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ABSTRACT

We present efficient sensitivity-analysis algorithms for two problems involving Markov models of sequence evolution: ancestral reconstruction in evolutionary trees and local ungapped
alignment under log-odds scoring. Our algorithms generate complete descriptions of che optimum solutions for all possible values of the evolutionary distance. The running time of these
algorithms are comparable to the running time of the algorithms for a fixed parameter value.
The running time for the parametric ancestral reconstruction problem under the Kimura 2parameter model is O(kn

+ kn 213 log k),

where n is the number of sequences and k is their

length, assuming all edges have the same length. For the parametric gapless alignment problem
under the Jukes-Cantor model, the running time is O(mn + mn 213 log m), where m and n are
the sequence lengths and n :'S m.
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CHAPTER 1.

INTRODUCTION

Understanding the evolution of biological sequences is one of the basic problems in biology.
Biological data. available suggests that the organisms have evolved from a common ancestor.
~NP wm1 H

like to know the relation and differences between species. Phylogenies .:;,re basic

structures to analyze and infer the relationships between species. The relatio11ship between
species is represented by a phylogenetic tr;:;e. Various methods for inferring phylogenies have
been developed. Mutation is a natural evolutionary process which results in modification of
characters in DNA sequences. Similarity between DNA sequences of organisms can provide a
clue to their evolutionary origin. Sequence analysis of DNA helps in learning the similarity
and evolutionary relation between species.
Inference problems require a mathematical model. In this thesis we consider a simple but
widely-used Markov model, where sequences evolve only through random mutation. Mutation
probabilities are themselves non-linear functions of evolutionary distance (or time). Markov
models of evolution are the basis for many of the scoring schemes used in sequence comparison.
The goal of an inference problem is to find the most likely explanation for the input data, given
the model. The inference is dependent on the parameters of the model. Our work is motivated
by the observation that the answer provided by any such model is highly sensitive to the model
parameters. Slight variations in these values can result in completely different answers.
Given a model, ancestors of the given set of species can be inferred assuming the parameters
of the model are known. Several scoring schemes implicitly assume knowledge of the evolutionary distance between the sequences being compared. However, sequences are compared to
determine their similarity, which allows one to infer something about the evolutionary distance
between them. There is an implicit circularity. Parametric analysis considers the problem for
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all possible parameter values. It provides solution with respect to all parameter values thereby

avoiding the circularity. This also allows us to identify solutions that would be missed if a
fixed parameter value is assumed.
Our main results are algorithms that compute the solution to the ancestral inference problems in phylogeny and similarity regions in sequence alignment at all possible evolutionary
distances. The algorithm incurs only a slight overhead relative to the effort needed to compute
the answer for any fixed distance. In the process, we gain some insight into the structure of
these problems.

1.1

Background

In the Markov model of DNA P.v0 111 ti:ln considtief1 her(;, s:' s evolve independently according to identical random processes. The model is gapless in that insertion and deletion events
are not allowed. Mutation probabilities for one unit of evolutionary time are given in the form
of a 4 x 4 matrix M. By the Markov property, the mutation probability matrix M(t) for t
time units is simply Mt (that is, M raised to the power t). Parametric problems arise from
the attempt to understand the sensitivity of the model to changes in the entries of M and the
value oft. The nature of this dependence is clearly non-linear.
The Markov model of mutation is the basis for the two problems considered here: phylogeny
construction and local alignment. Let S be a set of species, each represented by a sequence
of the same length. An evolutionary tree or phylogeny is a rooted tree T whose leaves are
labeled by the elements of S. Tree T is a representation of the evolutionary history of S;
its internal nodes represent ancestral species. An internal labeling for T is an assignment of
sequences to the internal nodes of T, representing a set of hypothetical ancestors for S. Each
edge of T has a length, which is the evolutionary distance (time) between its two endpoints.
The ancestral reconstruction problem is to find the most probable internal labeling for the
tree. The probability of this optimum reconstruction is a function of the edge lengths, with
different lengths possibly leading to different reconstructions. The probability of the most likely
labeling is a measure of the likelihood of the tree (23). An alternative measure of likelihood is
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the total probability of the tree, which is the sum of the probabilities of all possible all internal
labellings for the tree. While the second notion of likelihood also depends on edge lengths, the
dependency is more complex than for the first notion (4; 18; 19; 22). We shall not consider
this approach further here.
Markov models are also used to identify contiguous regions of high similarity between two
sequences. Similarity in this case is measured using log-odds scoring (7), which is computed as
the logarithm of the ratio of the probability that the similarity occurred by evolution (according
to a Markov model) to the probability that this was a purely random event. The underlying
mechanism exhibits t.he same kind of time-dependency as the phylogeny problem described
above.

1.2

Our Contributions

We present fast algorithms for computing the optimum solution to parametric ancestral
reconstruction and local ungapped alignment for all possible evolutionary distances. Their
running times are comparable to those of the algorithms to find optimum solutions for fixed
distance. For the parametric ancestral reconstruction problem under the uniform Kimura 2parameter model (where all edge lengths are equal), we achieve a running time of O(kn

+

kn 213 log k), where n is the number of sequences and k is their length. This is comparable to

the running time for the fixed-parameter problem. In contrast, typical approaches are slower by
a factor at least equal to the number of distinct optima. For the parametric gapless alignment
problem under the Jukes-Cantor model, we achieve a running time of O(mn
where m and n are the sequence lengths and n

~

+ mn 2 13 logm),

m. This is comparable to the time needed

to solve the fixed-parameter problem by dynamic programming.
The algorithms are based on two ideas, which may be useful in solving other problems. The
first is that, despite the non-linearity of the time dependency, the well-known log-transform
allows us to view the problems as linear ones, at the expense of increasing the number of
parameters. The second idea takes advantage of the independence between the positions. We
use the idea of "lifting" the execution of a fixed-parameter algorithm so that it computes the

4

optimum solution at all evolutionary distances. Implemented in the obvious way, this results in
a slowdown proportional to the number of different optimum solutions. We avoid this overhead
because the problems we study are amenable to divide-and-conquer.

1.3

Related work

Our work is closely related to parametric sequence alignment, which explores the effect of
parameter variation on the optimum solution to sequence alignment problems over a range of
parameter values. The goal is to build a decomposition of the parameter space into optimality
regions, that is, maximal connected regions within which the optimum alignment is unique.

