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Model-assisted probability of detection of flaws in aluminum blocks using
polynomial chaos expansions
Abstract

Probability of detection (POD) is widely used for measuring reliability of nondestructive testing (NDT)
systems. Typically, POD is determined experimentally, while it can be enhanced by utilizing physics-based
computational models in combination withmodel-assisted POD (MAPOD) methods. With the development
of advanced physics-basedmethods, such as ultrasonic NDTtesting, the empirical information,needed for
POD methods, can bereduced. However, performing accurate numerical simulationscan be prohibitivelytimeconsuming, especially as part of stochastic analysis. In this work, stochastic surrogate models for
computational physics-based measurement simulations are developed for cost savings of MAPOD methods
while simultaneously ensuring sufficient accuracy. The stochastic surrogate is used to propagate the random
input variables through thephysics-basedsimulation model to obtain the joint probability distribution of the
output. The POD curves are then generated based on those results. Here, the stochastic surrogates are
constructed using nonintrusive polynomial chaos (NIPC) expansions. In particular, the NIPC methods used
are the quadrature, ordinary leastsquares (OLS), and least-angle regression sparse (LARS) techniques. The
proposed approach is demonstrated on the ultrasonic testing simulation of a flat bottom hole flaw
inanaluminum block. The results show that the stochastic surrogates have at least two orders of magnitude
faster convergence on the statistics than direct Monte Carlo sampling (MCS). Moreover, the evaluation of the
stochastic surrogate models is over three orders of magnitude faster than the underlying simulation modelfor
this case,which is the UTSim2 model.
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Abstract. Probability of detection (POD) is widely used for measuring reliability of nondestructive testing (NDT) systems.
Typically, POD is determined experimentally, while it can be enhanced by utilizing physics-based computational models
in combination with model-assisted POD (MAPOD) methods. With the development of advanced physics-based methods,
such as ultrasonic NDT testing, the empirical information, needed for POD methods, can be reduced. However, performing
accurate numerical simulations can be prohibitively time-consuming, especially as part of stochastic analysis. In this work,
stochastic surrogate models for computational physics-based measurement simulations are developed for cost savings of
MAPOD methods while simultaneously ensuring sufficient accuracy. The stochastic surrogate is used to propagate the
random input variables through the physics-based simulation model to obtain the joint probability distribution of the output.
The POD curves are then generated based on those results. Here, the stochastic surrogates are constructed using nonintrusive polynomial chaos (NIPC) expansions. In particular, the NIPC methods used are the quadrature, ordinary leastsquares (OLS), and least-angle regression sparse (LARS) techniques. The proposed approach is demonstrated on the
ultrasonic testing simulation of a flat bottom hole flaw in an aluminum block. The results show that the stochastic surrogates
have at least two orders of magnitude faster convergence on the statistics than direct Monte Carlo sampling (MCS).
Moreover, the evaluation of the stochastic surrogate models is over three orders of magnitude faster than the underlying
simulation model for this case, which is the UTSim2 model.
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90% probability of detection
90% probability of detection, corresponding with 95% confidence bounds
matrix containing polynomial basis functions
beam diffraction correction
expectation value
joint probability density function of random vector X
basis function index of stochastic expansions
index of random design variables
map between independent variables and dependent outputs
approximate map by polynomial chaos expansions
total number of random variables
total number of sample points
current number of iterations
maximum number of iterations
required order of polynomial chaos expansions
total number of sample points needed for truncated polynomial chaos expansions
beam propagation and attenuation
fluid-solid transmission coefficient
joint-distributed output
independent component
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random vector containing independent components
response from actual model
prediction from polynomial chaos expansions
approximated coefficient vector of stochastic expansions
coefficient of stochastic expansions
system efficiency factor of non-destructive evaluation
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Computational Fluid Dynamics
Flab Bottom Hole
Least Angle Regression Sparse
Leave-One-Out error
Model-Assisted Probability of Detection
Monte Carlo Sampling
Non-Destructive Testing
Ordinary Least Squares
Polynomial Chaos Expansions
Probability of Detection
Root Mean Squared Error
Uncertain Quantification

