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INTRODUCTION

Pixed point theorems in Banach spaces have, in the recent
past, proved quite effective in the study of ordinary differ-
ential eguations. G. Hufford (4) applied Schauder's fixed
point theorem (7) to obtain results concerning the periodic
perturbed system of differential eqﬁations
(1) x = X(x) + eR(€, ti, x),
where R(€ , t, x) = R(€, t + T, x), and the related autono-
mous system | . .
(2) | x = X(x)
bas a periodic solution x = u(t) = u(t + T). 8. P. Diliberto
and G. Hufford (3) 1nvest1gated the systems (1) and (2) when
R'Pas period different from u and applied the Oacciopoli fixed
voint theorem (2), more recently referred to as the Coatrac- '
tion'Mapping Principle (5), to determine conditions under
which (1) has almost periodic solutions "near" u(t).

W. T. Kyner (6) proves a fixed point theorem from which
the results of S. P. Diliberto and G. Hufford, indicated above,
follow. His theorem is based on the Schauder theorem.

| In this thesis we consider the system of differential
equations

(3) x = X(t, x)

where X is an n-vector and X(t, x) = X(t + T, x). Because of

this last periodicity condition, the solutions @(t, a) of (3),



where ¢(to, a) = a, define a natural mapping of n-space into
n-space '

F(a) = g(t, + T, a).
L. Amerio (1) proves, using geometrical arguments, that under
-certain,éonditiops there is an analytic igitial manifold
which is fixed under F; that is, there is a set of points ﬁ
ia the plane t = t, of n+l-dimensional x=x f space such thaf
P(M) = M. Solutions of (3) which pass through this ‘1n11;.ial_~}
manifold are almost periodic and forﬁ a periodic integral
surface for (3). His results, however, leave two important
difficulfies unresolved. How the polnts of the fixed initial
manifold are rearranged under the mapping F is not evident,
and the fixed iritial manifold may be trivial, that is, a
single point. We apply the Schauder fixed point theorem to
show the existence of a non-trivial initial curve a = f(u)
and a scalar rearrangement function 6(u) such that

F(£(8(u))) = £(u).

We obtain our results in two cases: first, when (3) has two
distinct periodic solutions and an initial curve connecting
their initial points which is fixed under F, and second, when

(3) has a simple closed initial curve which is fixed under F.



IYPE I

We consider the system of differential equations

(3) x = X(t, x)
: n
where x is an n-vector, Ixl =3 lxil , and the following
i=1

conditions are satisfied:

(1) there is some open set U; in n-space and a constant

t_, such that the matrix Jig%};—zl exists and is continuous

0’
>

for t = to and X in Ul.
(11) X(t + T, x) = X(t, x) for t 2 t, and x in U.
(1i1) +there is a constant A > O such that solutioms

#(t, @) of (3), such that @#(t , @) = @ and [@(t,, a)l € 4,

exist and are continuous for t 2 t, and lal £ 4.

0d(t, a
oa

to £t £ t, + T, and its elements are non-negative for

(iv) the matrix exists, is continuous for

t=t, + T and lal £ 4,

(v) there is a constant p 3 O and positive integers k

dfg(t, + T, a)
bak

(vi) Ig(t, + T, a)l £ 4 for lal 4 4.

and & such that > p.

(vii) there are solutions @g(t, a*) and g(t, &), a* # G,

such that g(t + T, a”) = g(t, a®) and g(t + T, @) = g(t, )

for t 2 ¢ la¥] £ 4, |al # a.

O’

Theorem 1: There exists a periodic integral surface of (3)



Witn perioa I; twnat 1s, Taere is a continuous vector function
f mapping a closed interval [a, bl into n-space and a scalar
function Y mapving [a, b) onto [a, b] such that

Bty + T, £(Y(w))) = #(t,, £(u)) = £(u) and If(u)] £ 4 for u
»*

in [a, v) , and f(a) = E,.f(b) =a’, Y(a) = a, Y(b) = b.