Parametric pairwise alignment was first considered by Fitch and Smith (12). Waterman et
al. (24) proposed a systematic way of finding the

op~imality

regions. Gusfield et al. (15) gave

the first bounds on the number of regions. Fernandez-Baca et al. (10) extended Gusfield et
al. 's work to a broader class of problems characterized by their scoring system; these problems
include parametric multiple sequence alignment and phylogeny construction.
The importance of parameter choice in stochastic models of sequence evolution has been
known for some time (see (1) and the references cited therein). Agarwal and States (1) give
an example of a pair of sequences for which local ungapped alignment varies as the distance
increases. In two companion papers (19; 18), Pachter and Sturmfels show the connection
between parameter choice in statistical models and parametric problems with feature-based
scoring schemes.

Among other contributions, they give general bounds on the number of

optimality regions and describe how dynamic programming algorithms for the fixed-parameter
versions of these problems can be "lifted" to solve these same problems parametrically. Their
method -

the polytope propagation algorithm -

1.4

is closely related to the approach used here.

Organization of the Thesis

Chapter 2 reviews Markov models of sequence evolution and their application to phylogenies
and scoring sequence alignments. Chapter 3 studies the effect of parameter variation on these
models. We introduce the notion of linearization and show how to reduce the number of
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parameters for the ancestral reconstruction problem. Algorithms for the parametric problems
are presented in chapters 4 and 5. Chapter 6 discusses open problems.
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CHAPTER 2.

MODELS OF SEQUENCE EVOLUTION

In this chapter we discuss simple models of DNA sequence evolution and show how these
models are used in scoring alignments and phylogeny problems.

2.1

A Markov model for substitution
.c11J,h."t~~ubon

The basis for the model of sequence evolution is a 4 x 4
where

mab

matnx M ::::- [mu.b],

is the probability that nucleotide a is substituted by nucleotide b in one unit of

evolutionary time. Let M(t)

= [m~~] be the matrix where m~t;

is the probability that nucleotide

a is substituted by nucleotide b in t units of time. By the Markov property, M(t)

=

Mt.

We consider two important cases where the elements of M(t) can be expressed in closed
form. The Jukes-Cantor (JC) model (16) is the simplest model of DNA evolution. In this
model, the rate of a mutation event is the same at all sites of the sequence. Each character
can mutate to any other character with equal probability. If a is the rate of transition at a
site, then the rate of change to another character is a/3. This is symbolically represented in
the Figure 2.1. If between two sequences an evolutionary time (distance) oft has elapsed, the
probability that no mutation event has occurred is
least one event is 1 -

4

e- 3at.

4

e-3at.

The probability that there was at

Thus the probability that the character A mutates to a T at the

end of the time t when the rate of mutation is a is

In the matrix M(t), m~~

= r(t)

when a= b (for a match) and m~t;

= s(t)

when a# b (a

mismatch). Functions r(t) and s(t) are given by
r(t)

1
(1
4

= -

+ 3e-4at)

and

s(t)

=

1

4 (1 -

e-4at),

(2.1)
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Thus, mismatches have a certain probability and matches have a different (lower) probability,
but these probabilities are independent of the nucleotides involved. The probability of these
events with respect to time is shown in Figure 2.1. Note that the curve of match (mismatch)
probability is smooth with decreasing (increasing), and the value of match and mismatch
are equal to 1/4 at infinity suggesting that after long enough evolution the sequences appear
random.
A transition is a substitution of a purine (A or G) by a different purine or a pyrimidine (C
or T) by a different pyrimidine. A transversion is a substitution of a purine by a pyrimidine
or vice versa. The Kimura 2-parameter (K2P) model (17) allows for different probabilities for
transitions and transversions (the former being more likely than the latter). The entries of the
K2P substitution matrix are given by

mit; = r(t) when

a, = b,

mit; =

s(t) when

a-+ b is a

8
transversion, and m~tl = u(t) when

a---+ bis a transition.

Functions r(t), s(t), and u(t) are

given by
s (t)

~

( 1 - e - 4t3t)

u(t) =

~

( 1 + e-4J)t

r(t)

1 - 2s(t) - u(t),

-

,

(2.2)
2e-2(a+J3)t)'

(2.3)
(2.4)

where a, fJ are transition and transversion rate parameters (7). Since the functions r(t), s(t), u(t)
are probabilities and hence satisfy the condition sum of the row in the matrix Af(t) is 1. Note
that Jukes-Cantor model is a special case of K2P with a= (3.
We often work with logarithms (hem assumed to be base 2) of probabilities rather than with
the prnbabilities themselves, since, as will be explained below, this yields linear expressions.
For the JC and K2P models, it is convenient to use the following notation

11,(t) =log r(t)

>.(t) =log s(t)

µ(t) =

l~gu(t).

(2.5)

Let A = aia2 ... ak and B = bib2 ... bk be two sequences. For each i E {1, ... , k }, ai (bi)
is referred to as position i or site i of A (B). Assume that site i of B evolved from site i of A
through substitution, independent of and at the same rate as the other positions according to
the Markov model just described. Then, the probability that B evolved from sequence A in t
time units is given by
k

Pr(BIA, t) = hAB(t) =IT m~~)b; = r(t)xs(t)Y

(2.6)

i=l

where x is the number of matches and y is the number of mismatches. This expression can be
simplified for the JC and K2P models. For the JC model, taking logarithms and using (2.5),
we have

+ >.(t) · y,

(2.7)

+ >.(t) · y + µ(t) · z,

(2.8)

log hAB(t) = 11,(t) · X
Similarly, for the K2P model, we have
log hAB(t) = 11,(t) · X

where x, y, z are the number of matches, transversions and transitions, respectively.
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2.2

Phylogenies for molecular sequences

Let S be a multiset {A1, ... , An} of DNA sequences of length k. An evolutionary tree or
phylogeny for Sis a rooted tree T whose leaves are labeled by S. The root denotes the common

ancestor. Each edge e of T has a length le that gives the evolutionary distance between its two
endpoints.
The internal nodes of a phylogeny T for S represent unknown ancestral sequences. An
internal labeling for T is a mapping X that assigns a sequence Xv of length k to each node v

of T. For each leaf w, Xw must equal the sequence from S that labels w.
Assume that evolution along the edges of T obeys a Markov process, as described in the
previous section. Let p(T) denote the root of T; for every v E T - p(T). p( v) denotP.s the
i:'°'1ent of v and e(v) is the edge (p(v),v). The likelihood of an internal l~bel'··z ~:
Lx =

II

;·;:h T'

is

(2.9)

hxp(v) Xv Ue(v))

vET-p(T)

The score of an internal labeling X for T is the logarithm of the Lx. The score is clearly
a function of the edge lengths. Here we consider only the simplest case, the uniform model,
where all edges have the same length t. In this case, if evolution proceeds according to the JC
model, the score of an internal labeling X is
score(X, t) = tb(t) · x

