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We study a one-dimensional interacting quantum liquid hosting a pair of mobile impurities causing
backscattering. We determine the effective retarded interaction between the two impurities mediated by the
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the finite-frequency mobility of the impurity pair. At the antiresonances, the two impurities remain at rest
even when driven by a (small) external force. At the resonances, their synchronous motion follows the
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mechanical antiresonances are observable in experiments on ultracold atom gases confined to one dimension.
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We study a one-dimensional interacting quantum liquid hosting a pair of mobile impurities causing
backscattering. We determine the effective retarded interaction between the two impurities mediated by the
liquid. We show that for strong backscattering this interaction gives rise to resonances and antiresonances in
the finite-frequency mobility of the impurity pair. At the antiresonances, the two impurities remain at rest
even when driven by a (small) external force. At the resonances, their synchronous motion follows the
external drive in phase and reaches maximum amplitude. Using a perturbative renormalization group
analysis in quantum tunneling across the impurities, we study the range of validity of our model. We predict
that these mechanical antiresonances are observable in experiments on ultracold atom gases confined to one
dimension.
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Introduction.—One-dimensional (1D) quantum systems
have continued to fascinate condensed-matter physicists
over the past decades [1,2]. They display remarkably greater
universality than their higher-dimensional cousins. At the
lowest energy scales, and regardless of their microscopic
details, or even of whether they are composed of bosons or
fermions, all gapless 1D systems can be described as
Luttinger liquids (LLs) [3–5]. This hydrodynamic description is extremely simple and characterized by just two
parameters: the sound velocity vs and the Luttinger parameter K. The latter determines, e.g., the compressibility, and is
related to the interactions between the constituent particles.
In recent years, 1D quantum fluids have been realized on
various experimental platforms, ranging from semiconductor nanowires to cold atomic gases [6–10]. Many of their
predicted properties, such as conductance quantization or
the presence of power laws in their response functions (with
exponents determined by the interaction strength) have
been observed [6,7,9,11,12]. Cold atoms, in particular, are
well suited for the study of 1D systems as their interaction
strength can be tuned via external magnetic fields or by
changing properties of the lasers confining the atoms
[9,13]. Furthermore, it was shown that impurities can be
embedded into the 1D quantum fluid, either as atoms of
a different species [10,14–16] or as charged ions [17,18].
Similar effects occur in the propagation of magnetic
excitations along spin chains [19–22].
The effects of impurities in 1D quantum fluids are
rather peculiar. It is well known that a single static
impurity will cause backscattering of fluid particles. At
low energies, this backscattering becomes strong for
K < 1, and the impurity will effectively cut the system
0031-9007=19=123(7)=075302(6)

into disconnected parts [23,24]. At finite energies, a
random scattering potential caused by many static impurities leads to Anderson localization even for arbitrarily
weak coupling between the impurities and the liquid
[2,25]. However, these predictions apply only to the cases
of static impurities and quenched disorder, respectively.
The physical properties of the system change strongly if
we allow for backaction of the liquid on the impurities by
giving the latter a finite mass M [26–33]. In particular, this
gives rise to a new temperature scale T  ¼ ðm=MÞT F ,
where m is essentially the mass of the particles forming the
quantum liquid and T F the Fermi temperature [26]. For
T  ≪ T ≪ T F , a heavy impurity (M > m) indeed cuts the
system, while at even lower temperatures T ≪ T  , the
impurity effectively becomes transparent, in striking contrast to the infinite-mass case. The two limits can be
distinguished by measuring the impurity’s mobility, i.e.,
its velocity as a response to an external driving force.
Considering more than a single impurity leads to even
more striking effects. For static impurities, it is well known
that tunneling resonances occur [23], as well as Friedel
oscillations [34,35] leading to long-range interactions
between two impurities. In the case of mobile impurities,
the backaction of the liquid on the impurities necessarily
leads to an effective retarded interaction between them.
Interactions mediated by a fluid and new dynamical
synchronization phenomena have been observed in a
cold-atom mixture in Ref. [36]. In this Letter, we will
focus on the mobility of a pair of impurities in the limit of
weak tunneling of liquid particles across the impurities. We
will show that as a consequence of retarded interactions
between the impurities mediated by the liquid, the ac
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FIG. 1. Schematic drawing of two impurities immersed in a 1D
interacting quantum fluid, which is characterized by the Luttinger
parameter K and the sound velocity vs. The two impurities
interact with each other via a retarded interaction mediated by the
fluid. If exposed to a force FðtÞ, they emit density waves into the
liquid as a result of being accelerated.