Abbreviations
CFD
FBH
LARS
LOO
MAPOD
MCS
NDT
OLS
PCE
POD
RMSE
UQ

INTRODUCTION
Uncertainty quantification (UQ) [1,2] is the science of quantitative characterization and reduction of uncertainties
in applications. It tries to determine how likely certain outcomes are if some aspects of the system are not exactly
known, bridging a more reliable and robust application from theoretical and experimental models to the practical
world. However, the computational cost of the widely used Monte Carlo Sampling (MCS) method [3], is often
unaffordable, when calculating necessary statistics, even though MCS has the best accuracy level among all methods.
Polynomial Chaos expansion (PCE) [4,5], a type of non-intrusive stochastic expansion method, is a very efficient and
effective alternative computational model for uncertain quantification.
This work introduces PCE into the area of nondestructive testing (NDT) [6] for the probability of detection (POD)
analysis. POD is widely used for measuring reliability of NDT systems. Typically, POD is determined experimentally,
although it can also be enhanced by utilizing physics-based computational models, which is called model-assisted POD
(MAPOD) methods. In this paper, a state-of-the-art PCE method, containing adaptive-degree stochastic basis [7] and
Least-Angle Regression Sparse (LARS) method [8,9] is utilized in lieu of MCS in the MAPOD analysis. The approach
is demonstrated on the MAPOD analysis of flat-bottom-hole flaws in an aluminum block using an ultrasonic testing
measurement model. The results show that the PCE requires significantly fewer samples than the MCS approach.
The paper is organized as follows. Section II gives a description of the MAPOD method. Section III describes the
methods for statistical coefficients calculation and state-of-the-art PCE techniques used in this work. Section IV gives
the results on the test case. Finally, the paper ends with conclusions.

MODEL-ASSISTED PROBABILITY OF DETECTION
POD [10] is essentially the quantification of inspection capability starting from the distributions of variability, and
describes its accuracy with confidence bounds, also known as uncertain bounds. In many cases, the final product of a
POD curve is the flaw size, a, for which there is a 90% probability of detection. This flaw size is denoted a90. The 95%
upper confidence bound on a90 is denoted as a90/95.
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POD is important for quantifying the efficacy of inspection in components designed and used in accordance with
damage tolerant concepts. The POD is typically determined through experiments that are both time-consuming and
costly. This motivated the MAPOD methods with the aim for reducing the number of experimental sample points by
introducing insights from controlled experiments using information from physics-based simulations [11,12].
However, when it comes to a large amount of simulations, especially when containing statistical uncertainty in random
inputs and exploring the joint distributed statistical moments (Fig. 1), performing MAPOD analyses with physicsbased simulations can be impractical in a reasonable timeframe. This work addresses the issue of the computational
expense by using stochastic surrogate models in lieu of MCS within the MAPOD process (Fig. 1).

POLYNOMIAL CHAOS EXPANSIONS
In this section, the general formulation of PCEs is presented along with the basis-adaptive technique, methods for
calculating coefficients, and calculation of statistical moments.

General Formulation
PCE is one type of a stochastic expansion, initially developed by Wiener [13], and applied to uncertainty
quantification by Ghanem and Spanos [14, 15]. It has the general formulation of
Y
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i
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where, XęႦM is a vector with random independent components, described by a probability density function fX, Y Ł
M(X) is a map of X, i is the index of ith polynomial term, Ȍ is multivariate polynomial basis, and Į is corresponding
coefficient of basis function. In practice, the total number of sample points needed does not have to be infinite; instead,
a truncated form of the PCE is used
P
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where, MPC(X) is the approximate truncated PCE model, P is the total number of sample points needed, which can be
calculated as

P

( p  n)!
,
p !n !