+ .X(t) · y,

(2.10)

where x and y are the number of matches and mismatches in X, respectively. Under the K2P
model, the score becomes
score(X, t)

= tb(t) · x + .X(t) · y + µ(t)

· z,

(2.11)

where x, y, and z are the number of matches, transitions, and transversions in X.
Given a phylogeny T and a set of transition probabilities, the ancestral reconstruction
problem is to find the most likely (that is, highest-scoring) internal labeling for T. The problem

can be solved using a dynamic programming algorithm due to the Felsenstein (8; 7), which
computes the solution in O(nk) time.
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2.3

Log-odds scoring and gapless local alignment

Local alignment refers to the alignment between the subsequences of the given input sequences. Local alignment helps in identifying highly related subsequences of the input sequences which are conserved during evolution or which show a similarity in structure or form.
Let s be a function that assigns a real-valued score s(a, b) to every pair a, b of characters.
A gapless local alignment (or simply an alignment for short) of two sequences A =

ai a2 ...

an

and B = bib2 ... bm is a pair of equal-length consecutive subsequences aiai+l ... ai+l-l and

bjbj+l ... bj+t-l from A and B; its score is I:~-::1 s(ai+ri bj+r ). The optimum gapless alignment
problem is to find a maximum-score gapless alignment. The optimum gapless local alignment
r,an be solved in O(nm) time by dynamic programming (14}.
.,-

:J

.;dds scoring schP.mes are based on the Markov model of Section 2.1. The log-odds score

TIH'".sures the relative likeliho0d that the sequences are related compared to being unrelated.
The log-odds score of the pair a, b is the logarithm of the ratio of the probability that a and
b are related through evolution and the probability that they are aligned by pure chance.

Thus, if the evolutionary distance between the two sequences is t, the log-odds score for a, bis

s(a, b) =log m~t~ /qa%i where qa, and qb are the probabilities that bases a and b appear in any
position of a sequence.
The actual s(a, b) values depend on t and the model of evolution. We again consider the
JC and K2P models. As we noted in section 2, in both of these models qa = 1/4 for all a (7).
Let

K.(t)

= ~(t) + 4

5'(t) = .A(t)

+4

ji,(t) = µ(t)

+ 4.

(2.12)

Thus, for the JC model, the score of an alignment A is given by

score(A, t) = K.(t) · x

+ 5'(t) · y,

(2.13)

where x and y are the number of matches and mismatches. For the K2P model, the score is

score(A, t) = K.(t) · x

+ 5'(t) · y + µ(t)

· z,

where x, y, and z are the number of matches, transitions, and transversions in A.

(2.14)
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CHAPTER 3.

PARAMETRIC PROBLEMS IN SEQUENCE
EVOLUTION

The problems introduced in the previous chapter involve finding a feasible solution with
maximum score.

In each case, this solution depends on t.

We also described a dynamic

programming based algorithm that computes the optimum solution for the fixed-parameter
problem. For the parametric problem we would like to solve the problem for all values of the
parameter t. Our ultimate goal is to partition the positive time axis into intervals of optimality;
that is, into maximal intervals of time within which a single solution is optimum. This partition,
along with the optimum solution within each interval, gives a complete description of the score
of the optimum solution as a function of t, for all t

~

0. Building this parameter space

decomposition is what we call the construction problem.
The dependence of the optimum score on time is non-linear. By working in the log domain
and temporarily ignoring certain aspects of this dependency, we obtain a linearized problem.
This auxiliary problem is easier to analyze, but nevertheless still contains all the information
needed to solve the construction problem.

In this chapter we study linearization and its

implications (section 3.1). We will also discuss the re-parameterization of the problem where
we reduce the number of parameters of the ancestral reconstruction problem (section 3.2).

3.1

Linearization

The optimization problems encountered in Section 2 have the following form. Let :F denote
a (finite) set of feasible solutions. Each feasible solution X E :F has a feature vector p(X) =
(p 1 (X), ... ,pd(X)) E zd; each coordinate of p(X) is called a feature. The features are weighted
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according to a parameter vector 1(t) =

b1 (t), ... , ld(t))

score(X, t)

to yield the score of X as follows:

= p(X) · 1(t),

(3.1)

where "·" denotes the dot product. The problem is to find the highest-scoring feasible solution.
Its score is given by the optimum score function,
Z(t) =max score(X, t).
XE:F

(3.2)

If we ignore the constraints imposed by the dependence on t, we obtain a linearized problem.

Abusing notation, the score function for X E F in this problem is
score(X, 1)

= p(X)

· 1,

(3.3)

and the optimnrn score function is
Z(!) =max score(X, 1).
XE:F

By its definition, the Z(!) function for the linearized problem is the upper envelope (that is, the

point-wise maximum) of a set of linear functions (2). Therefore, Z(!) induces a decomposition
of the parameter space, !Rd, into convex polyhedral optimality regions, each of which is the
maximal connected set of points for which a particular feasible solution has maximum score.
Since score ( X, 0) = 0 for all X, the optimality regions are cones that meet at the origin.
Furthermore, the following result is known.
Theorem 1 (Pachter and St urrnfels ( 19)). Let A be d-parameter linearized problem whose
set of feasible solutions is F and let P

ni, ... , nd such that P
0 ( ( nt=l

~

=

{p(x) : x E F}. Suppose that there exist integers

[O, ni] x · · · x [O, nd]· Then the optimum score function of A induces

ni) (d-l)/(d+l))

optimality regions.

The decomposition induced by Z(!) contains all the information needed to solve the original parametric problem in t: As t varies from 0 to +oo, 1(t) traces a curve through the
parameter space defined by a set of non-linear parametric equations in t. To solve the parametric construction problem, we must identify the regions in the linearized problem that are
traversed by this curve.
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3.2

Parametric ancestral reconstruction

As seen in Section 2, under the K2P model, the score of an internal labeling X for a
phylogeny T is a function of three parameters, which weigh the number of matches, transitions,
and transversions in X. We can apply Theorem 1 directly to the linearized problem to obtain
a bound. We get a better bound by reducing the number of parameters. Let m denote the
number of edges in T. Then, x

+y +z =

km where k, as before, is the sequence length.

Therefore, the linearized version of equation (2.11) for the score can be re-expressed as

score(A, ,.,,, >., µ) = ,., ·km+(>. - ,.,,) · y + (µ - tb) · z.

(3.5)

Since the term ,.,, · km is common to all internal labellings, we can eliminate it from the score.
Define >.'

= >. -

tb

and t/ .,--:: µ - ,.,,. rfhen, the score function can be redefined as

score' (A,>.',µ') = >.' · y + µ' · z.
Note that y, z

~

(3.6)

mk and that m = O(n), where n is the number of sequences. Thus, Theorem 1

implies that the number of regions induced by Z is O(k 213 n 213 ). In fact, it is convenient to
examine each position's contribution to the total score of T. Denote position i's contribution
by

zi.