mobility of the pair differs greatly from the mobility of
individual impurities. As illustrated in Fig. 1, the behavior
of the ac mobility is dominated by interference effects
between density waves in the liquid and the external driving
force. Such behavior is reminiscent of that underlying Fano
resonances [37]; the origin of the two interfering wave
fronts, however, is different in our case. The most striking
consequence of this is the emergence of resonances and
antiresonances in the ac mobility: at certain discrete drive
frequencies, the impurity motion is reinforced or completely halted by the density waves in the fluid. We show
below that these features of the mobility at finite frequencies can be experimentally observed by measuring the
absorption spectrum for electromagnetic radiation.
The resonance phenomena that we discover have the
following properties: First, it is crucial that the system is
one-dimensional because a dispersion of the density waves
into other directions would destroy the exact interference of
the external force with the force due to the density wave
emitted from the second impurity. Second, the resonances
and antiresonances are retardation phenomena which rest
on the finiteness of the sound velocity in the LL and the
finite distance between impurities. Third, the leading
correction causing a partial lifting of the resonances is
brought about by quantum mechanics: both via tunneling
of the liquid across the impurity and via quantum fluctuations of their distance d. An implication of our result is that
one can control the motion of the impurities through the
liquid by changing their distance. In particular, one can
make the pair immobile at discrete frequencies (up to linear
order in the external force) by adjusting d. At the same
time, the power absorbed when driving oscillatory motion
of the pair strongly depends on d as we show below.
The structure of this Letter is as follows. Starting from
the limit of strong backscattering at the impurities, we will
first derive an effective action for the two impurities by
integrating out the degrees of freedom of the quantum
liquid. This effective action will then contain a retarded
interaction between the impurities and we will discuss its
effect on the ac mobility. Next, we discuss the possible
effects on the real-time dynamics of the impurities, the
power absorbed from the external drive, as well as the
implications for experiments on cold atom gases. Finally,
we will perform a renormalization group (RG) analysis for
the tunneling across the impurities to explore the limits of
validity of the model.

Effective action.—We begin by presenting a model
Hamiltonian to investigate a pair of mobile impurities
interacting with an LL. The Hamiltonian H of the system
divides into three parts, H ¼ HLL þ Himp þ Hint , which
describe the low-energy modes of the liquid, the dynamics
of the mobile impurities, and the coupling between the two,
respectively. HLL is the usual Luttinger Hamiltonian [2] (in
the following, we set ℏ ¼ kB ¼ 1),


Z
vs
1
2
2
HLL ¼
ð1Þ
dx Kð∂ x θÞ þ ð∂ x ϕÞ ;
K
2π
where vs is the sound velocity of the fluid modes, and K is
the Luttinger parameter, which for repulsive interactions in
a fermionic system takes values 0 < K < 1. The fields ϕ
and θ obey the canonical commutation relation ½ϕðxÞ;
∂ y θðyÞ ¼ iπδðx − yÞ.
The kinetic energy of the mobile impurities can be
written in center-of-mass (c.m.) and relative (r) coordinates
as Himp ¼ P2c:m: =ð2MÞ þ P2r =ð2μÞ, where M and μ are the
total and reduced mass of the two impurities, respectively.
Finally, we allow for a contact interaction between the
impurities and the Luttinger modes which is of the form
X
Hint ¼ V ρðXc:m: þ ηXr =2Þ;
ð2Þ
η¼

