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T °K Xrîtxl02 T °K Xrî xl02 

Run No. 2 (Cont.) Run No. 5 

121.4 0.276 1.4? 1.561 
127.9 0.259 1.97 1.555 
134.3 0.242 2.37 1.555 
146.3 0.224 2.36 1.545 
154.4 0.213 3.36 1.540 

4.20 1.539 
Run No. 3 13.5 1.390 

14.5 1.355 
80.5 0.405 15.6 1.326 
84.1 O.383 17.6 1.275 
87.3 0.367 19.6 1.205 
99.6 0.323 21.9 1.130 
105.0 O.3O6 23.9 1.072 
112.9 0.283 27.1 0.985 
120.5 0.265 30.8 0.899 
127.8 0.248 34.8 0.812 
137.9 0.231 40.4 0.725 
145.9 0.217 47.9 0.633 
156.4 0.202 54.7 0.574 
169.2 0.185 59.6 O.523 
181.4 0.173 69.4 0.460 
193.7 0.162 78.3 0.414 
206.5 0.153 85.0 0.379 

94.0 O.343 
Run No. 4 100.8 0.320 

108.7 0.297 
80.5 0.407 117.5 0.274 
88.2 0.379 127.1 0.251 
91.9 O.359 139.8 0.228 
102.8 O.33O 151.2 0.211 
111.4 0.300 162.4 0.195 
119.9 0.277 170.1 0.176 
132.0 0.254 192.0 0.159 
141.1 0.231 202.6 0.147 
162.8 0.208 
169.1 0.197 
180.5 0.185 
197.0 0.173 
199.8 0.167 
207.5 0.161 
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Table 7. Experimental values of Xr̂  for TmCCpĤ SOh.)̂  .9H?0 
molecular weight = 706.88 g, density = 2.00 g (cm3)~l 
0°C = 273.15°K 

T °K Xr̂ txl0L|' T °K X.̂ txiô  T °K Xr»txl01+ 

Crystal No. 4 186.1 10.29 6.0 2.81 
191.2 10.29 7.2 1.87 

Run 1 196.3 10.91 8.0 1.39 
201.4 10.91 8.6 2.18 

32.1 5.30 204.0 10.91 11.4 1.71 
33.0 5.46 12.3 1.71 
35.2 6.08 Run No. 2 13.0 2.06 
36.7 6.08 13.7 2.06 
43.4 6.55 30.4 4.37 14.4 2.34 
45.8 7.02 31.3 4.37 15.0 2.50 
49.7 7.17 32.2 4.37 15.7 2.50 
51.6 7.64 33.4 5.14 16.9 2.06 
54.3 7.95 34.7 5.77 17.6 2.06 
57.2 8.11 35.6 6.92 18.3 2.06 
60.6' 8.26 36.5 5.92 19.0 2.34 
64.0 . 8.42 37.2 5.92 19.6 2.34 
67.2 9.04 38.2 6.08 20.2 2.65 
70.3 9.20 39.0 6.24 21.1 2.80 
73.4 9.35 40.0 6.39 21.7 3.59 
79.5 9.82 41.2 6.24 23.1 3.74 
82.4 9.82 41.8 6.39 24.0 4.05 
82.4 9.82 42.8 6.55 24.8 4.21 
85.3 10.29 25.6 4.36 
88.1 10.91 Run No. 3 26.4 4.83 
93.7 10.91 27.9 4.99 
99.4 11.07 1.40 8.10 29.4 5.12 
105.0 11.07 1.46 8.10 32.1 5.30 
110.5 11.07 1.61 6.70 34.3 5.62 
115.9 11.38 1.75 5.92 36.5 5.77 
123.9 11.54 1.91 6.70 38.6 5.92 
129.2 II.38 2.05 7.32 40.6 5.92 
134.6 II.38 2.17 6.40 42.6 6.40 
139.8 
145.0 

10.91 2.37 5.77 44.6 6.40 
10.45 2.63 2.49 46.6 6.55 

150.3 10.45 2.82 1.87 58.8 7.80 
155.4 10.45 3.12 1.71 62.2 8.42 
160.6 10.4% 3.34 1.87 65.4 8.88 
165.8 9.98 3.57 0.46 68.5 9.20 
171.0 9.98 3.79 1.25 71.7 9.20 
176.1 9.98 4.01 1.09 74.8 9.20 
181.1 9.98 4.19 1.25 77.8 9.35 
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Table ?• (Cont.) 