By the independence assumption between the sites,

z

=

Li zi.

Then, by arguments

similar to the one just given, Zi induces O(n 213 ) optimality regions.
Now consider the role oft. By Equations (2.2), (2.3), (2.4), (2.12), and (2.13), as t varies
from 0 to +oo, (>.'(t),µ'(t)) traces a monotonically increasing curve on the negative quadrant
that goes from (-oo, -oo) to (0, 0). The derivative of this curve is a continuously decreasing
function of t that goes from 1 to 0 (Fig. 3.1). On the other hand, by the structure of the
linearized score function, the boundaries between optimality regions in the linearized problem
are straight line segments that meet at (0, 0). Therefore, the curve intersects every region lying
within the cone >.'

~

µ'

~

0 exactly once. Thus, given the space decomposition induced by the

linearized problem, one can easily solve the parametric problem relative to t.
The Jukes-Cantor model only counts matches and mismatches. As we did for K2P, we can
re-parameterize to obtain a redefined problem and score function: Z(A')

= maxA score'(A, >.') =

14

-1

-3mu

-5

-6

Figure 3.1

Left: >. as a function ofµ. The straight lines represent boundaries between regions of the decomposition. Right: Derivative
of the >.-µ curve as a function oft.

>..' · y, where y is the number of mismatches. Hence, for all >.'

the number of mismatches; the value of X,

au~

< 0, the problem is to minimize

thus t, is unimportant. Therefore, there is no ·

parametric problem to study in this case.

3.3

Parametric ungapped alignment

Consider ungapped local alignment with log-odds scoring under the JC model. There are
two parameters: the weight K,(t) of the matches and the weight 3-(t) of the mismatches. The
linearized score of an alignment A is score(A, ;:;,)) = K, ·x + ~ · y, where x and y are the number
of matches and mismatches. Unlike the case for phylogenies, it is not possible to establish a
linear relationship between x and y, so we cannot eliminate parameters. Since 0

~

x, y

~

n,

where n ~ m, Theorem 1 implies that the number of optimality regions is O(n 213 ). Note that,
as for the ancestral reconstruction problem, all optimality regions meet at (0, O); the boundary
lines between them are rays emanating from this point.
Now consider the original non-linear problem in t. By Equations (2.1), (2.12), and (2.13),
as tis increased from 0 to +oo, (K,(t), ~(t)) traces a curve that goes from ( +4, -oo) to (2, 2),
crossing the ~-axis at t = (1/4a) ln(4/3). In the process, since ~(t) is monotonically increasing,
the curve intersects every optimality region of the linearized problem in the ( +, - ) quadrant
exactly once. In the positive quadrant, this curve intersects every optimality region that lies
below the line~= K, (Figure 3.3).
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Figure 3.2

Parameter space decomposition for the parametric local alignment

3.4

Overview of the algorithms

We now present an overview of algorith!'1::; for parametric phylogenetic analysis and parametric ungapped alignment

Both procedures are based on the same technique. The first

step is to build the parameter-space decomposition induced by the linearized version of the
problem. As we discussed in section 3.1 this problem ignores the constraints that probabilities
must satisfy and thus considers a larger set of parameter values than actually needed. In the
second step, these constraints are re-introduced. The parameters in the linearized problem are
expressed as parametric equations in t. These equations define a curve that intersects with
successive regions of the decomposition as t is varied from 0 to +oo. To solve the parametric
construction problem, we simply find these regions.
As we mentioned before, the linearized problems have dynamic programming algorithms for
their fixed-parameter versions. These algorithms use two operations on real numbers: addition
and finding the maximum. To construct the space decomposition induced by the parametric
problem, instead of running the algorithms for a single parameter, we execute them for all
parameter values. Instead of manipulating real numbers, the parametric algorithms work with
piecewise linear convex functions. Instead of addition of real numbers, the modified algorithms
add piecewise linear convex functions of the parameters, and instead of taking maxima of
numbers, they compute upper envelopes of piecewise linear convex functions. This is similar
to Pachter and Sturmfels' polytope propagation method (19; 18), with two differences. A minor
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one is that polytope propagation works in the dual space of convex hulls, while our method
works in the original space of upper envelopes. A more significant difference is that the absence
of gaps allows us to use divide-and-conquer. This leads to algorithms that solve optimization
problems for all evolutionary distances in time that closely matches that needed to solve them
for a fixed distance. We describe the algorithm for parametric ancestral reconstruction problem
and the parametric local alignment problem in the next two chapters respectively.
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CHAPTER 4.

PARAMETRIC ANCESTRAL RECONSTRUCTION

In this chapter we provide algorithms for parametric ancestral reconstruction problem. We
will first consider the special case of balanced binary trees. The more general case is consider
in section 4.2

4.1

Balanced trees

In this section we consider the case of perfectly balanced evolutionary tree. Each node has
exactly two children and all leaves are at the same level.
We will first describe the fixed-parameter case which is a dynamic programming algorithm
due to Felsenstein (8). Due to the independence assumption between sites, we can process
each position separately. Let

zi(u) (>.,

µ) denote the optimum score for site i at the node u with

respect to parameters>.,µ and Zi(>.,µ) denote optimum score for the site i for the entire tree.
It is well known (see, e.g., (8)) that for each fixed choice of).. andµ,

where v is the parent of u, w and Jab equals 0 if a
a

= b,

µ if a --+ b is a transition, and ).. if

--+ b is a transversion. To compute the score of the tree, we use dynamic programming with

the above recurrence and compute the value of

Zi

in the bottom-up approach (from leaves to

the root). The optimal score for the tree Z is obtained by summing the values of Zi.
As noted in chapter 3, by reparameterization we have a parametric problem in two parameters >., µ. We are only interested in the negative quadrant of the >.-µ plane. Observe that,
since the score of any internal labeling is 0 at (0, 0), all optimality regions are cones that meet
at the origin. Now, a line with one fixed parameter value intersects all the cones. We fix >.,
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at any negative value, say -1, while varying the other. This reduces the dimensionality of
the problem by one, and leaves us with convex piecewise linear functions of one parameter.
Such functions consist of a succession of line segments. Each segment represents a region of
optimality. The point of intersection of line segments is called a breakpoint. The projection of
these breakpoints onto the µ axis partitions it into a sequence of intervals.
An important property of convex piecewise linear functions of one parameter is that the
upper envelope and the sum of two such functions can be computed in time linear in their total
number of breakpoints. Suppose we have Zi (>., µ) for each i. Then, the optimum score function
is Z(>., µ)

=

l:i Zi(>., µ).

