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INTRODUCTION
Since the depth of surface-breaking cracks often determines the remairring life of a
part, the characterization of surface-breaking cracks is a key problern in nondestructive
evaluation. Eddy currents have been used for this purpose [1]. However, traditional eddy
current methods have poor success when the dimensions of the crack are small compared
with the inner radius of the eddy current probe. This is as expected, since the spatial
resolution of an eddy current probe is comparable with its inner radius. Moulder et al [2]
and Nakagawa [3] have described a new eddy-current based method of nondestructive
evaluation, known as the photoinductive method. It offers greatly enhanced spatial
resolution by combining the eddy current method with a Iaser. Images made with the
photoinductive method provide a map of the surface-breaking portion of the crack and
directly measure its length along the smface. In essence, the photoinductive method allows
one to map the square, E. E, of the electric field, E, on the surface of the metallic part. In
this paper, we develop and present a new method for estimating the depth and the shape of
surface-breaking cracks in metallic parts from photoinductive data.
The remainder of this paper is arranged as follows. First, we state the problem.
Next, we describe the principle of the photoinductive method. After this we turn to the work
ofBowler [4], which offers the necessary mathematical physics. We pay particular attention
to the eddy current half-space Green's function occurring in Bowler's work, as the rate of
decay of the Green's function leads to what we term "the field of view", a concept useful in
deciding the position of the Iaser focus points. Next, we present our method for estimating
the crack depth and the crack shape from photoinductive measurements. We also present a
simple example in which we tested the method. Finally we conclude with abrief summary.
PROBLEM STATEMENT
The test specimen isametallic plate modeledas a half-space (Figure 1). Its top
surface contains a line KL, which is the top edge of a surface-breaking crack, present in the
test specimen. For simplicity, we suppose that the crack is tight and embedded in a vertical
plane. Thus the crack may be modeled as a vertical, two-dimensional figure (Figure 1,
hatched region KLM). The problern is to estimate the depth and the shape of this twodimensional figure, using photoinductive measurements. To complete the description of the
geometry, it should be pointed out that the Iaser employed in the photoinductive method can
be focused only at a point on the top surface of the test specimen.
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Figure 1. Left: A metallic part with a tight surface-breaking crack whose to edge is KL. P
is a laser focus point. Right: A cut-away view of the metallic part showing the complete
crack KLM.
THE PRINCIPLE OF THE PHOTOINDUCTIVE METHOD
As noted earlier, the photoinductive method combines eddy current inspection with a
laser. The eddy current probe consists of a right-cylindrical air-core coil excited by an
alternating current source and oriented with its axis normal to the surface to the surface of the
test specimen. The Iaser is focused at a point P on the top surface of the test specimen and
elevates the temperaturein a region surrounding P (Figure 2, hatched region). The change
in the temperature alters the conductivtty of the meta! at P and thus changes the impedance
ofthe eddy current probe. Finally, E-E, the (complex) square of the (complex) electric
field, E, at P can then be inferred from the change in the impedance.
Let I be current flowing through the eddy current probe, L1cr the change in the
conductivity due to the temperature rise, L1Z the change in the impedance due to the
temperature rise, L1E the change in the electric field, and V the volume of the heated region.
An appeal to the reciprocity theorem [4-5] shows that
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Figure 2. The apparatus of the photoinductive method. The change in the impedance L1Z is
proportional to the average of E. E in the heated region. The apparatus design makes the
heated region small -- smaller than the inner radius of the coil. The figure is not to scale.
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L1Z = -1

I L1a(E + L1E) · EdV.

(1)

heated _ regwn

In addition, let L1T denote the increase in the temperature, da/ dT the rate of change of the
conductivity with respect to the temperature. Then if L1T is small and the linear dimensions
of the heated region are small, this formula can be simplified to

(2)
The essence of this formula is that b.Z is directly proportional to E. E. W e shall suppose that
b.Z can be measured with an impedance analyzer and that the constant of proportionality
connecting b.Z to E. E can be determined beforehand by an exercise of calibration. Then we
shall have a method of measuring E. E at the point P. As the laser is movable, we can scan
the top surface of the test specimen, i. e., vary the laser focus point P to obtain E. E for any
point on the top surface of the test specimen.
Weshall complete this section by mentioning certain miscellaneous facts. First, the
formula for b.Z may be spoken of as a Born approximation because, in going from Equation
1 to Equation 2, the change in the electric field, L1E, is neglected. Next, the laser is operated
in a chopped manner, enabling b.Z tobe detected as the change in the impedance that is
synchronous with the choppmg frequency of the laser. Moreover, du ring the off-periods,
the test specimen cools down, so that L1T is small at the laser focus point -- a condition
required to derive Equation 2. Another important condition is that the linear dimensions of
the heated region should be small in comparison with the inner radius of the coil. It is this
condition that is responsible for the enh:.mced spatial resolution of the photoinductive
method. Some of the factors affecting the linear dimensions of the heated region are the
chopping frequency of the laser, the beam diameter of the laser and the thermal conductivity
of the metal. The design of the apparatus should take these factors into consideration and
ensure that the linear dimensions of the heated region indeed satisfy the condition quoted
above. Finally, KL, the length of the crack (Figure 1) is permitted to be small in
comparison with the inner radius of the coll.
BOWLER'S FORMULA
The work of Bowler [6] shows that the electric field E is given by