Proof. Without loss of generaliiy we assume that @ = O,
that & >0, 1 =1, 2, .-+, n, and that t, = 0. We consider
the set S of a2ll continuous vector functions f mapping the
closed interval [a, b] into n-space. With the usual defi-
nitions of addition and scalar multipiication, and with Il £/

= max |f(u)l, S is a Banach space over the real number field.
u

1
- a

< [ £ '
Let 0 < By £ 3 | o[ B, and let Sy be the set of

all functions f in S such that £l € 4, £'(u) exists and is
continuous, fi(u) 20,1=1, 2, *++, n, By £ I£' (u)] £ By
for u in [a, bl], f(2) = 0, and £(b) = a*, Sy is convex since
if 0 £p £1, and if £ and g are in Sy, then
s + (1 - B)gll £gllsll + (1 -8)llgll
£BA+ (1 -B)A=4,
[82' (u) + (1 - B)e' (W = ' (w) + (2 - Ble" ()
£ BB, + (1 - B)B, = By,

BB, + (L -8)B, = B,.

e next show that the closure of Sp, which we denote by

n

v

and |Bf'(u) + (1 - B)g' (wl

§é, is compact. If f is in Sg, then
[£(uy) - £(up)] € Boyluy - !

for all uy and Us in [a, vl . Therefore, the functions of



Sy are equicontinuous. It follows that the functions of §B
are also equicontinuous. Since the functions of §§ are in
norm less than or equal to A, from Ascoli's lemma we have
that §é is compact.

From (3)(iv) and (3)(v)

d¢(Tauf(u)) =5 Yu fs(u)
1=1 =1 J
8dg (T, f(u)) 2B
3 2o f!
% = T
. 2ot (u)] 28,5 0

for all f in Sy and for u in {a, vl.

We next show that for every f in SB there is a differen-

tiable function Y mapping [a, bJ onto [a, bl such that

Y(2) = a, Y(b) =D, v'(u) >0, and |M(E L) ] L. |a¥
for uin [ a, b] . Since 'QQLELagﬁliEllll > 0. we may de-

fine for each f in SB

Y n n

L 1=1 =1 *3“ J(S)ds
u(Y) = a + (b - a).
B & g £(s)
T, s
a gl 3,Z=:i *ifbaj le(s)ds

Then u(a) = a, u(v) = b, and

| L@t o - )

= § ag,(r, 2(e))

1=1 2

u' (Y) =




[d¢<T, f(Y))| (b - a)
4x
|g(z, £(v)) - #(T, £(2)))]

aY _
|£(0) - £(a)]

\d¢(T, f(Y))l -2,
ay | o¥|

so we may solve for ¥ in terms of u, and it follows that

av(uw) _ | a¥]
du b - a

ag (1, f(Y(u))), _ ,d¢(T, £(7(u))
du ay

for u in [a, b] .
We define a function F from Sy into Sy by F(f) =

g, £(Y)). From (3)(vi) it follows that || F(£) || £ A for

ag. (T, £(u))
all £ in SB' ¢i( T} >0, i=1, 2, ++«+, n,"since

dg, (T, £(u))
du

is a solution of the equation

;o 2Ale. Bls, £) o

1

-

d¢i(T’ f(uo)) _

du o’ i = l, 2’ Seey n for some

and therefore, if

u, in [a, b] , then fj(u,) = 0. But by the definition of Sg,

aF(£); (w) _ a8, (T, £(¥(w)))
au - aY

lf’(u)’ > 0 so that Y'(u) > 0.

Since ,d_F.LJ‘-_L(.Ll.l, = ldﬁ@‘, gl(lY(u))) = 1 | o],

du - a

£

3 ilso F(£)(a) = g(T, £(Y(a)))

t

2.

