the nonlinear solver converges and gives the final structure

of CN. Details of the initialization process is described in the following for each study.
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Sample sizes with dimensions at least an order of magnitude larger than the largest in-
terface width are chosen and simulations are performed for different sample sizes to ensure
size-independent results. For propagating interface studies, an even larger sample size of up
to 50 times larger than the largest interface width is considered to get a steady interface ve-
locity and profile. The GL evolution equations are solved for a rectangular sample of 40 nm
height and 300 nm width with a roller boundary condition (i.e., zero normal displacement
and zero shear stress) on the left side and fixed lower left point. Axis x is along the width
of the rectangular sample and perpendicular to the interface, axis y is along the height of the
sample, and axis z is orthogonal to both of them. Plane strain conditions are imposed along
the z-axis. Stresses at the faces orthogonal to the xz- and y-axis are zero and stresses in the
z-direction are due to confinement of the sample in this direction and transformation strains.
For the problem of finding the CN, an infinitely long axisymmetric sample with the radius of
20 nm with free boundaries is considered. We defined ” perfectly matched” layers in COMSOL
with height of 10nm at both ends of the sample in the z-direction for mimicking the infinitely
long sample. The interface is orthogonal to the axis of symmetry z. Gradient of the order
parameters assumed to be zero at the boundaries, i.e., constant surface energy during PT.

The numerical model is implemented in the finite element commercial software package
COMSOL. The standard PDE and Structural Mechanics modules are used for implementing
the developed diffuse interface model. The relative calculation error is set to be 107* and aq
values larger than this numerical zero (ap = 0.01 and ag = 0.1) are utilized in the simulations.
A mapped mesh of quadratic Lagrange elements with five elements per SS interface width is
used to ensure a mesh-independent solution (Momeni and Levitas, 2014). Typical simulation
times for the time-dependent solver for simulating up to 1 s is a few hours using a conventional
desktop computer.

When the numerical model was calibrated by the properties of austenite — martensite PT
in NiAl, we could reproduce the results such as surface induced PT, which was reported in
the literature (Levitas and Javanbakht, 2011b, 2010), indicating its correct implementation.
Numerical simulations are also performed for the same problem without mechanics and cal-

culated values of the interface energy, width, and velocity was compared with the analytical
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solutions. The results from the numerical calculations perfectly matched the analytical solu-
tions, which also verifies the numerical model. In the next two sections, we will give details of
the initialization process for both phase evolution studies and finding the CN.

Initial conditions for a critical nucleus — The problem of finding CN corresponds to
finding a saddle point of the energy functional. It is equivalent to the maximum of energy
functional versus size for the given shape of the CN. Critical nucleus is a solution to stationary
GL equations. However, it should be noted that solving time-dependent GL equations results in
the solution corresponding to the minimum of the energy functional. Thus, time-independent
GL equations need to be solved to find the solution corresponding to the saddle point of the
free energy functional. We have used a modified Newtonian numerical technique (Deuflhard,
1974) to solve the stationary GL equations. A thermally activated IM formation is investigated
by considering two CN of IM within S1.Ss interface: (i) IM forms at r = 0, CN; and (ii) IM
is located at the external surface, CNs.

The convergence of a numerical algorithm is drastically affected by initial conditions. There-
fore, choosing initial conditions close to the final morphology of the CN is a key step in this
process and involves many iterations, which is explained in the following. To introduce CN;
of melt with different widths determined by a free parameter rg within a SS interface, the
following function is used in the cylindrical coordinate system with the symmetry axis z and

radial coordinate r:

TEN(r2) = {1+ eap [~ (2 = 20 = W/2) /6%]} 7"+ {1+ eap [(2 + 20 - W/2) /"] } ]

H(rg), (B.2)

where W is the width of the sample, the plane SS interface is orthogonal to z, and H is the
smoothened Heaviside function. The degree of smoothness of the Heaviside function depends
on the choice of system parameters and should be chosen to avoid numerical instabilities. The
CNz can be obtained by defining Y§V(z,7) = 1 — Y¢N(z,r), with a large 2z value — e.g.,
29 = 862!, To find the configuration of CN, different initial conditions with different widths
need to be considered. It can be achieved by substituting different zg values. The chosen value

of zg that results in the solution of CN strongly depends on the system parameters especially
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kg and ks. However, during the simulations we found out that an initial guess of zy ~ 0.5 62!
commonly leads to a proper solution for CN;. Furthermore, including mechanics makes the
system of equations extremely sensitive to the chosen initial conditions. In this case, final
configuration of CN cannot be found only by adjusting the zy and rg values and a tedious
trial process of different initial conditions. Faster convergence to the final CN configuration
can be achieved by first solving the system without mechanics and using this solution as the
initial condition for the model with mechanics. During this process, gradually increasing the
thermodynamic driving force (i.e., temperature) in order to equilibrate the contribution due to
elastic energy might be necessary.