T °K X^xlO1* T °K r%txio^ T °K X ^ Î̂O1* 

Crystal No. 5 14.25 2.69 
15.63 3.27 

Run la 16.88 3.94 
16.93 4.03 

1.37 7.49 20.18 3.65 
1.52 6.63 20.18 4.32 
1.76 5.95 c 
1.97 5.76 Run 3 
2.13 5.38 
2.32 5.67 63.3 5-57 
2.58 5.19 63.3 5.67 
2.87 5.57 65.6 4.90 
3.17 5.19 67.5 6.15 
3.34 5.09 69.8 5.57 
3.55 4.60 72.7 6.53 
3.77 5.28 74.7 6.72 
4.02 3.52 77.3 6.53 

Run 2b Run 4e 

10.0 3.94 63.3 4.91 
13.95 3-55 63.3 5.91 
13.95 4.03 63.3 6.48 
13.95 3.55 66.5 5.78 
13.95 4.51 68.7 4.51 
14.38 2.79 71.5 4.51 
15.50 3.07 73.5 6.10 
16.63 3.75 75.1 6.77 
17.87 3.27 77.3 6.72 
18.80 3.64 
20.37 3.74 Run 5 

Run 3b 1.43 6.48 
1.65 7.86 

13.9 3.94 1.84 6.67 

aLiquid He used as bath and thermometer 

L̂iquid Hg used as bath and thermometer 

cLiquid Ng used as bath and thermometer 

80.7 9.35 
83.6 9.35 
86.5 9.66 
89.3 9.66 
89.3 9.66 
92.2 9.82 
95.0 10.14 
97.8 10.29 
100.0 10.29 
103.5 10.60 
106.2 10.60 
109.0 10.91 
111.7 10.91 
117.2 11.05 
122.5 11.05 
127.8 11.23 
I33.I 11.23 
138.4 11.70 
143.7 11.70 
148.9 12.16 
154.0 12.16 
159.2 12.31 
164.3 12.94 
169.5 13.25 
174.6 13.10 
179.7 13.10 
184.7 12.94 
189.2 12.94 
194.9 12.78 
200.0 12.78 
205.1 12.64 
210.2 12.16 



s 
H 

•P 
g 
O 

3 XX 
cd 
H 

rH 

cd = 
U 
K 

te o 

H 

tdl 
14 
X 

« 
o 

H 

H 

cdr 
Fh 

o 

O O-O-O O O O O O O O ONVNCO 
H C^lNoOrH HOO rr-uh CJNrOJ- OJ O-
•  • • • • • • • • • • • • •  
H(M>rlrlH OJ ON ON ON ONOO ONOO 
i—I i—I i—I rH rH 

iTNlfN XfNVMfN XTx 

0) 
ON 

« 

ONONCX) J- ONOCO (MO CO CMJ-
lr\0-CM O-vO H H OvJ-J- OJ O 
•  • • • • • • • • • • •  

COCOCOVOOO ONOO ON H ONO H 
rH rH i—I 

OvOvO CO rO CM OJ vO vO vO O J O O O n 
O O O O C O  O N  O N O  O O O O H O J O I C M  
H r H H r H H O J C M C M C M C M C M C M C M C M  