(3)

where, p is the required order of PCE, and n is the total number of random variables.
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FIGURE 1. Flowchart showing the main elements of model-assisted probability of detection.
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Basis-Adaptive PCE
The basis-adaptive technique [7, 8] is used for determining the optimal degree of the PCE from available data. It
starts from low-order PCE, which needs less sample points, gradually increases the degree of the polynomial and
calculates corresponding residual. Once the residual is small enough, the iteration is stopped. A commonly used
iteration-based basis-adaptive method has the framework shown in Fig. 2.
In the algorithm of Fig. 2, İLOO is the leave-one-out (LOO) error, which is defined as the norm of difference
between model response and prediction from PCE, or
1
N

H LOO

N

¦ (Y  Y
i
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i
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where, Y is the model response, YPC is the prediction from PCE.

Solving for Coefficients
Since a polynomial basis has the characteristics of orthonormality, the equation can be solved by taking the expectation
of (1 PXOWLSOLHGE\Ȍj, or

Di

(5)

E[< i ( X)  M ( X)].

However, in this work the standard method, called the Gaussian quadrature method [16], is applied with the
coefficients calculated as

Di

N

k
k
k
³ M ( x)< i ( x) f X ( x)dx | ¦ Z M ( x )< i ( x ),

(6)

k 1

where, the weights Ȧk and quadrature points xk are derived from Lagrange polynomial interpolation. This method
guarantees exactness of the evaluation of integrals, while the total number of sample points needed increase rapidly
for high-dimensional design variables. It has the relationship with PCE order and number of input variables as N =
(p+1)n, which is called curse of dimensionality.
Another method is to treat the model response as a summation of PCE prediction and corresponding residual
M ( X)

M PC ( X)  H P
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where, İp is the residual between M(X) and MPC(X), which is to be minimized in least-squares methods.
Set error threshold ѓT
max iteration NImax
initial order p = 1

Generate initial basis
for pth-order PCE

Not converging
p=p+1

Calculate PCE
coefficients and ѓLOO
with least squares

Check convergence:
ѓLOO < ѓT or NI = NImax

FIGURE 2. Framework of the basis-adaptive technique (adapted from [7, 8]).
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(7)

Then the initial problem can be converted to a least-squares minimization problem [17]
Įˆ

arg min E [ĮT < ( ; )  M ( ; )].

(8)

The first method, used for solving this problem above and applied in this work, is called ordinary least-squares
(OLS) [18], with the coefficients obtained by solving
Įˆ

(9)

( $T $ ) 1 $T <,

where Y is vector of model response, Aji = Ȍi(xj), j = 1, …, n, i = 1, …, P.
The second method used for solving (8) is the least-angle regression sparse (LARS) [8, 9], a type of sparse method,
adding one more regularization term to favor low-rank solution.
Įˆ arg min E[ĮT ȥ([ )  M ([ )]  O || Į ||1 ,

(10)

where Ȝ is a penalty factor, ||Į||1 is L1 norm of the coefficients of PCE

Calculation of Statistical Moments
The PCE basis has the orthonormal characteristics, so the first two statistical moments can be obtained from
coefficients. The mean value of PCE is
P PC

E[ M PC ( X)]

(11)

D1 ,

where Į1 is the coefficient of the constant basis term Ȍ1 = 1. The standard deviation of PCE is

V PC

E[( M PC ( X)  P PC ) 2 ]

P

¦D

2
i

,

(12)

i 2

where it is the summation on coefficients of non-constant basis terms only.

NUMERICAL CASE STUDY
In this section, a typical model, the Black Beauty (Fig. 3) is tested. The ultrasonic simulation utilizes a GaussianHermite beam model [19], modeling ultrasonic beam with Gaussian-weighted Hermite polynomials coupled with a
paraxial approximation, working as part of Thompson-Gray measurement model [20]. There are three uncertain
variables in the test case, namely, the probe angle as N(0, 0.5) deg., the probe F number as U(7, 9), and the flaw size
as U(0.5, 8). MAPOD analysis is performed using MCS, and the NIPC methods, quadrature, OLS, and LARS. The
methods are compared based on the convergence on statistics and the cost of the prediction.