where ρðxÞ ¼ −∂ x ϕðxÞ=π þ 2ρ0 cos½2πρ0 x − 2ϕðxÞ is the
density of the LL, which consists of a forward scattering
and a backscattering contribution [38]. Moreover, Xc:m: and
Xr are the center-of-mass and relative coordinates of the
impurity pair.
We transform to a frame comoving with the center of
mass of the system using the unitary
transformation
R
U ¼ exp ½iX c:m: PLL . Here, PLL ¼ dxð∂ x θÞðρ0 −∂ x ϕ=πÞ
is the momentum of the LL, where ρ0 ¼ N=L denotes
the average density. Under this transformation, the
Hamiltonian becomes H0 ¼ U † HU, where
H0 ¼

X
ðPc:m: − PLL Þ2 P2r
þ þ HLL þ V ρðηXr =2Þ:
2M
2μ
η¼

ð3Þ

Next, we make two approximations to pass to the
Lagrangian formalism. First, we assume that the quantum
fluctuations of the relative motion of the impurities are
negligible, so that we can approximate the operator by its
expectation value Xr ≈ hXr i, which is justified for large
enough impurity mass M. We choose to work with external
driving forces which affect both impurities identically,
so we may further neglect the relative motion and set
Xr ≈ d ¼ const. In the Supplemental Material [38] we
demonstrate using an analogous classical model that for a
periodically driven, damped system with an interaction
between the impurities mediated by the liquid, the relative
motion indeed vanishes in the steady-state limit. For charged
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impurities, the most straightforward way to implement such
a drive is via a time-dependent electric field with wavelength
λ ≫ d, as both impurities will experience the same driving
force in this case. In case of neutral atoms, one can define
impurities by using different species of atoms. The necessary
species-dependent trapping potentials for driving them can
be routinely realized [10,39,40].
Second, we consider the limit of strong backscattering by
the impurities (V → ∞), which leads to complete pinch-off
of the LL at the impurities. This is justified because the
impurities act as RG-relevant perturbations. We will discuss
this assumption later by presenting an RG calculation of
tunneling across the impurities. The Lagrangian then reads
Z
1
LðtÞ ¼ MX_ 2c:m: þ ρ0 X_ c:m: dxð∂ x θÞ
2
Z
K
þ
dx½ð∂ t θÞ2 − v2s ð∂ x θÞ2 ;
ð4Þ
2πvs
where we dropped the RG-irrelevant term in PLL . Note that
θðxÞ is discontinuous at x ¼ d=2 due to the presence of
the impurities. We pass to Matsubara space operators
(denoted by tildes), and integrate out the LL modes away
from the impurity positions at x ¼ d=2 to find that in the
absence of tunneling across impurities, the action takes the
form

XX
1 X Mω2n
S¼
jX̃c:m: j2 − ρ0 ωn X̃c:m:
ηθ̃α;η
β ω
2
α¼L;R η¼
n



Kjωn j
jωn j
2
2
ðjθ̃Lþ j2 þ jθ̃R− j2 Þ
jθ̃L− j þ jθ̃Rþ j þ coth
þ
2π
Ωd

θ̃Lþ θ̃R− þ c:c:
−
;
ð5Þ
sinhðjωn j=Ωd Þ
R
where X̃c:m: ðωn Þ¼ dtX c:m: ðtÞeiωn t with bosonic Matsubara
frequency ωn ¼ 2πn=β and inverse temperature β ¼ 1=T.
The frequency Ωd ¼ vs =d is the energy scale of fluctuations of the fluid between the impurities. Moreover, θ̃L; ¼
θ̃ð−d=2  0þ Þ and θ̃R; ¼ θ̃ðd=2  0þ Þ denote liquid
fields near the impurities. This action is formally quadratic
because the strong nonlinearity present in the interaction
Hamiltonian (2) has been translated into boundary conditions of the field θ̃ðxÞ. Finally, one can integrate out the
remaining bosonic modes to find the following effective
action for the impurities,


1 X Mω2n
2πρ2 jωn j
Seff ¼
þ
jX̃c:m: j2 :
β ω
K½1 þ expð−jωn j=Ωd Þ
2
n

ð6Þ
The effective action Seff shows that the two impurities are
coupled by a retarded interaction, and thus behave profoundly differently to a single mobile impurity.