rOO O O O ONO On ON ON ON ON 
O-ON ON ONO O OJ CM OJ OJ OJ OJ 
rHHrHrHCMCMCMCMCMCMOJCM 

CO ON O rH rH rH rH rH C\l 
CM O t>-CM H INOvOJ" 
•  • • • • • • • •  

<0 vO XTNXrNXrvd- Irvd- j-

rHVNOJC^vO H CM O O 
O H rOlXNvO CO O CM CM 
•  • • • • • • • •  

CM CM CM CM CM COJ-J-J-

vO IN-vO O-On 
OO rOCO C^.00 

• e • • • 
INININ̂ Û <û 

O OCO COJ- nOO O 
CO O-O-O-ONOO •  • • • • • • •  
O- rH CO O ONvO O H 

rH i—I rH rH 

H CM CM O O 
H H r H Ô O  
rH rH rH rH rH 

J-J-J- UMrxvO tN-CO 
rHrHrHrHrHrHrHrH 

O O O O O O O O  
O-cOCOOO J* J- rOH 
•  • • • • • • •  

rHOOOOOONONONrH 
H rH rH 

IfNlTN 
CM CM vO vO O O VxO 
vOvOvOvO C^-C^O-oO 
rH rH rH rH rH rH rH 

Pi 0) 
-P 0) 
Ë 

S 
-p 

XJ +> 
cd 

ui 
cd 

t) 
0) 
01 
2 

â 
o 

£ 
•H 
hI 

tJ 

U Q> 
-P 

i 
3 

l Î 
42 
M 
cd 

-ti Q> 
01 
0 

S? 
nO 
O 

& 
•H 
0) 



Figure 11. Rationalized perpendicular susceptibility of TmE.S. 
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Figure 12. Rationalized parallel susceptibility of TmE.S. 
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employed throughout this work. As mentioned under "Experimen­

tal Procedure, Magnetic susceptibility measurements", three 

different crystals were used for the measurements of the 

perpendicular susceptibility, hereafter referred to as X j.» 

and three crystals were used for measurements of X„> the 

parallel susceptibility. The crystals used for Xx measure­

ments were designated as crystals numbers 1, 2, and 3. 

Measurements below 20°K were made on crystals numbers 1 and 3* 

Five runs were made above 1.3°K on crystal number 2. The 

precision of the measurements was one per cent below 20°K, 2 

per cent below 100°K, ana ranged from 2 to 20 per cent at 100 

to 210°K, respectively. The determination of the absolute value 

of Xx was limited by the coil calibration, knowledge of 

d̂ipole below 100°K, and the precision of the measurements 

above 100°K. The coil calibration was precise to 0.5 per 

cent. Since the density of the ferric ammonium alum used for 

the calibration was only known to 0.5 per cent, however, the 

absolute accuracy of the calibration was only good to one per 

cent. The limitations, coupled with the precision of the Xx 

data, made the absolute value of Xx good to 2 per cent below 

100°K, neglecting Hdip0̂ e, and between 2 and 20 per cent from 

100 to 200°K. 

The absolute value of % measured using a calibrated 
* 

coil is dependent upon the knowledge of the dipole field 

discussed under "Treatment of Data, Magnetic susceptibility 
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measurements". This limitation is inherent in the measurement 

because the difference in the local fields between the salt 

used for calibration, and the salt whose susceptibility is 

measured, is ignored. As stated before, H = HQ + Hdemag# + 

Hdipole- For a sphere Hdeoag- = -M/3/.o- H^poie w111 be on 

the order of magnitude of M/̂ «0 ( Van Vleck, 204), so that H 

will differ from HQ by something smaller than M/3yt/o> most. 

If one makes the worst assumption possible, namely that H - H0 

error associated with ignoring the difference in Ho and K 

will be 0.5 per cent and the total maximum error in the 

absolute value of % 1 will lie below 3 per cent. Because of 

the extremity of value assumed for H-Ho, however, it is 

probable that the value of Xj. obtained experimentally lies 

within 2 per cent of the true value. 

The crystals used for X measurements were designated 

as crystals numbers 4 and 5* The % n measurements on crystal 

number 4 were badly scattered below 30°K, and were associated 

with a relatively high value of ARg, the change in the bridge 

resistive component with the sample in, and out of the coils. 

Above 30°K the precision improved, and ARg became comparable 

to the values obtained in the measurements of Xx. A short in 

the leads wrapped about the sample holder was determined to be 

then the absolute magnitude of a X determined 

by neglecting H will be off by(l0̂ /̂ y(per cent. Since the 

maximum X'j, measured in this work was 1.5 x 10"2, the maximum 
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the cause of the trouble. For this reason, a new, unwired 

sample holder was constructed, and X» of another crystal, 

crystal number 5> was measured in the range 1.3-4, 13-20, 

64-78, 90-110, and l40-210°K. Liquid He, H2, N2, CH ,̂ and 

CgHg were used as coolant baths and thermometers, as mentioned 

under "Treatment of Data, Magnetic susceptibility measurements". 