1 4 ’dF{f!gul

du




= g(T, £(a)) = #(0, £(2)) = £(a) = 0 and F(f)(b)

= g(T, £(Y(v))) = £(b) = o, Therefore, F mapvs S]3 inte SB‘

Since u' (Y) = |é¢(TéYf(Y)) b' ;*7' 2 pBl —l——'— for 211 £

in Sy, the set of* functions '{T' (u)} is uniformly bounded for
uin [ e, b] . Iet f be in S3. Taen there is a sequence
{f(n)} such that £(2) is in S; and £(8) ¢+ £ asn—eo.
Let g(n) = F(f(n)). Then g(n) is in Sg. Since the sequences

{[Yn(u)’} and {Yl'l(u)}‘ are uniformly bounded, there is a
subsequence {“(I;l(u)} of {Yl:l(u)} and a continuous function
Y(u) such that Y(z2) = 2, Y(b) = b, and Ym—~ Y as n —w 00 ,
Let g(u) = @(T, £(v(u))). Then _

g - @™ = lg(e, £(v) - gz, == el

w, he(r) - @y )l

where H; = max l —b-ggl‘—a-)-l , lal ¢ A. Hence

e - ™ € u(ner) - @l + (2@ () - 2@,

In

and therefore, g(m)——- g as m —= e since J£(Y) - f(m)(‘f)ll
e - =@y , and the functions £(m) are equicontinuous.

Thus g is in §B’ and therefore we may extend the domain of F

such that P mans SB into SB'
To snow tnat P is continuous on §B let £ and n be in S.

B
e

and let f(n)——- T, — N, p—7, and 8,—= 6 as

n —> o0 yhere - -



P(£) = #(2, £(V)),
refn)y = g, £(®)(x ),

F(g) = #(T, g(8)),

(e =gz, 2(®)(ey)).
Then |
Ie(e) - r)l £ W £(Y) - n(a)ll
My (I E - nll + Jln(y) - ne)l)
(g - nll + ln(r) - 2@ (v )l
+ Inge) - nMmll + Nn® (v ) - u® e )il ).

([

[}

Thus 1t follows that F is continuous if we can show that
llh(n)(Yn) - h(n)(en)ﬂ is small provided )£ - hil is smail.

But

18

Ia ey - nt eIl €3, 22 Jr ) - o (w)]

In

By 58 |1, (e, (0, (w))]
- Yot (e, (w))]

£ gy max | g-1
B,K B2% g %(e, (u))

- e, (u))]

where X 1s a2 uniform bound for the secguence {Yé(u)} . ience

by the definition of o™t and Y-l,
n n

I (v ) - n®@ e )l ¢ & bl;*ef I3z, 2t2) o, (1))

- g, £ e (wINI



£ 3y 2t n (o (w) - £ (e (u))l]

In

B, Ky hTig% fln - £l .

The Schauder fixed vpoint theorem states that if §é is

a compact convex subset of a Banach space S, and if F is a

- -

continuous function mapping SB

voint in §£. It follows, therefore, that there is a continu-

into §§, then F has a fixed

ous function f in 55 and a continuous function Y such that
[£(u)] % A foruin [a, ], f(a) =& =0, £(b) = a*,
Y(a) = a, Y(b) = b, and Z(T, £(Y(u))) = g(0, £(u)) = £(u)

for u in [ a, b] .
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EXAMPLE I

il = (x, - sin ct)(xl - 1 - sin gt) + ogcos t

(4)

Xp = "%
where g = 2K .
og 2
Then
%
% + S t
¢l(°’ q’l’ a2) al + (l - al)et in o
— -t A
¢2(t! al’ a2) - aee b
and

¢l(1°g 2, al’ u2) = 2—:-51—

¢2(l°g 2: a'l: 32) ‘2‘"‘

et A = 1. Then if |al £ 1, then |@(log 2, a)|l % 1. 4lso

1 (2 - aq)
3552(10% 2, El_: 32) _ ;
3 Gy 2’

3, (log 2, a;, 3y)  2f,(log 2, 3, %))

3‘12 2 ay

i
(o]

Let a® = (1, 0) and @ = (0, 0). Then # (%, 1, O)
= ¢1(t’ O’ O) = ¢2(t, 1’ O) = ¢2(t, O, O) = sln ot. Thus
g, «*) = g(t + log 2, a¥), and F(t, Q) = F(t + log 2, Q).