Mobility.—The effects of this retarded interaction
between the impurities are seen most clearly when considering the mobility of the impurity pair, μðωÞ, i.e., the
response of the c.m. velocity to an external force acting on
both impurities. In a diffusive system, the mobility is the
proportionality coefficient between an applied force F̃ðωÞ
and the velocity vðωÞ of the particle, vðωÞ ¼ μðωÞF̃ðωÞ.
The zero-frequency (or dc) mobility reads μ0 ≡ μð0Þ ¼
1=ðMΩM Þ, where ΩM ¼ 2πρ2 =ðKMÞ [26]. The inverse of
the frequency ΩM can be interpreted as the time scale on
which a particle with mass M initially at rest approaches its
terminal velocity under the application of a constant force.
A divergent μ0 indicates ballistic motion.
The ac mobility μðωÞ can be calculated directly from the
effective action (6), and one finds that the boundary
conditions provided by the LL have a strong impact on
it. The center-of-mass mobility as a function of Matsubara
frequency is defined as μðωn Þ ¼ ðωn =βÞhjX̃c:m: ðωn Þ2 ji.
Computing the expectation value, and passing back to real
frequencies by making the Wick rotation ωn → −iω þ 0þ ,
we find that
μðωÞ
¼
μ0

−1



ω
ω
1−i
þ tan
:
ΩM
2Ωd

ð7Þ

It is clear from this expression that the mobility exhibits
resonances for ω=ΩM þ tanðω=2Ωd Þ ¼ 0, where it reaches
the dc value: μðωÞ ¼ μ0 . Interestingly, it also exhibits
antiresonances for ω=ΩM þ tanðω=2Ωd Þ → ∞, where
μðωÞ ¼ 0. The full behavior of μðωÞ is shown in Fig. 2,
which shows that the mobility of the impurity pair is very
different from that of a single impurity, except at certain
discrete frequencies, where they agree.
To understand the form of μðωÞ, note that the ac drive
causes the impurities to emit sound waves into the quantum
liquid [26]. The antiresonances are reached exactly when
the tangent function diverges, i.e., for ω ¼ nπΩd with odd
n. This corresponds to situations where the driving force at,
say, the right impurity and the wave front arriving with
retardation Ω−1
d ¼ d=vs from the left impurity interfere
destructively. In that case, the forces cancel and the
impurities will remain at rest despite the drive, so that μ ¼ 0.
Further increasing the frequency ω, one reaches a point
when the external driving force on the impurities and the
force due to absorption and emission of liquid density
waves conspire in such a way that the impurity motion is
always exactly in phase with the external drive, even at
finite frequency. This requires that the acceleration of the
impurity vanishes exactly at the time when the external
force changes direction. In this case, the dc mobility is
restored, and the oscillation amplitude as well as the power
absorption reach a maximum (see Fig. 2). This is a striking
contrast to the case of a single impurity, where the motion is
always phase shifted with respect to the ac drive.
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vc:m: ðtÞ ¼ F0 μ0 sinðωtÞ. By contrast when ω hits an antiresonance, we find vc:m: ðtÞ ¼ 0 at all times. Near the
antiresonances, the relative phase of the center-of-mass
velocity with respect to the external drive changes from π=2
to −π=2. In the case of a periodic drive, the mobility can
most easily be measured by studying the power absorbed
by the impurities over a drive period T ¼ 2π=ω,
1
P̄ðωÞ ¼
T