The scatter of the points taken in the above manner was 

relatively large, because of the impossibility of keeping the 

sample coils at a constant temperature. These data served, 

however, to positively establish the order of magnitude and 

shape of X» below 4°K, and give a rough check of the absolute 

magnitude above 13°K. None of the points differed by more than 

20 per cent from a smoothed curve between 1.3 and 2 °K, and 30 

and 200°K. Below 20°K, the points taken with the wired sample 

container were so irreproducible as to be useless. The He and 

Hg range points taken with the unwired container did not 

deviate from a smoothed curve by more than 30 per cent. One 

reason for the large experimental scatter in the JL\\ measure­

ments was the absolute magnitude of which was always less 

than 2 x 10"̂  in rationalized units, and which was approximately 

2 x I0~LF in the range 4-20°K. The value at 20°K corresponded 

to a AI reading of 0.040 on the bridge, and, in general, the 

bridge readings were reproducible to 0.005 at best, and about 

0.020 at worst. In terms of experimentally determinable 

absolute magnitudes, therefore, it is not surprising that the 
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measurements were imprecise. The absolute magnitude of 

therefore, was limited by the precision of the measurements, and 

in no case was obtained to better than 20 per cent. 
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DISCUSSION 

The Hamiltonian for an ion subject to an electrical 

potential V, and a magnetic field H, is usually taken to be 

H = |(-h2 7̂ 2/2m + Ze2/r1) + ̂  e2/r±j + f 5 (r1)̂ '| -

^ H e
y u 1 + ^ V e i  +  N  ( 1 1 )  

where m is the reduced mass of the electron, 7 2 is the 

Laplacian operator, Z is the atomic number, r̂  is the distance 

of the ith electron from the origin, r̂ j is the distance of 

the ith from the jth electron, 5(r̂ ) is the spin-orbit 

coupling parameter, is the magnetic moment of the ith 

electron, and N refers to all nuclear interactions. N is 

small enough compared to the effects we will be interested in 

to be neglected in this work. 

The use of the central field approximation to solve for 

atomic energy levels in the absence of an electric or magnetic 

field has been discussed by Conden and Shortley (160). The 

solution of the problem for trivalent Tm, in the case where 

the electrostatic repulsion terms are not very much larger 

than the spin-orbit coupling terms, has been discussed by 

Spedding (170), and recently recalculated by Gruber and Conway 

(190) using Spedding1 s original equations. The matrix elements 

of an electric potential possessing Ĉ  symmetry have been 

calculated for the lowest, and next higher J value in the rare 

earths by Elliot (9) and Elliot and Stevens (11), and the 
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matrix elements of the magnetic interaction are readily 

accessible if R-S coupling is assumed, so the solution of the 

entire problem for trivalent Tm has been, within the limits of 

the assumptions involved, set up in principle. 

It is generally assumed that because the rare earths have 

magnetic moments at room temperature which are in accord with 

their lowest J value, R-S coupling is a good approximation in 

the rare earths. It is also assumed, because Curie's, or the 

Curie-Weiss law, is followed at room temperature, that the 

crystal field splittings of the lowest J value are smaller 

than kT at 300°K. This is to say that the total crystal field 

splitting of the ground state is on the order of 200 cm \ 

Spedding (36) and later workers (190) have found that the 

first state above ground for trivalent Tm is separated from 

the ground by about 5>500 cm~\ Second order perturbation 

theory tells us that the contribution to splittings of the Jth 

state from higher states goes as the reciprocal of the 

unperturbed energy difference between the two states, and 

directly as the sum of the squares of the matrix elements 

connecting the two states. Since the order of magnitude of 

the matrix elements connecting two states is less than the 

total splitting of the individual states, we are dealing with 

a contribution of approximately (200̂ /5*5x10̂ )cm"̂  to a 

splitting of 200 cm~̂ , or about 2 per cent, from the first 

excited state in trivalent Tm, which is and less from 
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higher states. This contribution may be ignored in this work, 

since it will be seen that our knowledge of the crystal field 

parameters involves errors in the ground state splitting which 

are at least of the above order of magnitude. The crystal field 

splitting, then, may as a first approximation, be applied as a 

perturbation to the lowest state of trivalent Tm. This 

approximation will limit the dimension of the secular deter­

minant for Tm to 13. As in previous determinations of crystal 

field splittings at ground states (4), it may be assumed that the 

ground state is "pure" that is, the known deviation from 

R-S coupling in this ion may be assumed not to appreciably 

change the splitting of the ground state of the trivalent ion 

from that calculated using R-S coupling. 

