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INTRODUCTION
The use of surface acoustie waves to study surface and sub-surface defects is illustrated in the
papers by Hsieh et al [1] and by Bashyan [2], contained in Volume lOB of the Review of Progress in
QNDE. In the same volume, this present author [3] shows that for multi-layered fiber composite
laminates, the existence of surface waves is in some cases associated with the short wavelength
behaviour of the fundamental mode of the dispersion equation and in other cases it is associated with
the higher harmonies. In the laUer event, surface wave propagation occurs only over a restrieted
range of wavelengths or frequency for each harmonie and in this paper we examine the conditions
whieh determine the extent of this range.
A comprehensive account of surface waves in elastie media with cubie symmetry has been
presented by Chadwick and Smith [4], whilst FarneIl and Adler [5] have carried out an extensive
investigation of waves in a thin layer overlying a half space. Reports of more recent work on this
problem are to be found in [6].
DISPERSION EQUATION
Consider a laminated plate made up of layers of a fiber composite material with the fibers in
each layer being parallel to the plane of the layer and having a specified orientation relative to some
reference direction. Choosing a system of cartesian coordinates OX(X2X3 with Ox( as the reference
direction and OX3 as the direction of the normal to the plate, we let tJ!m denote the angle that the
fiber direction in layer m makes with a line in the layer parallel to the x(-axis. The material in each
layer is modelIed as a transversely isotropie elastie continuum with the axis of transverse isotropy
being parallel to the fiber direction.
We are concerned with time harmonie waves of wavelength A and of circular frequency
propagating parallel to the x(xrplane at an angle y to the reference direction Ox(, so that the
displacements and stress components have the form

OJ

(1)

=

=

=

where cjJ
k(exl+sx2) - OJt, t is the time, e easy, S siny and the wave number k is related to
the wavelength A by the expression k = 2n/ A. It is convenient to introduce the six vector of
displacements and traction componeilts Z(X3) defined by

Z(X3)

= {U(X3) U 2(X3) U 3(X3)

T 13 (X3) T 23 (X3) T 33 (X3)}

T ,

where T denotes the transpose. Then the equations of motion and the stress relations in layer m take
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the form
(2)

[(X3)
where

= llm Z(X3) ,

[(X3) =

(TU (X3) Tdx3) T 22(X3)

t

(3)

and the elements of the 6 x 6 matrix 4 m and of the 3 x 6 matrix llm depend on k, W, ", 1/Jm, the
density p and the five elastic moduli. Equations (2) have the general solution (see Mal [7],
Green [8])
(4)

where Q(m) is a six-vector of arbitrary constant, L(m) is a 6x 6 matrix and ~(x3-x3,m) is the
diagonal matrix
l!:(x3-x3,m)

= Diag [eXPikPI(m) (X3-X3) , expikp2(m) (X3-X3) '

expikp3(m) (X3-X3), exp-ikpI(m) (X3-X3), exp-ikp2(m) (X3-X3), exp-ikp3(m) (X 3-Xl>].
with x3 being some specified value of x3 within layer m. The parameters ±ikpa(m) (a=l,2,3) are
the eigenvalues of the matrix 4m and the six columns of L(m) are the eigenvectors of 4m associated
with the eigenvalues +ikpa(m) (a=l,2,3) and -ikpa(m) (a=l,2,3) in that order. Then the first
three columns of L(m) represent waves propagating through the layer in a direction with a
component a10ng the positive X3-axis (upward propagating waves) and the last three columns
represent waves propagating in the layer in a direction with a component a10ng the negative X3-axis
(downward propagating waves). For the material considered here, the parameters Pa are either real
or pure imaginary. In the latter case the term "upward propagating wave" is associated with a wave
travelling in the xlxrplane with amplitude decaying in the positive x 3-direction whilst the term
"downward propagating wave" indicates a wave travelling in the xlx2-plane with amplitude decaying
in the negative x 3-direction. For both real and imaginary values of Pa, the elements of the vector
Q(m) represent the amplitudes of the six waves at the level X3 = X3 and the amplitude vector '(m)
at any other level is given by
(5)

Introducing a partitioning of the amplitude six-vector '(m) into the two three-vectors 'u(m)
and 'v(m) associated with upgoing and down~oing wav~respectively, equation (5) yields in
particular the expressions for the amplitudes 'u(m) and 'v(m) at the top of layer m in terms of the
amplitudes Qu(m) and Qv(m) at the bottom of the layer. These are given by
(6)
where l!:m is the 3 x 3 diagonal matrix

and hm is the depth of the layer. At the interface between layer m and layer (m+l), continuity of
displacement and traction implies equality of the six-vectors Z on each side and on using equations
(4) and (5) this yields
Q(m+1)

= .f[(m+l,m) ,(m) ,

where the 6 x6 matrix.f[(m+l,m) is defined by
.f[(m+l,m)
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= L-I(m+1) L (m).