Consider f(u) = (u, 0), Y(u) = E—%ET for u in [0, 1] .

e nave tnat £(0) = (0, 0), £(1) = (0, 1), Y(0) =0, Y(1) = 1,



and B(l05 2, £(7(w) = g BN = (T o) = (u, o).

2 2 - Y(u

Hence the integral surface formed by solutiors of (4) such

L

that @ = (ag, 0), 0 £ a %1 is a periodic integral surface

for (4).
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o

IY¥Pn II

e first define the following noitation. Iet a be an

m-vector and g(w) be a differentiable n-vector function.

g4 (W)
Then we denote the n x m matrix —bg-ér—l -A—j;-—— ) by g (w),

§)§ and |g' (w)]

»

and we let lwl = ( =

. l—

. \2- -
] | . .

. W. .
=1 J

ma

s(z

n
i=1

Cs

We consider the system of diffe?entiél equationé
(5) - ‘ ; x = X(t, x)
where x is an n-vector and the following conditiorrxs. are satis-
fied:

(1) there is some open set U, and a constant t,, which

we azgain assume to be zero, such that the matrix 0X btx X
exists and is continuous for t 2 0 and x in U,.
(i1) X(t + T, %) = X(t, x) for t 2 0 and x in Us-

(1i11) there are constants 0 < Al < A2

#(t, r, u) 1s the solution of (5) such that

such that if

g.(0, r, u) = |4, r, u)l cos u,
i=1,2, -+, n, and 1f R is the set {(r, u)‘Al 4 r ¢ Ay,
n
= 0052ui =1, 0% Uy < 27(} , then the vector 3¢(1:a,rr, u)

) .
and the matrix 3¢(ta,ur, Y. exist and are conitinuous for

t 20 and (r, u) in R.
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(iv) 44 € [#(T, v, u)| % i, for (r, u) in R.

(v) we let

- _#(1, 7, u)
o(x> W)= T T
. sin uy . L
S(u) = | . Sin-?Q. . .
. . o _ o T éin_gn
< ® i a.(I', u) = ‘—g%,:
ald I 5
o(r, w) = |22 - | (Lo Wl | (- 1)2,
l L
C(I’, U.) = al¢(TJ I, u) (Il - 1)2,

Ju

and we assume that b 2 0, that b° - 4ac 2 0, and that there

w

is a number B O such that the roots Pj and 92 of

2P -~ bp + ¢ =0 satisfy pq £ R £ P, and ]%;%[ > ]{}%IB

for (r, u) in R.

(vi) we let Pg be the set of all continuous functions
f, periodic with period 2m, such that 4, £ fu) £ Ay, £ (u)
exists and is continuous, 2nd [f'(u)l £ B for all u, and

for eacn f in P_ we assume that the eguations 5i(f(v), v)

B

= Ccos u i=1, 2, «++, n, define a continuously differen-

i’
tiable vector function v(u) such that

v(ul + 2T, ---, u-n + 2“) = (vl(u) i 27, Vn(U.) * 27“)

for all u. -
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Theorem 2: There exists a periodic integral surface of
(5) with pericd T whose cross section for any t is a closed
n -1 dimensionai surface, Ehat 1s,‘there is a continuous
function f£(u), per&oafc with period 2w, and a continuous vec-
tor function v(u)_such that v(ul + 27, s, u o+ 2mn)
= (vy(u) £ 2r, -.., v (u) * 2x),

g(T, £(v(u)), v(u)) = g0, £(u), u),

and 44 £ flu) £ A, for all u.

Proof. e let P be the set of all continuous functions

f which are periodic with period 2mx. ith the usual defini-

tions of addition and scalar multiplication, and with H £l
= mix |f(u)l , P is a Banach space over the real number
field. It follows that PB is a subset of P.

If £ is in PB, then

bo(f(v%?%), viu)) £ (v(u)) + %}% v'(u) = - s(u).