Initial conditions for SS < SMS phase transformation — Formation and stability of
IM are studied using two different initial conditions: (i) a perturbed SS interface and (ii)
a pre-existing melt confined between two SM interfaces. The final result is sensitive to the
chosen initial conditions, because of the existence of three different stationary solutions. This
is in contrast to previous models for multivariant martensitic PTs, for which the final results
were not sensitive to the initial conditions. For perturbed SS interface, the order parameter
T is initialized as 0.99 in the entire sample and the SS interface is modeled by a variation of
¥ according to Eq. (5.53) for a stationary interface with v9; = 0. Alternatively, using a step
function for initializing 9 in a S5 interface is easy to implement and would not affect the final
results for multivariant martensitic PTs. However, using this function leads to a large gradient
energy at the interface and unphysical IM (i.e., IM which cannot appear barrierlessly from
SS interface) forms in our simulations.

To study the stability of IM during the solidification process, we need to initialize the
system with a pre-existing melt, which can be treated as a specific form of S;M .Sy CN in the
51 S5 interface. Thus, we can use a specific form of the CN initializing function Y¢V(r, 2), Eq.
(B.2), as an initial condition. In this case, we choose a large value for zp—e.g. z9 = 1042 and
substitute the Heaviside function H with 1. For the plane strain problem and the rectangular
sample, where x and y axes are respectively along the width and height of the sample, we need

to substitute r with y and z with z in Eq. (B.2).
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APPENDIX C. SUPPORTING INFORMATION

Mechanics equations — The relationship between the strain tensor €, displacement vector

u, and the decomposition of strain into elastic €, and transformational &, parts are:
e=1/3eol +e; €= (Vu)ym; €=¢€q+E, (C.1)

where g9 and e are the volumetric and deviatoric contributions to strain tensor; I is the unit
tensor, V is the gradient operator, and subscript sym means symmetrization. The equilibrium

equation is
V.o=0, (C.2)

where o is the stress tensor. The elasticity rule is

v o

7= e - Oeg

K(T,ﬁ) coa I + 2,u(T,29) €, (03)

where K is the bulk modulus and  is the shear modulus, which both are functions of polar order
parameters T and 9 (see Egs. (C.12)-(C.15)), ¥ and ¢ are the total and elastic Helmholtz
energies that are calculated using Eqgs. (C.4); and (C.5), respectively.

Thermodynamic functions — The Helmholtz energy per unit volume consists of elastic ¢,

thermal ¢?, and gradient ¢V parts, and the term 1,719 describing double-well barriers between

phases:
o= P+’ + g 14V ¢ = AGY(0,9)q(T,0); (C4)
V¢ = 0.5 (K(T,9)edy + 2u(T,0)leal?) (C.5)
oY = 05 BV + BT, ag,a0) | VIP ; (C.6)
= A00,0)TH(1 1)+ A% (0)9% (1 - 9)%¢(Y, aa); (C.7)

g = [en + (€2 —€n1) ¢, ar9)] q(T, azr). (C.8)
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Here, sub- and superscripts 0 are for melt M and 1 or 2 for solids Sy or So; 3° and B?! are SM
and 519, gradient energy coefficients, respectively; AG? and A0 are the difference in thermal
energy and energy barrier between M and Ss (s = 1 or 2); A?! is the S1S3 energy barrier;
function ¢ (7,a) = ax? — 2(a — 2)2 + (a — 3)2*, which varies between 0 and 1 when z varies
between 0 and 1 and has zero x—derivative at z = 0 and = = 1, smoothly interpolates properties
of three phases; a is a parameter in the range 0 < a < 6; if unknown, a = 3 is accepted (see ref
(Levitas et al., 2003)); the function ¢ (Y, ag,a0) = apY? — 2(ags — 2(1 — ap)) Y3 + (ag — 3(1 —
ap)) Y4 + ag differs from ¢ in that it is equal to ag (rather than 0) at ¥ = 0. Below we present

the difference between the thermal energy of the solids and the melt
AG(9) = AGYy + (AGy — AG1)a(¥, ave), (C.9)
the barrier between solid and melt
AN(0,9) = A(0) + (A%(0) — A'°(0)) q(9, ay), (C.10)

the gradient energy coefficient

57}18(19) _ ﬁsl—m + (652—771 . 581—"7') q(ﬁ,ams), (Cll)
the bulk moduli
K(Y,9) = Ko+ (Ks(W)— Ko)q(T,ax), (C.12)
Ks(ﬂ) = Kg+ (Ks2 - Ksl) q(’ﬂ, ak’s)7 (0'13)
and the shear moduli
W(T9) = o+ (s(0) — o) a(T, ), (C.14)
/1’5(19) = Hs1+ (N82 - Msl) Q(ﬁa aus)- (0.15)

The difference between the thermal energy of S5 and M is
AGY = —Aso(6-60); (s=1,2), (C.16)

where 050 is the equilibrium temperature between the solid phase Ss; and M, and Asy is the

jump in entropy between S; and M.
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Ginzburg-Landau equations — Applying the first and second laws of thermodynamics to the
system with a non-local free energy, and assuming a linear relationship between thermodynamic

forces and fluxes, we obtain the Ginzburg-Landau equations (Levitas and Momeni, 2014):

21
Y = Ly (—g;ﬁ + iW\wP +V. (BSUVT)> : (C.17)
9 = Ly <—g:§ +V- (621¢(T,a¢,a0)V19)> , (C.18)

where Ly and Ly are the kinetic coefficients and derivatives of 1, evaluated at € = const.