E = Eno_cruc.l. +

I GpndS,

(3)

crack_face

where Eno crack is the electric field in the absence ofthe crack, Gis the (dyadic) half-space
Green's function to the (vector) Helmholtz's equation, p is a concept known as the current
dipole density and n is the unit vector normal to the crack. Formulas for Eno_crack and for G
have been given in the literature [6-8]. As to p, it is usually not known beforehand, but
there is a fact that is useful in determining it. The support of p -- the set of points where p
is non-zero -- is nothing but the crack. The crack is considered to be insulating material and
so blocks the eddy current. This leads to the equation
E·n=O,

(4)

valid everywhere on the support of p. This equation, combined with Equation 3, helps to
deterrnine p .
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THE NEED FOR AN ARRAY OF LASER FOCUS POINTS
Let r denote a Iaser focus point and r' denote a point in the cross-section containing
the crack. Let us write the Green's function, G, more elaborately as G(r,r'). If the
absolute value of G(r,r') is large then it means that the electric field -- and hence the
photoinductive measurement at r -- is sensitive to the presence or absence of a crack at r'.
Now G contains the factors exp(ikr) and 1/r 3 , where
k = (1 + i) I skin_depth,

r=lr-r'l·
To study the consequences of this fact, let P1, P2 and P3 be Iaser focus points situated at
different distances from the top edge of the crack KL. And let the cross-section containing
the crack be divided into squares (Figure 4), with the squares marked 1, 2 or 3 being
cracked. Then, remembering that the absolute value of G(r,r') indicates the sensitivity to
the presence of cracks, we find that photoinductive measurement at P1 is sensitive mainly to
the presence or absence of cracks inside the square marked 1. We say that the field of view
of P1 is the square marked 1. Similarly, the photoinductive measurement at P2 is sensitive
mainly to the presence or absence of cracks inside the squares marked 1 and 2. We say that
the field of view of P2 comprises the squares marked 1 or 2. Similarly, the field of view of
P3 comprises the squares marked 1, 2 or 3. The field of view will be helpful in the
procedure of estimating the crack depth and the crack shape, a procedure that we shall speak
of as inversion.
INVERSION METROD
Let the cross-section containing the crack be divided into squares of size a . W
divide the squares into three categories:
squares known beforehand to be intact;
(i)
squares known beforehand to be cracked; and
(ü)
unknown squares, i.e., it is not known beforehand whether these squares are
(iii)
cracked or intact.
The current dipole density p is assumed to be uniform in each square, and a guess
is made for its values according to the following rules:
Foreach square known beforehand to be intact, pul p = 0.
(i)

Figure 3. P1, P2 and P3 aredifferent Iaser focus points. P1 's field of view is the square
marked 1. P2 's field of view comprises the squares marked 1 and 2. P3 's field of view
comprises the squares marked 1, 2 and 3.
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(ii)
(iii)

(i)
(ii)

For each square known beforehand to be cracked, make a guess of p . A useful
heuristic rule, valid when the skin depth is somewhat greater than the number of
rows of squares x a, is that the guess should be in the neighborhood of a E · n a.
Foreach unknown square, guess whether it is intact or cracked, and, accordingly,
use the rules stated above.
The correctness of these guesses is verified as follows:
Substitute the guess for p in Bowler's formula and compute E at the centers of all
the squares, and at the laser focus points.
For each square known beforehand to be cracked, check that E · n = 0, or
equivalently, that
(5)

(iii)

the sum being computed over all sguares known beforehand tobe cracked.
Each unknown square is either intact, in which case p = 0; or cracked, in which
case
E · n = 0. In either case, checkthat p E · n =0, or equivalently, that

nl

(iv)

}JpE 2 = 0,
(6)
the sum being computed over all unknown squares.
Foreachlaser focus point, checkthat the computed value of E · E agrees with the
measured value, or equivalently, that
2
"I(E·E)
L
mellmred -(E·E) calculated 1

-o
-

'

(7)

the sum being computed over alllaser focus points.
If the guesses meet these checks, they are accepted as being correct. The crack is
then estimated as being the set of all squares whose current dipole density p is non-zero. If
the guesses fail to meet one or more of these checks, new guesses must be generated and the
checks performed on them.