Z
0

T

1
dtFðtÞvc:m: ðtÞ ¼ F20 jμðωÞj cos½φðωÞ:
2
ð10Þ

FIG. 2. Comparison between the ac mobility μðωÞ [Eq. (7)] and
absorbed power P̄ðωÞ [Eq. (10)] of one impurity (d ¼ 0, red
curve) and two impurities (d ¼ 2vs =ΩM , blue curve) as a
function of frequency. Top panel: absolute value of μðωÞ and
P̄ðωÞ normalized with respect to their maxima. Lower panel:
complex phase of μðωÞ. For a single impurity, the mobility
decreases monotonically with ω while the phase monotonically
increases from zero to π=2. In contrast, for two impurities one
finds a series of resonances where μðωÞ ¼ μ0 and argðμÞ ¼ 0, as
well as antiresonances where μðωÞ ¼ 0 and argðμÞ ¼ π=2.

Finally, for drive frequencies ω corresponding to even
multiples of πΩd , the two forces interfere constructively,
and the mobility for finite d coincides with that of d ¼ 0.
Hence, the two impurities behave identically to a single
impurity as far as the mobility is concerned.
Real-time dynamics.—In order to get a complete physical
understanding of the system, we investigate the center-ofmass dynamics of the impurities in the time domain. The
velocity of the center of mass is given by
Z
dω −iωt
vc:m: ðtÞ ¼
e μðωÞF̃ðωÞ;
ð8Þ
2π
R
where F̃ðωÞ ¼ dteiωt FðtÞ is the applied force in the
frequency domain. From Eq. (7), one finds that μðωÞ ¼
μ ð−ωÞ and that the singularities of μðωÞ are in the lower
complex half-plane, so vc:m: ðtÞ is assured to be real and
respect causality.
Our previous analysis of μðωÞ in the frequency domain
immediately yields the real-time center-of-mass dynamics
of the impurity pair for the case of a harmonically driven
system, where FðtÞ ¼ F0 sinðωtÞ,
vc:m: ðtÞ ¼ F0 jμðωÞj sin½ωt − φðωÞ;

Hence, the resonances and antiresonances in Fig. 2 are
directly measurable, for instance, as the power absorption
by the impurities driven by an external electric field or
modulated species-selective trapping potential.
The drive force acting identically on the two impurities
allowed us to neglect their relative motion [38]. However,
due to the fluctuation-dissipation theorem, the dissipation
caused by the liquid is accompanied by fluctuating forces
acting on the individual impurities which increase with
temperature [41], thus potentially reducing the visibility of
the resonances at high temperatures. In the Supplemental
Material [38], we estimate this temperature scale to be of
order T 2F =ω. Hence, for ω < T F, the resonances will remain
visible at all temperatures T ≪ T F .
We expect that our predictions can most conveniently be
measured in ultracold atom gases in one-dimensional traps
[9,13]. In this case, with typical sound velocities in the
range of mm=s and distances between impurities on the
order of μm, the resonance phenomena should be visible in
the electromagnetic absorption at kHz frequencies. With
typical Fermi temperatures in the μK range, the condition
ω < T F is thus fulfilled, and the predicted features should
be observable in the entire temperature range T  ≪ T ≪
T F , where impurity backscattering is relevant.
RG analysis.—To obtain these results, we assumed the
two impurities to pinch off the liquid at the positions d=2.
The leading perturbations to this strong-pinning limit are
described by adding terms to the action (5) corresponding
to tunneling across the individual impurities and across the
impurity pair. These are given by the respective actions
Stun;1 ¼ −t1

X Z
α¼L;R

dτ cos ½θαþ ðτÞ − θα− ðτÞ;

Z

Stun;2 ¼ −t2

dτ cos ½θRþ ðτÞ − θL− ðτÞ:

ð11Þ

ð9Þ

where we have split the mobility into its absolute value and
phase using φðωÞ ¼ arg½μðωÞ. According to Fig. 2, when
ω is on resonance, the velocity vc:m: ðtÞ oscillates in phase
with the external force and with the maximum amplitude,