To the approximation that the contribution from excited 

states is negligible and hyperfine splittings are ignored, the 

splitting caused by a crystal field V and magnetic field H, of 

the ground state is given by 

KJZ|V + ps(î, + 2S) - W6JZ/J£ |J£> = 0 (12) 

where I AI stands for "the determinant of A", the Dirac notation 

of matrix elements is used, and J2 ranges from 6 to -6. Here 

p(L + 28) is yUin the Hamiltonian, where p is the Bohr 

magneton. 

The case with H = 0 will be examined first. The crystal 

field assumption leads to the restriction that the crystal 

field potential must satisfy Laplace's equation, a solution of 
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which is V = where Ŷ  is a spherical harmonic. The 

condition that the potential remain invariant under the 

operations of the symmetry group of the crystal, which is 

for the rare earth ethylsulfates, leads to a restriction of 

the values of 1 - m to 2n, and m to 3k, where n and k are 

integers. A matrix element of V between 4f states will be 

of the form 

< 4, 3, m, ms\Vt4, 3, m«, r1 r2dr 

(13) 

Because of the orthogonality properties of spherical harmonics, 

this integral will vanish unless m = m' + M. Since a product 
m m1 

of two spherical harmonics Ŷ  Yj_i may be expressed as a sum 

of spherical harmonics l,m̂ l witia always involving (1 - 2i) 

+ (l1 - 2j) where i and j are zero or integers, and since in 

this case 1=1' (=3), the above sum will be even. Because 

jfyM yMj will vanish unless L = L1, L in (13) will be even 

and equal to or less than 6. Therefore, M will have to be 

even, so M will now be restricted to 6k where k is an integer. 

The crystal field potentials, then, that we are left with 

because of the crystal symmetry and the dimensionality of 4f 

wave functions are v£ (= C° < r°> x£), V̂ , v£, v£, and v|̂ . 

Thus each matrix element of V will be a sum involving one or 

more of these five terms. Vq is independent of L and M, 

however, and thus does not contribute to the splitting of the 

ground state. It only contributes an additive constant to all 
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levels, so it may be ignored in calculations of differences 

between split levels. 

Elliot and Stevens (10), (11), (12) have evaluated the 

non-vanishing matrix elements of these potentials in the 

representation which is diagonal in L, S, and J%. They 

used the fact that within a manifold in which J is constant, 

the matrix elements of potential operators are equal to a 

constant times the matrix elements of appropriate angular 

momentum operators. In Stevens' notation, we have a given J 

and Jz(Jz t v2lJẐ  = aA2 [ 3̂ | " + D] where here Â  = Cg 

< r2> <JZ|V?IJZ> = [35Jz - 30J(J + l)j| - + 25JZ -

6J(J + 1) + 3J2(J + l)2]where Ag = Ĉ <r̂ > 

<JZ1V§IJZ>= aA6 [23u| - 315J(J + 1)4 + 735Ĵ  + 105J2 

(J + 1)2J| - 525JU + l)j| + 294J§ - 5J3 (J + l)3 + 40J2 

(J + I)2 - 60J(J + 1)] SJ2J'Z where = eg <r6> 

<Jzlv6lJz>= 1/21(jx + iJy)6 + (Jx • 1Jy)6l 

Vg, vÇ and V5 are diagonal in and symmetric about = 0, 

and only has elements 6 off the diagonal. It too, is 

symmetric about = 0. For "pure" 3H&, Stevens has calculated 

the values of a, p, and Y to be 1/99, 8/3.11.1485, and 

-5/13*33.2079 respectively. Thus, the diagonal matrix 

elements of V will be given by a sum of the type aÂ A + pÂ B + 

YÂ J where A, B, and C are functions of Jg and J. The off 

diagonal elements of V will be of the form Â D. The values 

of A, B, C, and D versus (Jz,Jg) are given in Table 8. 