As seen in Section 3, the number of optimality regions induced by

Zi is O(n 2 13 ). We can compute the sum of the Zi's by a process similar to merging.
Algorithm 1 Algorithm to solve the parametric ancestral reconstruction problem
for each site i E {1, ... , k} do
2:
for each node v in the post-order traversal ordP.r rlo
3:
for each character a E {A, C, T, G} do
1:

4:
5:
6:
7:
8:
9:
10:

zi(v) (a,>.,µ) = maxb ( bab + z;u) (b, >., µ))
end for
end for
end for
for every pair of functions Z, Z' do
Z(>., µ) = Z(>., µ) + Z'(>., µ)
end for

+ maxb ( bab + z;w) (b, >., µ))

Theorem 2. Algorithm 1 solves the parametric ancestral reconstruction problem for the Kimura
2-parameter model in O(kn

+ kn 213 log k)

time.

Proof. Correctness: Recurrence (4.1) holds for the single parameter case. The above algo-

rithm computes the recurrence for all values of the parameters in step 4 and produces Zi(>., µ),
the upper envelope which provides the solution for the site i for all parameters >., µ. These
upper envelopes are added pairwise and the final solution is obtained in steps 8-10. This
process, called lifting, obtains the solution to all the parameter values simultaneously.

Run-time Analysis:

We will consider the time spent in the loop of step 1 to compute

zi(p) (a,>.,µ) for each a. Consider the subtree rooted at node v with n nodes. For each choice of
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b, z}u) (a,).,µ,) induces O(n 213 ) regions, since the subtree rooted at u has n/2 nodes. Therefore

time to construct maxb (8ab
maxb ( 8ab

+ zi(w) (b, )., µ))

+ zi(u)(b, ).,µ))

is O(n 213 ) regions. Similarly time to construct

also takes O(n 213 ) time. Each of these functions have O(n 2 13 ) re-

gions. Computing their sum to obtain the upper envelope takes will take O(n 213 ) time.
Since the tree is balanced, T(n) = 2T(n/2)

+ O(n 213 ).

Thus T(n) = O(n). The running

time for the loop in step 1 over all sites i takes O(kn) time.
Now consider the loop in step l. Each site i induces O(n 213 ) regions for Zi· In the first
step we merge the Zi pairwise. There are k functions each with O(n 213 ) regions. This merging
takes O(kn 2 13 ) time. We repeat the merging process for the resultant upper envelopes. We
repeat the process till the final iteration produces one upper envelope, which forms the final
solnt;on. There are log k iterations. In general.at the jth iLcration there are k/2I- 1 func~ions
each with 0(2J- 1 n 213 ). Therefore total time per iteration is O(kn 2 13 ). Since there are log k
iterations, the total time for step 1 is O(kn 213 log k). Therefore the run-time of algorithm 4.1
is O(kn

+ kn 213 log k).

D

4.2

Unbalanced trees

The analysis of the theorem in the previous section to obtain a linear time solution holds
for the perfectly balanced tree case. The crucial part for the linear execution time is the
recurrence of T(n) = 2T(n/2)

+ O(n 213 ).

It is easy to see that for an unbalanced tree the

above recurrence does not lead to a linear time solution. In this section we show the use of
centroid decomposition, which will help in maintaining the linear run-time.
Centroid decomposition works on the basis of tree decomposition. A tree decomposition
of a graph G is a labeled tree (T, X) where T is a tree and X is a labeling for T, such that

for all i E V(T), X(i)

=

Xi ~ V(G), and such that: (1) UiEV(T)Xi

=

V(G); (2) for every

(u,v) E E(G),{v,u} E Xi for some i E V(T); (3) if j likes on a path of T from i to k, then

Xi n Xk

~

Xj. It is well known that given a tree, a balanced tree decomposition can be

obtained in linear time (13).
A graph G is a k-terminal graph if it is given together with a list terms(G)

= t 1 , ... , t 1::;
5,
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s :::; k. A k-terminal operator <p of arity r 2:: 0 is defined as follows. If r

=

0, then <p is a k-

terminal graph; else <p joins r k-terminal graphs G1, ... , Gr to obtain a new k-terminal graph
G = cp( G 1 , ... , Gr) by identifying the terminals of the graph in a pre-determined way. Given
a set R of k-terminal operators of arity r, let Ro be the operators of arity 0. Thus Ro is the
set of k-terminal graphs. A parse tree, T, of a graph G is a labeled tree which is constructed
as follows. If G E R 0 , T consists of a single node v with the label c5(v)

=

G. Otherwise, let

G = cp( G 1 , ... , Gr) be the decomposition of G with respect to R. Then T consists of a root v,
with the label c5(v)

=

<p

and subtrees that are parse trees of G1, ... , Gr· For any node v ET,

we write Tv to denote the subtree of T rooted at v. The subtn:e represents a graph Gv such
that (1) Gv = c5( v ), if v is a leaf, or (2) G1, = c5( v )( Gv 1 ,
J:<ermi.11dez--Baca

an~

.•. ,

Gv.) if v has children v1, ... , Vr·

Slutzki (11) showed how a balanced tree decomposition can be used to

obtain a balanced parse tree in linear time.
We now sketch how a parse tree L:an be used to obtain a linear time solution for the
ancestral reconstruction problem. The details follow closely to the parametric search algorithm
in Fernandez-Baca and Slutzki (11). Given a phylogenetic tree G, let T be a bounded-degree
linear size parse tree of G, and let v E V(T). (Note that we are deviating from the general
notational convention; here G denotes the input tree and T denotes the parse tree.)
Let

Zv

denote the optimum value of the score for the subtree Tv and the optimum score for

the graph Gv. We need to compute the optimum score zc for the entire tree G. The algorithm
to computing the score is as follows:
Step 1: If v is a leaf and Gv is a primitive graph, then we can compute the score

Zv

by

exhaustive enumeration. Under the assumption that primitive graphs have constant bounded
size, this computation takes constant time.
Step 2: Otherwise for each node v, we have a finite number of ways in which Gv can be

expressed as a combination of Gu, where u is a child of v in T. If we know the value of zu, we
can combine these values in constant time.
After all. the nodes v have been processed, the cost zc is given by the cost of the root of
the parse tree.
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Analysis:

The parse tree T of the input tree G is linear in the size of G and can be

constructed in linear time. The computation of the optimum score of input tree is obtained
by computing the optimum score of the nodes of the parse tree from the leaves to the root.
Since the parse tree is balanced, the runtime analysis of the previous section can be used for
the computation on the parse tree. The size of the parse tree is linear in the size of the input
tree and by the analysis of the previous section, the overall running time to compute the cost
of the input tree is linear in the size of the input tree.