We perform an RG analysis for these terms by splitting the
bosonic modes into slow modes and fast modes, and
integrating out the fast modes [2]. The RG flow of the
running LL cutoff Λ depends on the energy Ωd ¼ vs =d,
corresponding to the distance between the impurities, as
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well as ΩM ¼ 2πρ2 =ðKMÞ, corresponding to the mass of
the impurities.
In the limit of large d, we find the following RG flows for
the cases of heavy (M → ∞) and light (M → 0) impurities,
respectively,


dt1;2
1
¼ 1 − t1;2 ;
K
dl


dt1;2
1
t ;
¼ 1−
2K 1;2
dl

Ωd ≪ ΩM ≪ Λ
Ωd ≪ Λ ≪ ΩM :

ð12Þ

The tunneling amplitudes t1 and t2 scale identically. The
first line coincides with the result for static impurities [23]
and shows that tunneling is irrelevant for K < 1 for heavy
impurities until Λ falls below Ωd ; ΩM [see Eq. (13) below].
Interestingly, for light impurities, the second line shows
that in this regime of large d, tunneling is relevant for
1=2 < K < 1, in contrast to the static case. If the interactions in the LL are not too strong, light impurities thus
become transparent even though they are far apart. For
sufficiently strong interactions K < 1=2, tunneling remains
irrelevant as long as T > Ωd . This central, new result of our
RG analysis implies that the resonance phenomena discussed in the previous section remain robust to quantum
tunneling across the impurities for sufficiently strong
interactions in the LL (K < 1=2) and not too low temperatures T > T  for M > m and T > Ωd for M < m.
We note that the scaling dimension of 1=ð2KÞ for two
light impurities generalizes to ðN − 1Þ=ðNKÞ for N light
impurities. This factor arises from the existence of a single
gapped mode in the limit ΩM → ∞, which reads θL− −
θLþ þ θR− − θRþ for N ¼ 2 and generalizes straightforwardly to general N. The other 2N − 1 orthogonal modes
remain gapless. As the gapping of this mode occurs only in
the approximation of keeping Xr ¼ d constant, we conclude that the (quantitative) scaling dimension 1=ð2KÞ is
not universal and would change if we allowed relative
motion of the impurities. We expect the main qualitative
conclusion, however, that pairs of light impurities with
large d become transparent at a smaller value of K than
single impurities, to remain valid.
To connect to the existing results for a single mobile
impurity, we need to consider the case d → 0. In that case,
the bosonic modes θLþ and θR− , which live between the
impurities, are pushed to high energies. As a consequence,
the RG calculation predicts that the tunneling amplitude t1
is exponentially suppressed at energies Λ ≪ Ωd . In contrast, the tunneling amplitude t2 remains finite and, in the
limits of heavy and light impurities, respectively, scales as


dt2
1
ΩM ≪ Λ ≪ Ωd
¼ 1 − t2 ;
K
dl
dt2
¼ t2 ; Λ ≪ ΩM ≪ Ωd :
dl

ð13Þ

Hence, we recover the typical scaling in the limit of heavy
impurities [23]. Moreover, in the limit of light impurities
and d → 0, tunneling becomes relevant irrespective of
interaction strength. This coincides with the result found
in Ref. [26] for a single mobile impurity.
Conclusions.—In this Letter, we have shown that a pair
of mobile impurities embedded in a Luttinger liquid can
display rich physical behavior. In particular, we showed
that interference effects between an external driving force
and forces caused by density waves that are generated in the
liquid as a response, can enhance or attenuate the ac
mobility of the center-of-mass motion of the two impurities. In the extreme case, antiresonances arising from the
destructive interference between external and Luttinger
liquid mediated forces can render the impurity pair
completely immobile at certain discrete frequencies. We
argued that our predictions can be measured in ultracold
atom gases in one-dimensional traps. We estimated
that resonances and antiresonances should be visible in
the kHz range in a temperature window given by
ðm=MÞT F ≪ T ≪ T F , where m=M < 1 is the mass ratio
between liquid particles and the heavy impurities and T F is
the Fermi temperature.
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