FIGURE 3. The Black Beauty ultrasonic model.
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The root mean squared error (RMSE) is used to validate generated surrogate model. The RMSE is defined as

¦

RMSE

n
i 1

(Yi PC  Yi ) 2
n

(13)

,

where n is the total number of testing points.
In this case, RMSE goes close to zero with very few sample points (Fig. 4). In this two-uncertain-variable case, it
takes 5,000 samples for MC to get convergence on mean value and standard deviation, while it takes 10 samples for
Quadrature, 20 samples for OLS/LARS PCE method (Fig. 5). Reasonable POD curves are obtained (Fig. 6).
In addition to the case shown above, the variation of the computation cost with the number of uncertain variables
is investigated. For this purpose, two additional cases are considered: (1) one uncertain variable: the probe angle as
N(0, 0.5) deg., (2) three uncertain variables: the probe angle as N(0, 0.5) deg., the probe F number as U(7, 9) and the
flaw size as U(0.5, 8) mm. The sampling cost for convergence is plotted in Fig. 7. It is clear that the MCS method
always needs much more sample points, about 2 to 3 orders of magnitude more than the PCE methods, to reach
converged statistical moments. When it comes higher dimension, sample points needed by MCS increase significantly,
while the PCE still only needs about 100 samples, which is very efficient for the use of exploring statistics. When it
comes to the utilization of predicting response, PCE methods have very good accuracy, based on RMSE results.
UTSim2 needs around 0.22 seconds per simulation, while the PCE model (almost the same efficiency between coarse
and fine PCE model) needs around 0.02 seconds per 100 evaluations. The simulation time ratio in this case is around
1,100.
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FIGURE 4. RMSE tests on the PCE methods.
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FIGURE 5. Convergence comparison on statistics with MCs and PCE methods: (a) mean; (b) standard deviation.
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FIGURE 6. POD curves for test case.
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FIGURE 7. Sample cost versus number of uncertain variables.

CONCLUSION
In this work, MAPOD analysis of three ultrasonic testing simulations cases, containing one, two, and three
uncertain variables, respectively, are tested on the Black Beauty flaw in an aluminum block, using the direct MCS
method and the proposed PCE methods. In all the cases tested, the PCE models outperform the MCS method on both
the convergence of the statistics and on the prediction efficiency. Among the PCE methods, the quadrature method
has the best performance for the case with one uncertain variable, while the LARS method outperforms all the methods
for the cases with two and three variables. Finally, reasonable POD curves are obtained with all the PCE surrogate
models. Future work will consider problems of higher complexity in terms of the physics-based simulations and higher
input space dimensionality, as well as other modalities.

ACKNOWLEDGMENTS
This work was sponsored by the Center for Nondestructive Evaluation Industry/University Research Program at
Iowa State University.