, I

~
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CHAPTER 5.

PARAMETRIC GAPLESS LOCAL ALIGNMENT

In this chapter we consider the parametric local alignment problem. We consider the case
where gaps (i.e., the deletions and insertions of characters) are not allowed.

We will use

the techniques described before in section 3.4 and used in the previous rhapter to develop
an algorithm. The absence of gaps allows us to use divide-and-conquer to obtain a faster
alg0rit.hm. We show an algorithm to obtain the best parametric local alignment iii time almost

equal to the fixed parameter case.

5.1
Let A

=

a1 ...

an and B

=

b1 ...

The algorithm
bm be the input sequences.

Given a pair of indices

i :::; n, j :::; m, let Z(i>:, .A, i, j) denote the score of an optimum alignment between subsequences

of A[l..i], B[l..j]. In the fixed parameter case, the local alignment problem can be solved by
dynamic programming. Construct the usual (n

C

= [cij]

for the problem. The entry

Cij

+ 1)

x (m

+ 1)

dynamic programming matrix

stores the cost of the optimum local alignment ending

at ai and bj. Since no gaps are allowed, the value of any entry depends only on the entries
along the same diagonal of the matrix. We fill out the dynamic programming matrix C using
the following recurrence

(5.1)
where s(i>:, .A, ai, bj) is the score of the (mis)match as a function of parameters i>:, .A as shown in
equation 2.13.
As we noted in chapter 3, the linearized version of the parametric problem has two parameters, viz. i>:, .A. The parameter space decomposition is a set of cones that meet at the origin.
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When we fix one parameter, say, K. at 2, the line intersects all the regions of optimality in the
parameter space. We lift the dynamic programming algorithm to solve the problem for all
parameters. We can improve the running time of the algorithm by using divide-and-conquer
to compute the upper envelope of each diagonal .

Algorithm 2 Algorithm to compute the parametric ungapped local alignment
+ m + 1] //To store the optimal alignment for them+ n + 1 diagonals
align 1 //Temporary variable to store the optimal alignment returned by the procedure
for each diagonal i of the dynamic programming matrix C do
align1 {= diagonal(i1, i2,ii,h) // where ii, i2,j1,j2 are the endpoints of the diagonal i
//diagonal() is described in Procedure 3
align[i] {= max{ aligni[l], aligni[2], align 1[3], aligni[4], O}
end for
for each pair of functions Z, Z' do
Z(K., ,\) {= max{Z(K., ,\), Z'(K., >.)}
, ; ~vr each pair of upper envelopes, starting with the entries from align[m + n + 1]
end for

1: align[n
2:

3:

4:
5:
6:
7·
is:

o:

Description of the algorithm

Algorithm 2 computes the optimum parametric gapless

alignment; As we argued before due to the independence between the diagonals we can consider
each diagonal separately. We compute the parametric optimal alignment of each diagonal by
divide-and-conquer of procedure 3. The final score of the alignment is obtained by merging
the upper envelopes of diagonals in pairs in lines 6-8. For optimality (see analysis in theorem
below) we first merge the diagonals pairwise to get a new set of upper envelopes. The resulting
functions are paired together and their maximum is obtained. We repeat this process to obtain
the upper envelope which is the to the parametric gapless alignment.
In procedure 3, we split a diagonal into two halves and compute the optimum alignment of
each sub-diagonal and merge the results of the two halves. We repeat the process recursively to
compute the optimal alignment of the sub-diagonals. Since an optimal alignment can straddle
the two halves (or multiple splits of the diagonal), in addition to the optimal alignment,
we compute the optimal alignment containing the boundary element in each half. We then
compute the optimal alignment for a diagonal by performing all combinations of merges of
the alignment. In the procedure diagonal(.), align[l] maintains the optimal alignment of the

24

Procedure 3 diagonal(ii, i2, ji, j2) - The divide-and-conquer algorithm
Require: 0 ~ ii,i2 ~ n,O ~ ji,h ~ m,i2 - ii= h - ji
//Computes the alignment of A[ii ... i2] and B[ji ... j2]
1: align[4] <= 0
2: if ii = i2 then
3:
4:

5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

15:
16:
17:

18:

19:

ai'i£"'1,[l.J <= rni:l.x{u, swre(ai 1 , b.i 1 )}
align[2] <= Lgn[3j <=: align[4] <= scO"'<"(a.i 1 ; bj,)
else if i2 = ii + 1 then //length = 2
Le~ " <= score( ii, ji, "'' >.) -J.. score( i2, h, "'' >.)
align[l] <= max{s,score(ii,ji,"',>.),score(i 2,j2,"',>.),0} //Best alignment
align[2] <= max{s,score(ii,ji,"',>.)} //Left alignment
align[3] <= max{s, score(i2,h, "'' >.)} //Right alignment
align[4] <= score(ii,ji,"',>.),score(i2,j2,"',>.) //All elements
else //length > 2
aligni <= diagonal(ii,ii + (i 2 ;ii),ji, (ji!]2))
align2 <= diagonal(ii + (i 2 ;ii) + 1,i2,ji + (Ji!j 2 ) + 1,h)
align[l] <= max{ aligni[l ], align2 [1], aligni [2] +align2 [4], aligni [2] +align2 [3], align2 [3] +
aligni [4], O}
align[2] <= max{aligni[2], aligni[4] + align 2[2]}
align[3] <= max{align2[3], align2[4] + aligni[3]}
align[4] <= aligni[4] + align2[4]
end if
return align
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current half, align[2] and align[3] are respectively the optimal alignment including the leftmost and the right-most element of the split. align[4] is the alignment containing all the
elements of the split. Note that we are comparing only the optimum alignment with 0. For the
other alignments the comparison is not necessary. This is because, we could have a split where
we have a contiguous sequence of mismatches for the characters in the current sub-diagonal
(whose cost will be less than zero), yet it is part of an optimal alignment (due to the matches
at either end).
Theorem 3. Algorithm 3 solves the parametric gapless alignment problem under the JukesCantor model in O(mn

+ mn213 logm)

time.