Table 8. A, B, G, and D within J = 6 for Tm, 3%, in a Ĝ  crystal field 

Jz + 6 ± 5 + 4 + 3 ± 2 + 1 0 

Jz + 6 ± 5 + 4 ± 3 + 2 + 1 0 

A 66 33 6 -15 -30 -39 -42 

B 60 x 99 -60 x 66 -60 x 96 -60 x 54 660 3840 5640 

C 168,300 -420,750 61,200 328,950 168,300 -153,000 -306,000 

J z  ± 6 + 5 + 4 + 3  

Jg 0 +1 +2 + 3 

D 720 J 231 2520/66 5040/3Ô 30,240 
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To date, there have been two sets of crystal field 

parameters which have been available for the calculation of 

the energy levels of thulium in the ethylsulfate. The first, 

obtained from an extrapolation of these used in the paramag­

netic work on the rare earths (4) in the last half of the 

series are as follows: = 0. AÇ = -40cm~̂ . Â  = -30cm~̂ . 

a| = 330cm~\ These will be designated as "Case I constants". 

The second, obtained by Gruber and Conway (195) from spectro­

scopic data on TmE.S., are as follows : Ag = 13cm"-1-. Â  = 

-80cm""̂ . Â  = 32cm~̂ . Â  = 300cm""'". These will be called 

"Gruber's constants". Gruber's constants were chosen to give 

the best fit with the splitting of the jj. = 3 and yU = + 2 

subieveIs in the states and and "reasonable" 

splitting of the 3Fg, and states. Because of the 

symmetry of the secular equation, the determinant for 

calculating the zero magnetic field levels breaks into a 

cubic and five quadratics. These were hand calculated to 

give levels for both Elliots' and Gruber's field constants. 

Gruber and Conway, in addition to producing another set of 

field constants, also calculated the change in Stevens' a, (3 

and Y, due to off diagonal electrostatic repulsion terms in 

the Hamiltonian, i.e., due to the breakdown of the R-S 

coupling. The correction factors are, for the state, 

1.010, 0.976, and 0.986 for a, {3 and t , respectively. These 

corrected factors were used in the calculation of levels using 

Gruber's constants. The observed zero magnetic field energy 

levels versus the levels obtained using Case I and Gruber's 

constants are tabulated in Table 9* 

The energy levels in the presence of a magnetic field will 
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Table 9» Observed versus calculated energy levels for the 
ground state of Tm in TmE.S., g = degeneracy of level 

Observed g 
Case I 
constants g 

Gruber1 s 
constants g 

0 cm"1 1 0 cm~l 1 

1—1 1 n 0
 1 

32 2 8.17 2 34-.78 2 

195 2 77.62 2 93.04 1 

231 1 83.10 1 IOO.32 1 

84.06 2 124.36 2 

93.23 1 126.81 2 

113.80 1 177.25 1 

182.73 2 238.55 2 

225.68 1 277.53 1 

now be discussed. The energy term is the Hamiltonian involving 

interaction of electronic moments with a field, H, is * K. 

Because of the symmetry of the secular determinant for 

V + M * H, the negative sign may be omitted. If R-S coupling 

is assumed to hold, L and S are good quantum numbers, so 

Zju= £ (L + 2S) = gpj where g is the Lande splitting factor. 

Writing J in vector notation as Jxi + JyJ + J-tK, we see that 

2 = g{3H(a«Jx + bJy + cJg) where a, b and c are direction cosines 

for the angles between the x, y, and Z axes, and H respectively. 

For the axis of quantazation parallel to the crystal c axis, anrj 
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H parallel to the c axis, we have a = b = o, c = 1, and 

zin = For the perpendicular case in a crystal of ĉ  

symmetry, we have A2 + B2 = 1, c = 0 and 2JL = gpH(aJx + bJy) 

where now Z refers to the crystalline c axis. In the repre-

2 sentation in which J and are diagonal, the non-vanishing 

matrix elements of are just Jz on the diagonal, and the 

non-vanishing matrix elements of Jx and Jy are 

<J,JZ + 11 Jx(J, Jz> = l/2( tJ + Jzl [J ± Jz * 4 )V2 

and 

< J,JZ + 1 | JyjJ, Jz> = + 1/2([J + Jz] tJ + JZ + 1). 