(7)

In the sequel we shall be eoneerned with a symmetrie laminate of 2n plies, eaeh of thiekness h, for
whieh the wave motion separates into disturbanees whieh are symmetrie relative to the mid-plane of
the laminate and those whieh are anti-symmetrie relative to the mid-plane. The solutions may then
be expressed in terms of eonditions in the upper half plate only and the repeated applieation of
equations (5), (6) and (7) lead to the relation between the emplitude six-veetor Q(n) at the top of the
laminate and the amplitude six-veetor Q(l) at the mid-plane. This may be written as

Q(n)

= .{J(n, 1) Q(l) ,

(8)

where

Q(n,l)

= 1:; (h,n).f! (n,n-1) 1:;(h,n-1) .f!(n-1,n). .. .f!(2, 1) 1:; (h,l) .

(9)

It may be shown that the wave number k and the cireular frequeney w oceur in the elements of the
matriees H(m,m-1) and in the parameters Pa(m) (a= 1,2,3) only in the eombination v = wlk, whieh
is the phase velocity for propagation at the angle y. Thus the direet dependenee of D(n, 1) on
wavenumber k (or equivalently frequeney w) arises only through the term kh whieh oceurs in every
element of the diagonal matriees 1:;(h,m). It is eonvenient to partition the matriees [,(m), 1:;(h,m),
.f!(m+1,m), .{J(n, 1) into sub-matriees of order 3 typified by the equation

[,(m) = (

[,11 (m)

[,12(m») .

[,21 (m)

[,zz<m)

The eondition that the upper surfaee of the laminate be traetion free may then be written as

[,21 (n) Qu(n)

+ [,22(n) QD(n) =

Q.

Choosing the mid-plane of the laminate at
motion are

(10)
X3

= 0, the eonditions to be satisfied by asymmetrie wave

whilst the eonditions for anti-symmetrie disturbanees are

Eaeh of these sets of eonditions may be written as a relation between the upgoing and downgoing
wave amplitudes at the mid-plane, in the form
(11)

where the 3 x 3 matrix G has different forms Gs and Ga for the symmetrie and anti-symmetrie eases
respeetively. Making use of equation (8) it is possible to replaee (11) by a seeond eondition relating
the upgoing and downgoing waves at the top surfaee, namely
(12)
where the 3 x 3 matriees Eij (iJj=l,2) are the partitioned elements of the inverse matrix Q-1(n,l).
Eliminating the upgoing veetor Cu(n) between equations (10) and (12) leads to the eondition for
wave motion in the form
(13)
where
(14)
Equation (13) has non-trivial solution for the veetor eDen) provided det K = 0 and this eondition
yields the dispersion relation for harmonie wave propagation in the laminate.
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SURFACE WAVES
We are concemed here with surface wave propagation in the outer layer of the laminate. For
a half-space of the material of the outer layer, a necessary condition for surface wave propagation is
that Pa(n) be pure imaginary for an three values of a. A surface wave then consists of alinear
combination of the three downward propagating waves only, with the amplitudes being such that the
surface is traction free. Tbe condition for surface waves in a half space is thus seen to be
(15)

=

O. It can be shown [4] that this determinantal
whieh has non-trivial solutions provided det Im(n)
condition involves w and k only through the ratio v = w/k and that there exists one root vR which
satisfies the conditions that Pa(n) are pure imaginary for a = 1,2,3. Tbus a surface wave always
exists for a half space of the material of the upper layer. In order to examine the existence of
surface waves on the laminate, it is necessary to consider the details of the second term on the right
hand side of equation (14) for values of wand k such that v = w/k is dose to or equal to the value
VR' Here we consider only two possible cases. In our first case, we assume that for values of v dose
to or equal to VR the parameters Pa(m) are pure imaginary for an values of m and a. In the second
case it is assumed that there exists one value of m (=s) for whieh P3(S) is real whilst Pl(S) and pis)
and an other Pa(m) are pure imaginary.
Case 1. All waves evanescent
Writing Pa(m) = ira(m) (a=I,2,3, m=I,2, . . .n) it may be seen that the elements of the
diagonal matrices Ern consist of decaying exponentials whereas those of the inverse matrix t:iii 1
are growing exponentials. For sufficiently large values of kh the elements of ~m may then be
neglected in comparison with those of t:iii 1and the equation (14) for K yields the approximate
expression

K""

Im(n) - k21(n)