Proof. Correctness: .i:n the alburithm we construct the solution by dynamic programming

using the recurrence 5.1 . ln each cell of the dynamic programmi11g table we "lift" the computation to provide the optimal alignment for all parameters (instead of computing the optimal
value for a fixed parameter). Since no gaps are allowed, the value of any entry in the dynamic programming table depends only on the entries along the same diagonal. Hence, we
can consider the diagonals independently. It is well known that by lifting the computation of
the algorithm for all parameters, i.e., using upper envelopes instead of numeric values of fixed
parameter values and computing the maximum and sum of these upper envelopes instead of
numeric values gives the optimal algorithm with respect to all the parameters. To complete
the proof, we need to argue that the divide and conquer algorithm obtains all the optimal
solutions along each diagonal.
In the divide phase, we divide a (sub- )diagonal D into two equal parts, which we will call the
left and the right halves, denoted by, L, R. To conquer, we compare the (parametric) optimal
alignments in each half. The combine part of the algorithm is non-trivial. During the combine
operation the optimal alignment of a diagonal is either the best alignment of the sub-halves
(by themselves) or an alignment that straddles the two halves. An alignment can straddle the
two halves in 4 ways. It can be either an alignment with a part from the left half and a part
from the right half (including the common boundary elements), or a part of the left half and
the whole of the right half, or the part of the right half and the whole of the left half or the
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entire diagonal. Since we are storing the best alignment including the right boundary element
and the left boundary element in align[2], align[3] respectively, and the alignment of the entire
half in align[4], the optimal alignment is obtained by combining these parts appropriately.
The correctness of maintaining the structure align is straightforward from the code.
We prove the correctness by induction using the following invariant:
Invariant: If a sub-diagonal D is split into two halves L, R. At the end of the calls
to the diagonal(.) routine the align 1 and align2 structures hold the best alignment
of the appropriate parts of L, R.
The base case of the invariant for the sub-diagonal of length 1 and 2 is straightforward.
Suppose the invariant hrilds wr the

LW0

halve.:: r,,, R1 of Land L2, R..,. of R, then, the invariant

also holds for the sub-diagonal D by the

a~·§,unient

above. Finally, in step 4 of algorithm 2, we

c-0mpute the best alignment iur the entire diagonal by computing the max of all the alignments.

Analysis:

We first consider the computation of Zi(,.,,, >.) for the diagonal i. Since we are

computing the optimal alignments parametrically, when we split the diagonal into two, each
part (of length n/2) induces O(n 213 ) regions of optimality (by Theorem 1). Since there are
only constant number of cases (in steps 14-17 of Procedure 3), merging the the alignments
take O(n 213 ). Note that the length of a diagonal is at most n + 1. Thus, the recurrence for the
total running time for each diagonal has the form T(n)
O(n). Now there are m

-f- n +

= 2T(n/2)

+ O(n 213 ), which solves to

1 diagonals, therefore computing all the Zis takes O(mn) time.

Let Zi(li, >.) be the optimum score function of diagonal i. Since the maximum length of the
diagonal is n, by Theorem 1 this function induces O(n 213 ) regions. The optimum score function

z(,.,,, .X) is given by maxi Zi(li, >.). We have (m+n+l) diagonals, with O(n 2 13 ) breakpoints along
each diagonal. Therefore, by a process of pairing and taking upper envelopes and repeating
the process (similar to the pairing and adding of the previous chapter), we can compute Z in
time O(m · n 213 logm).

D
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5.2

Lower bound on the number of optimal solutions

Theorem 3 shows that the number of optimal regions in the parameter space decomposition
of parametric gapless alignment problem is O(n 213 ). A natural question is, how tight are these
bounds. In this section, we discuss the tightness of the bound on the number of optimal
alignments. We show a lower bound of O(n213 ) by constructing two sequences of length n
which induce O(n 213 ) number of optimal solutions. The proof of the lower bound follows
the construction of Fernandez-Baca et al. (9), where they show tight bounds for parametric
sequence alignment.
Let
score

r o, r i, r 2, ... , rm

fun~tions

be the sequence of local alignments along a diagonal so that their

have decreasing slopes in the parameter space.

Let score(f i, K

2 ·Xi+ AYi where Xi and Yi are thB numL:1 oi matches and mism::i.tches in
had fixed the cost of a match at

/'i.

= 2,

ri.

=

2, A)

=

Note that we

and the penalty for a mismatch .A E (-oo, 2). Now the

equation of the line defined by the alignment

ri

in the parameter space decomposition is given

by scorei = 2 ·Xi+ AYi· At the breakpoint between two consecutive alignments the scores are
equal, therefore Ai= 2 · (xi+I - Xi)/(Yi+I - Yi) for i = 1, ... ,m -1 and Ao= 0. We need the
following lemma to give the lower bound.

>

Lemma 4. Given a set of fractions ~

... + bm + a 1 + l.

~~

> ... >

~: such that n

There exists two strings of length n that induce m

= a 1 + ... + am + b1 +

+ 1 optimal solutions.

Proof. Since our scoring scheme counts only matches and mismatches we will consider strings

over the alphabet {0, 1}. Let the two strings S = s 1 ... Sn and T = t 1 ... tn be defined as
follows. We let T be the string of n ls, i.e., ti

= 1 for

all i E [n]. Let ao

and let
i(r) =

r

m

k=O

k=O

L ak and j(r) = L bk

for r = 1, ... , m and
i(-1)

= 0 and i(O) = 0 and j(O) = 0

We now define T as follows:
ti(r-l)+j(r)+k = 1

for k

=

1, ... , ar

= a 1 + 1 and bo = 0,
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for r

= 0, ... , m.

and ti = 0 for all other values of i.

Since the first string S is all ls, any sequence of matches and mismatches along the main
diagonal (i.e., the diagonal from the cell (0,0) to (n,n)) dominates the sequence of matches
along any other diagonal. Therefore, we consider the optimal alignment only along the main
diagonal in this case.
Along the main diagonal we have ao matches, followed by bi mismatches, followed by ai
matches and b2 matches etc. We now show that we have m

+ 1 different

alignments which

are optimal. When >. 2: 0, as the mismatches do not have any penalty, we can include the
mismatches in the alignment. without decreasing the score. Thus the entire diagonal forms the
alignment. Now for different values of >., we have optimal alignments of the following form
- a 0 matches; a0 matches, bi mismai;ches, a1 matches etc.

Th;_~;:;,

there are m t- 1 optimal·

0

alignments.

Theorem 5. For every positive integer n, there exists a pair of strings of length n which

induces !1(n213 ) optimal solutions.
Proof. Let ai

= Xi+I - Xi and bi = Yi+l

- Yi for i

e [m - l]. We shall obtain an bound on the

number of distinct irreducible fractions ai/bi, ai, bi

> 0 such that

k

~)ai +bi) :$ n.
i=i

The maximum number of fractions, k, is attained by considering each successive integer rand
taking fractions of the form a/b such that a+ b = r till the set of fractions whose numerators
and denominators add up to n.
Let </>(m) be the Euler totient function (3), which gives the number of integers less than

m which are relatively prime tom. The number of fractions a/b such that a+ b = r is </>(r).
Thus, the largest number of distinct r's is given by the value of s satisfying
s+i

s

r=l

r=i

L r<f>(r) > n 2: L r<f>(r)
Fernandez-Baca et al. (9) show that
11"2

s = (-)1/3nl/3
2

+ O{logn)
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Therefore the total number of pairs is
s+l

L r<f;(r) = 3( 2: ) !