It follows that

1
(381 - 138s) vl £ sl = @- 13
and, therefore,
3
lv' (] ¢ ia=dl :
|32) - 283

We define 2 function F from P into P by F(L)
= 1g(z, £(v), v)| . From (5)(iv) 4, £ F(£)(u) £ 4,.

Also
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(0) (w) = (R 2, v o (yq))

ou

so that

[7(£)" (u)]

In
tu

:3—;,%—'-:) | v' (a)

Gk

alg ,"-i- Ia;gl I .]é-_
’au - ]%IB

i~
n

1
o’
to
+
0

1)

since 282 - bB + ¢ £ 0. Thus F maps PB into PB.
Since ]JLQI > IELQ, B, the set of functions ﬂv'(uﬂ}
ou oT ’

for £ in}PB is bounded aﬁgvé. Therefore, using arguments
similer to those used in Theorem 1, we may extend the defini-
tion of F to fﬁ such that ¥ maps fé continuously into fé.
Since PB is convex and ?; is compact, from the Schauder theo-
rem F has a fixed point in PB’ that is, there is a continuous
periodic function f in fé with period 2x and a continuous
function v(u) such that v(ul + 27, cct, w4+ o)

= (vy(u) £ 2m, -+, v () £ 2r), 4y £ £(u) £ 4, and

g(1, £(v(u)), v(u)) = #(0, f(u), u) for 211 u. This completes
the oroof of Tneorem 2.

When n = 2, using the polar representation g(t, r, 8)

wnere
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¢l(0, r, 8) = @90, r, 8)| cos & = rcos &

¢2(0, r, 8) = |40, r, 8)] sin ® = rsin 8,
if we let
- g1(2, T, 8) g,(T, r, 8)
i(r, 8) = det [ 3¢ (T, r, ) 38,(7, , 8)|,
or or
g, (1, r, o) go(T, T, 8)
Hg(r, 8) = det [ 34.(T, T, ©) 3g,(T, T, 8)
| 26 36
a(r, 8) = |[W.(x, o) ,
o(r, 8) = [ig(r, o - [EEzo 0[5, 2, )3
e(r, ©) = _a_lm%?ra_e)l_, lg(z, =, o] 2,

and assume that b 2 0, that b2 - 4ac 2 0, and that there is a

number B 2 O such that the roots Py and p, of ap2 - bp + ¢

2
= 0 satisfy py £B £ p, and_|dgl > 4.l 3 for (r, @) in

R, then it follows that the equations

¢1(T’ f(V) ’ V)
{g(T, £(v), v)|

= cos ©

and

B,(T, £(v), V)
jg(T, £(v), v)|

define, for each continuously differentiable periodic function

= sin 6

£

£ such that {f'(e)l £ B, a continuously differentiable func-
tion v(e) such that v(e + 2rx) = v(8) + 2x. Thus when n = 2

assumption (5)(vi) is unnecessary.



BAAMPLE II

X, +
(6) <

Xe-:—xl

M
=
]

and
¢l(t, r, uy, u,)
¢2(t, r, uy, u,)
(1, r,

6l(r"ul’

Then T = 1 and

o5(Ts uy,
a(r, ul,
b(r, u

c(r, ul’

17

2ncos 2rt - sin 2xt

+ 2wcos 2nt + sin 2rt

= rcos (ul - t) + sin 2nt

= rcos (u2 - t)‘+ sin 2rnt.

ug s u2)l
u,) =
u2) =
uy) =0,
u,) =
u2) =0

= r so that

(ul - 1),
(u2 - l)’

Therefore B = 0, and if we consider the set Ps of all con-

stant functions f(u) = r, where A; £ r
are any constants such that 0 < ‘Al < A2,

= uy + 1l and ve(ul, u2) = u, + 1.

&
o - 4o

then Vl(ul’ u2)

and Al and A2

Thus the integral surfaces formed by solutions

g(t, r,, u) of (6) are periodic

¢i(l’ ro’ v(ul’

for 4 =1 and 1 = 2.

ug)) =

with period 1 since
g;(1, vy, uyp + 1)
T,C0S uy

¢i(o’ r0$ ul’ u2)
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