230010-7

REFERENCES
[1] T. West, S. Hosder, “Uncertainty Quantification of Hypersonic Reentry Flows with Sparse Sampling and
Stochastic Expansion,” Journal of Spacecraft and Rockets, 52:1, 120-133, (2015).
[2] T. West, A. Brune, S. Hosder, and C. Johnston, “Uncertainty Analysis of Radiative Heating Predictions for Titan
Entry,” AIAA-2014-2805, AIAA International Space Planes and Hypersonic Systems and Technologies
Conference, Atlantic, Georgia, 30:2, (Jun. 16-20, 2016).
[3] W. Yao, X. Chen, W. Luo, M.V. Tooren, J. Guo, “Review of uncertainty-based multidisciplinary design
optimization methods for aerospace vehicles,” Progress in Aerospace Sciences, 47, 450-479, (2011).
[4] F. Xiong, B. Xue, Z. Yan, S. Yang, “Polynomial Chaos Expansion Based Robust Design Optimization,” IEEE
International Conference on Quality, Reliability, Risk, Maintenance, and Safety Engineering, 978-1-4577-1232(Jun. 17-19, 2011).
[5] S. Hosder, R.W. Walters, M. Balch, “Efficient Sampling for Non-Intrusive Polynomial Chaos Applications with
Multiple Uncertain Input Variables,” AIAA 2007-1939, 48th AIAA/ASME/ASCE/AHS/ASC Structures, Structural
Dynamics, and Materials Conference, Honolulu, Hawaii, (Apr. 23-26, 2007).
[6] M. R. Cherry, J. S. Knopp, and Blodgett, M. P., “Probabilistic collocation method for NDE problems with
uncertain parameters with arbitrary distributions,” Review of Progress in Quantitative Nondestructive Evaluation,
Vol 31, AIP Conference Proceedings, 1430, 1741-1748, (2012).
[7] G. Blatman, “Adaptive sparse polynomial chaos expansion for uncertainty propagation and sensitivity analysis,”
Ph.D. thesis, Blaise Pascal University, Clermont II, France, 3, 8, 9, (2009).
[8] G. Blatman, and B. Sudret, “An adaptive algorithm to build up sparse polynomial chaos expansions for stochastic
finite element analysis,” Probabilistic Engineering Mechanics, 25(2), 183-197, (2010).
[9] G. Blatman, and B. Sudret, “Adaptive sparse polynomial chaos expansion based on Least Angle Regression,”
Journal of Computational Physics, 230, 2345-2367, (2011).
[10] J. Siegler, L. Leifsson, R. Grandin, S. Koziel, and A. Bekasiewicz, “Surrogate Modeling of Ultrasonic
Nondestructive Evaluation Simulations,” International Conference on Computational Science (ICCS), (80),
1114-1124, (2016).
[11] R. Thompson, L. Brasche, D. Forsyth, E. Lindgren, and P. Swindell, “Recent Advances in Model-Assisted
Probability of Detection”, 4th European-American Workshop on Reliability of NDE, Berlin, Germany, (June 2426, 2009).
[12] J. Aldrin, J. Knopp, and H. Sabbagh, “Bayesian methods in probability of detection estimation and model-assisted
probability of detection evaluation,” Review of Progress in Quantitative Nondestructive Evaluation, AIP
Conference Proceedings, 1511, 1733-1740, (2013).
[13] N. Wiener, “The Homogeneous Chaos,” American Journal of Mathematics, 60:4, 897-936, (1938).
[14] R. Ghanem, Spanos, “Polynomial chaos in stochastic finite elements,” Journal of Applied Mechanics –
Transaction of the American Society of Mechanical Engineers, 57:1, 197-202, (1990).
[15] R. Ghanem, Spanos, Stochastic Finite Elements: A Spectral Approach. Springer-Verlag, New York, (1991).
[16] W. Gander and W. Gautschi, “Adaptive quadrature revisited”, BIT Numerical Mathematics, 40:1, 84-101, (2000).
[17] M. Berveiller, B. Sudret, and M. Lemaire, “Stochastic finite elements: a non-intrusive approach by regression,”
European Journal of Computational Mechanics, 15:1-3, 81-92, (2006).
[18] G. Migliorati, F. Nobile, E. Schwerin, and R. Tempone, “Approximation of quantities of interest in stochastic
PDEs by the random discrete L2 projection on polynomial spaces,” Society for Industrial and Applied
Mathematics Journal of Scientific Computation, 35:3, 1440-1460, (2013).
[19] B. Cook and W. Arnoult, “Gaussian-Laguerre/Hermite formulation for the nearfield of an ultrasonic transducer,”
Journal of the Acoustical Society of America, 59, 9-11, (1976).
[20] R. Grandin and T. Gray, “UTSim2 Validation,” Review of Progress in Quantitative Nondestructive Evaluation,
Vol 36, AIP Conference Proceedings 1806, 150007 (2017); doi: 10.1063/1.4974731.

230010-8