2 3

+ O(n 113 logn).

(5.2)

r=l

We will first show the lower bound for all n of the form
s

(5.3)

n=L:r<f>(r)
r=l

there exists two strings of length n whose parametric optimal alignment induces 3( 2:

) 213

+

0( n 113 log n) optimal regions. For this purpose, let Fn be defined as follows
s

Fn =

LJ {a/b: a/bis irreducible and a+ b = r }.
r=l

Then,
k =

IFnl

=

L </>(i).
·--1

By equation (5.2), we have k = 3( 2:

) 2 13

+ O(n 113 logn).

Let aifb1

be the sorted sequence of elements of Fn. Note that n = L~=l ai

> a2/b2 > ... > ak/bk

+ L~=l bi

By Lemma 4 we show that for any sequence of fractions, there exists pair of strings of
length n which induce k

+ 1 optimal solutions.

If n is not of the form in equation 5.3, we choose s such that
s+l

s

r=l

r=l

L r<f;(r) > n > L r<f;(r).
It is shown in (9) thats= (7r 2 /3) 113 n 113

+ O(logn).

there are two strings of length n' which induce

!Fn' I =

Let n' =

z=;=l

z=;=l

r<f;(r). By Lemma 4

<f;(r) = (7r 2 /3) 113 n 113

+ O(log n).

Appending n - n' ls at the end of the first sequence and n - n' Os at the end of the second sequence, the number of optimality regions induced by the two new sequences remains
3( 2: ) 213 + O(n 113 logn).

D

We see from the above theorems that the number of optimal local alignments between a
pair of strings of length n is 8(n 213 ). However, the number of optimal solutions appear to be
much smaller in practice.
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CHAPTER 6.

DISCUSSION

We have shown optimal algorithms for the case of ungapped local alignments and phylogeny.
Several open problems remain. First, there is the question of the parametric behavior of other
Markov models of DNA evolution (for example,

~L,Tamura-Nei

model (8)) whose substitution

matrices have more complex structures than those of JC and K2P. Also of interest are the
variou:; models of protein evolution. The number of distinct entries int.he unit-timi~ .;;;ubstitution
matrices for these models is a limiting factor in these problems.
In this thesis, we consider the case where the phylogenetic tree has uniform edge lengths

and the rates of evolution at each site is uniform. An interesting open problem is handling
non-uniform edge lengths. While linearization can be applied to this problem, the parameter
dependence seems complex. Another open problem is to extend our results to models with
varying rates of evolution between positions or to models where there are dependencies among
sites.
Finally, an important open problem is allowing gaps. When gaps are not allowed, we could
use divide-and-conquer to obtain our bounds. While, at least for pairwise alignment, gaps can
be handled by polytope propagation (19), it does not appear to be easy to attain the same
efficiency as for gapless models.

31

BIBLIOGRAPHY

[1] P. Agarwal and D. States. {1996). A Bayesian evolutionary distance for parametrically
aligned sequences. Journal of Computational Biology, 3:1-17.
[2] P. K. Agarwal and M. Sharir. {1995). Davenport-Schinzel Sequences and their Geometric
Applications.

Cambridg~~

University Press, Cambridge- New York-Melbourne.

[3J T.M. Apostol. {1976). Introduction to Analytical Number 'lneury. Springer, New York.
[4] B. Chor, A. Khetan, and S. Snir. {2003). Maximum likelihood on four taxa phylogenetic
trees: analytic solutions. In RECOMB '03: Proceedings of the seventh annual international conference on Computational molecular biology, pages 76-83. ACM Press.

[5] R. F. Cohen and R. Tamassia. {1995). Dynamic expression trees. Algorithmica, 13(3):245265.
[6] M. Dayhoff, R. Schwartz, and B. Orcutt. {1978). A model of evolutionary change in
proteins. Atlas of Protein Sequence and Structure, 5:345-352.
[7] R. Durbin, S. Eddy, A. Krogh, and G. Mitchison. {1998). Biological Sequence Analysis:
Probabilistic Models of Proteins and Nucleic Acids. Cambridge University Press.

[8] J. Felsenstein. {2003). Inferring Phylogenies. Sinauer Assoc., Sunderland, Mass.
[9] D. Fernandez-Baca, T. Seppalainen, and G. Slutzki. {2002). Bounds for parametric sequence comparison. Discrete Applied Mathematics, 118:181-198.

32

[10] D. Fernandez-Baca, T. Seppiiliiinen, and G. Slutzki. (2004). Parametric multiple sequence
alignment and phylogeny construction. Journal of Discrete Algorithms, 2:271-287. Special
issue on Combinatorial Pattern Matching, R. Giancarlo and D. Sankoff, eds.
[11] D. Fernandez-Baca and G. Slutzki. (1997).

Optimal parametric search on graphs of

bounded tree-width. Journal of Algorithms, 22:212-240.
[12] W. M. Fitch and T. F. Smith. (1983). Optimal sequence alignments. Proc. Natl. Acad.
Sci. USA, 80:1382-1386.

[13] L.J. Guibas, J. Hershberger, D. Leven, M. Sliarir, R.E. Tarjan. (1987). Linear-Time Algorithms for Visibility and Shortest Path Problems Inside Triangulated Simple Polygons.
Atgorithmica, 2: 209-233.

[14] D. Gusfield. (1997(. Algorithms on Strings Trees, and SequP11rr

0'

Cu.mbridge University

Press.

[15] D. Gusfield, K. Balasubramanian, and D. Naor. (1994). Parametric optimization of sequence alignment. Algorithmica, 12:312-326.
[16] T.H. Jukes, and C.R. Cantor. (1969). Evolution of protein molecules. Mammalian Protein
Metabolism, Vol. III, ed. M.N. Munro. Academic Press, New York.

[17] M. Kimura. (1980). A simple model for estimating evolutionary rates of base substitutions
through comparative studies of nucleotide sequences. Journal of Molecular Evolution,
16:111-120.
[18] L. Pachter and B. Sturmfels. (2004). Parametric inference for biological sequence analysis.
Proc. Natl. Acad. Sci. USA, 101(46):16138-16143.

[19] L. Pachter and B. Sturmfels. (2004). Tropical geometry of statistical models. Proc. Natl.
Acad. Sci. USA, 101(46):16132-16137.