En lil{n,n-l) 112{n,n-l) En ,

(16)

where lrs(m,m-l), (r,s= 1,2) are the 3 x 3 partitioned submatriees of the 6 x 6 inverse matrix
H- 1{m,m-l). Since the second term on the right hand side of this equation involves the decaying
exponential matrix En as a repeated factor, then for large values of kh this term is negligible in
comparison with the first term unless the 3 x3 matrix 111(n,n-l) is singular. Tbe matrix
11l (n,n-l) is dcpendent on wand k through ratio v = w/k only and it may be shown to be
non-singular in the region of v = vR provided the fiber angles l/ln and l/ln-l are different. Hence
provided there exists a solution for whieh an the Pa(m) are pure imaginary, the harmonie wave
dispersion equation det K = 0 becomes, in the limit as kh ..... co, identieal with the condition
det k22{n) = 0 for the surface wave propagation on a half space of the outer material.
Case 2. Olle interior wave propagating
We assume the valucs of kh are sufficiently large for the matrix Ern to be neglected in
comparison with ~iiil for an values of m except m = s. Par m = S, P3{s) is real and Es and Es 1
involve terms in cas khP3(S) and sinkhP3(s). The corresponding approximate expression for K is then
(17)
where ß is a product of matrices 111(m+l,m) and eiii 1for m
matriees T 11 (s), Tds) are defined by

I11(S) = 111(s,s-l)

= (s+I),(s+2), ... ,(n-l) and the

Es 1 111(s+I,s) + 112(s,s-l) Es 121(s+I,s) ,

I12(s) = 111(s,s-l) Es 1 Ids+ 1,s) + Ids,s-l) Es 122(s+I,s) ,

(18)

For values of v dose to vR, the second term on the right hand side of (17) involves the decaying
exponential matrix En as a repeated factor so that for sufficiently large values of kh, this term is
again small compared with the first term except at the values of kh for whieh I 11 (s) is singular. The
equation det I11 (s) = 0 is the condition for the existence of harmonie waves propagating in layer s
when it is bounded above and below by semi-infinite regions of the material of layers (s+l) and
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(s-l) respectively, und er the condition that the disturbance in each of these regions decays
exponentially with distance from the interfaces. For isotropic elastie materials, conditions for the
existence of such waves have been examined by Baylis (9). Ir we assume the existence of such waves
here then it is dear from the definition of Jl (s) in equation (18) that the equation
det JI (s) = 0 involves a relation between v and kh which for a specified value of v will yield a set
0, however, involves v only and is satisfied by
of discrete values of kh. Tbe equation det lm(n)
v vR for all values of kh. Tbus the solution of the equation det K 0 is then given approximately
by v = vR except dose to those values of kh for which det JI (s) = 0 at v = vR'

r

r
=

=

r

=

RESULTS
We choose as an example the six-ply plate with symmetrie lay-up (0/+60o/-600)s and
employ the elasticity moduli used by Green [8]. For waves travelling parallel to the core fiber
direction (the OXI axis) the quantities Pa(1) are all pure imaginary for values of the scaled wave
speed V/Cl< 0.732. In both layers 2 and 3, on the other hand, the condition for all the Pa to be
pure imaginary is that V/Cl< 0.555 and the scaled value of the surface wave speed in the outer
material is vRlc l = 0.535. This situation thus corresponds to case 1 of the previous section, with all
waves being evanescent if V/Cl< 0.555. Figure 1 shows plots of the scaled phase velocity V/Cl
versus kh for all the first seven modes of anti-symmetrie motion and it may be seen that only the
fundamental mode has the scaled speed vRlc l , as the limiting value as kh --+ 00 . The limiting speed
V/ Cl = 0.555 of all other modes is that associated with the slowest quasi-shear speed in the outer
layer.
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Dispersion curves for first seven antisymmetric modes in 6-ply at 'Y = 0°.
Tbe horizontalline is v/Cl = 0.555.
(Note that apparent intersections are osculation points of adjacent modes)
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When the disturbance is set up by waves travelling at right angles to the core fiber direction,
on the other hand, the waves in both layers 2 and 3 are all evanescent for values V/CI< 0.678. For
the core, the condition for all Pa(l) to be pure imaginary is that V/CI< 0.482. This situation thus
corresponds to case 2 of the previous section and the surface wave speed in the outer material is now
vRicI = 0.673. Figure 2 shows the plots of phase velocity versus kh for the first seven modes of
antisymmetric motion in this configuration. The long plateau regions of speed approximately equal to
the surface wave speed vR are c1early evident in the higher harmonics. Figure 3 shows an expanded
version of Figure 2 in the neighbourhood of the surface wave speed vRicI = 0.673 and also includes
portions of the dispersion curves obtained from solving the equation det 1:' 11 (1) = 0 in the same
neighbourhood. This c1early shows that the breakaway points of the plateau regions of Figure 2 are
virtually coincident with the intersection points of the roots of det 1:'11 (1) = 0 with the surface wave
line V = VR' FarneIl and Adler [5) have demonstrated a similar phenomenon in the case of a two
layer plate.
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Dispersion curves for first seven antisymmetric modes in 6-ply plate at y
The horizontalline in V/CI = 0.678.
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Figure 3.

Expanded portion of dispersion curves for first seven antisyrnmetric modes
in 6-ply plat at y = 90°, solid lines.
Dispersion curves for first five modes of antisymmetric motion in core layer
bounded by semi-infinite regions, dotted lines.
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