Let use consider Equations 5-7. Let F denote the sum of the left hand sides of these
equations. Then the steps described above have the effect of minimizing F. The entire
exercise amounts to one of minimization, with F as the objective function, and the current
dipole densities of the squares as the unknowns. The minimization can be done with a
standard minimization algorithm, e.g., the Monte Carlo algorithm.
ILLUSTRATING THEINVERSION METHOD WITH SYNTHETIC DATA
We tested the proposed inverse method with synthetic data for a series of cracks with
an aspect ratio of 2:1 in titanium and aluminum, as shown in Figure 4. Note that titanium
has a low conductivity and alumirrum has a high conductivity. Cracks of two sizes were
chosen: either a length of 400 11 m and a depth of 200 11 m; or a length of 200 11 m and a
depth of 100 11m. We describe below the inversion procedure for these test cases.
We began by dividing the cross-section cantairring the crack into squares of size a
( 100 11 m for the Iarger cracks and 50 11 m for the smaller cracks). W e chose the eddy
current angular frequency m such that the skin depth was slightly greater than 0. 5a. Next,
we chose a single laser focus point, the point situated 0. 5a from the top edge of the crack
(Figure 5). Only the square marked ( 1,1) was in the field of view of this laser focus point,
and the inversion method was able to estimate only its current dipole density. For all the test
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Figure 4. The actual shape of the crack. The hatched squares are cracked, the others intact.
The forward problern was carried out on this crack to generate synthetic data.

0.5a

Figure 5. The laser focus point has the square marked 1,1 in its field of view. Synthetic
data generate for this laser focus point helps to estimate the condition, whether intact or
cracked, of the square marked 1, 1.

Figure 6. The laser focus point has the square marked 2,1 in its field of view. Synthetic
data generate for this laser focus point helps to estimate the condition, whether intact or
cracked, of the square marked 2, 1.

Figure 7. Two cracks that give rise to nearly the same photoinductive data. The instability of
the algorithm with respect to noise and the Monte Carlo seed is nothing but a sign that more
than one crack gives rise to nearly the same photoinductive data.
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cases considered, the method estimated that the current density of the square marked ( 1, 1)
was zero and thus that this square was intact. Next, we shifted the laser focus point and the
eddy current probe to the right by a distance a. The whole exercise was repeated and it was
found that the square marked (1,2) was also intact for all the cracks considered. The
procedure accurately deterrnined the condition, whether intact or cracked, of all the squares
in the flrst row.
Next, we deterrnined the condition of the squares in the second layer, supposing that
the condition ofthe flrst layer had been accurately determined. We chose the laser focus
point to be one situated about 2a from the top edge of the crack (Figure 6) and chose the
skin depth to be somewhat greater than 2a. N ow the sq uare marked (2, 1) was in the fleld
ofview, and the inversion method accurately deterrnined this squaretobe intact. By shifting
the laser focus point and the coil to the right in steps of a, we estimated the condition,
whether intact or cracked, of each square in the second row. The method accurately
deterrnined the condition ofthe squares in the second row. In this way, we were able to
accurately determine the size and the shape of the crack in each test case. But we must
qualify this remark with an observation about ill-posedness.
As suggested previously, our computerprogram operated by using a Monte Carlo
algorithm to minimize F . Therefore one of the mputs was a negative integer-- the "seed" -to start the generation of a sequence of pseudo-random numbers. lt was necessary to check
that the results of the computerprogram were the same, no matter what the seed. In one
case, we found that the predictions for two adjacent squares in the second row were
exchanged on changing the seed (Figure 7). On running the fmward problern to the two
cracks depicted in Figure 7, we found that the values of E · E were nearly the same. This
showed that the problern was inherently ill-posed. The ill-posedness was not noticed in the
flrst row of squares, and only in one case in the second row of squares. When we
considered three rows of squares, the ill-posedness became more frequent. The addition of a
small quantity of noise to E · E also gave rise to the same kind of ill-posedness.
SUMMARY
Wehave proposed a method for determming the depth of surface breaking cracks
from photoinductive images. We introduced the concept of the "fleld of view", which leads
to a systematic procedure for determining the laser focus points. Finally, we tested the
proposed method by estimating the depth of small cracks in titanium and aluminum from
synthetic data.
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