Analytical solutions. One of the advantages of the Eqgs. (C.4)-(C.16) is that, in contrast
to multiphase models in Refs. (Tiaden et al., 1998; Levitas et al., 2003), each of three PTs is
described by a single order parameter, without additional constraints on the order parameters.
An analytical solution for each interface between i and j phases, propagating along y-direction

is (Levitas and Momeni, 2014)

mg = 1) [P/ g ZP\/ g/ 2 (49(0) - 386%9)) |:

Vij = GLZ‘J'(SUAG?]-(G)/}?; Eij = \/ZBU (Azj(e) - 3AG%(9)>/67 (0'19)

where p = 2.415 (Levitas et al., 2003), nip = T at 9 = 0; g0 = L at ¥ = 1, and 79 = ¢
at T = 1; v;; is the interface velocity. These equations allow us to calibrate the material
parameters 39, A, 0?, and L;; when the temperature dependence of the interface energy,
width, and velocity are specified.

Using the Eq. (C.19), we defined two dimensionless parameters, kg and kg, that characterize
the energy and width ratios of S5 to SM interfaces. We also assumed that energy and width of
interfaces are temperature independent, which can be achieved by substituting AY = —3As;5.

Then we have

E21
E Es0 IBSO ASSO(QgO _ 930)’ J §s0

21 21 _ p21 21 21 sO _ gs0
B AS?l(ec 06 ) 0 \/ﬁ ASSO(OC ee ) (020)

~ B Asy (62— 021
where in the presented simulations, the energy and width of S.S interface are considered to be
fixed, E?! = 1J/m? and 6*! = 1nm. Energy and width of SM interface will be determined

by changing the kg and k;s.
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Table C.1: Elastic properties of HMX crystal.

Property Value

K0:K1 :KQ 15 (GPCL)
Ho 0 (GPCL)
fi1 = i 7(GPa)

@ Calculated for B-HMX at 6 = 62! and considered as a constant within small-strain approximations.
b Values are obtained from (Sewell et al., 2003).

Material properties. For simplicity, we assume all transformation strains are purely vol-
umetric. Properties of the melt, § phase (S7) and 8 phase (S3) of energetic material HMX
(C4HgNgOg) are used (Table C.1). It is assumed that for all subscripts a = 3 except a4 = 0;
AY = —3As;; (such a choice corresponds to the temperature-independent interface energies
and widths (Levitas, 2013a)); 65 = 6 + pE /( As;j 6Y) and BY = 6EY §Y /p (Levitas et al.,

2003); E?' = 1J/m? and 62! = 1nm. We have also assumed 6'° = §2° for simplicity.

Table C.2: Thermophysical properties of melt (phase 0), 6 (phase 1), and S (phase 2) HMX.

As (kPa/K) 0.(K) L (mm?/N-s) 0.(K) B((nJ/m) eo

§—B(1—2)  -141.654 432 1298.3 16616 @ 2.4845 ¢ -0.08
m—06(0—1)  -793.792 550 2596.5 fkp,ks)  g(kp, ks) -0.067
m—pB(0-2)  -935.446 532.14 2596.5 flkg ks) g(kg,ks) -0.147

@ This value was calculated using Eq. (C.19), assuming E?! =1 J/m? and 62! = 1 nm (Porter, 1981).
b Values are adapted from (Henson et al., 2002; McCrone, 1950; Menikoff and Sewell, 2002)

Finding the Critical Nucleus. To find the structure of the critical nucleus (CN), the
stationary Ginzburg-Landau equations must be solved using proper initial conditions for a
distribution of the order parameters close to the final configuration of the CN. In this process,
the order parameter associated with the phase transformation between two solid phases, 1,

is initialized using Eq. (C.19);. The other order parameter, describing the solid-melt phase
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transformation, T, is initialized for the CN; at the sample center as

YTi(r,2z) = [{1 +exp [~ (2 — 20 — W/2) /6] }_1 + {1+ exp [(z + 20 — W/2) /5] }_1} H(rp),

(C.21)
where zg determines the width of IM, and W is the length of the simulation domain (excluding
perfectly matched layers), H is the Heaviside function, and 6'° = 6%° are the widths of Sy M
and SoM respectively. Different widths and radii of the initial CN configuration is modeled
by substituting different zg and ro values in Eq. (C.21). Based on a trial process, we found
reasonable initial conditions using zy = 0.5 62! for modeling CN of I M within the S;.S5 interface.
The initial conditions for the CNy, for which the I M is located at the surface of 5155 interface
within a pre-existing interfacial melt, can be determined using Yo(z,7) = 1 — Y(z,r), and
choosing a large 2o value (e.g., 20 = 8'%ks). For the model with mechanics, a two-step
process is pursued for finding the configuration of the CN. In the first step, we found the CN
for the sample without mechanics. Then in the second step, we used the solution obtained
for order parameters in previous step to initialize the system of equations for the sample with

mechanics.
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