The matrix elements for H« and Hx are given in Table 10. The 

elements given are coefficients of gpH. 

For H„, the energy calculation in terms of the crystal 

field matrix elements, and of G(= gpH) was carried out as 

follows: The cubic and 3 quadratics in the secular deter­

minant were each expanded in terms of E and G. E was then set 

equal to Eo + bG + cG2 + . the resulting expression 

expanded, and coefficients of G collected and set to zero. 

Since the Eo's were known from the zero field calculation, each 

coefficient of G could be solved for in turn. Thus each energy 

level was explicitly determined as a function of field. 

For H , the entire secular determinant was solved on the 

ISU Cyclone computor for values of G = 1/2, 1, and 2 cm"1. It 

is possible to show, for Hx, that in the expansion of the 

secular determinant a and b only occur in the combination 



Table 10. Non-vanishing matrix elements of Jz and aJx + bJy 

JZ ±  6 ± 5  ±  ̂ ±3 ± 2 +1 0 

Jz +6 + 5  ±  4 +3 ±2 +1 0 

i 6 ±5 ±4" ± 1 ±2 +1 0 

J2 ± 6 ± 5 ±4- ±3 ±2 +1 

±5 ±4 +3 ±2 +1 o 

<\aJx + bJyt> ̂ 12(a+ib) f22(a+ ib) 3̂°(a+ ib) 4~36(a+ ib) ̂+Ô(a+ ib) -P+2(a+ lb) 
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a2 + b2. Therefore, only the coefficients of (a + ib) were 

fed to the computor. It is also possible to show, for Hi, 

that only even powers of G are involved in the secular 

determinant expansion. Each level was therefore expressed as 

E = Eo + cG2 + dû1* + eG6. 

Three values of E were obtained for the three values of 

G, so that c, d and e could be solved for. The coefficients 

of G and G2 were obtained in this manner for both Case I and 

Gruber's field constants. The calculation of the magnetic 

heat capacity and susceptibility were then made using the 

usual statistical mechanical formulae: 

C M  =  R _ T z 2  ( Ei\2e ~El/kT _ gi e "El/kT\ 2"1 = 
z2 V 1 XkTy Xi kT / J 

JL RT2 3 LnZ (14) 
9T 3 T 

where Z is the sum over states, k is Boltzmann's constant, and 

Ei is the difference between the ground and the ith level, and 

Xrat = (̂biê - 2c,)e "al/kT = NkT L̂nZ (15) 
' Z kT "H" a H 

where the ith level is expressed as 

Ei = â  + bjH + CjH2 and the standard subterfuge of 

expanding Z as a function of field is used ((208) pp. 608-619). 

N is the number of atoms per unit volume, or atoms per mole, 

depending upon whether a dimensionless, or molar susceptibility 

is desired. In this work, a dimensionlessTC has been 

calculated. This formula is only valid for 6H much less 
kT 
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unity - i.e. high temperatures or low fields. For a non-

degenerate ground level, ao = bo = 0. The results of the heat 

capacity and magnetic susceptibility calculations for the two 

sets of constants are shown in Figures 9, 11 and 12. 

From a comparison of calculated with experimental values 

of the ground state splittings in TmE.S., it is not obvious 

that either set of field constants yields a successful fitting 

of experiment with theory. Gruber's values do have among them 

the observed 32, 195 and 231 cm"*1, to within 20 per cent at 

worst, but this is not surprising since these levels were 

three of the four pieces of information used to evaluate field 

constants. The values calculated using the Case I constants 

appear completely unrealistic. A look at the experimental 

versus calculated heat capacity curves shows, however, that 

while Gruber's calculated level at 35 cm-1 gives the correct 

low temperature tail of the heat capacity, the levels below 

125 cm"1 must certainly be in error. If they existed, the 32 

cm" peak would not show up as a distinct bump at all. The Cm 

calculated from the Case I constants, while unreal, serves to 

illustrate the shape of a curve obtained when there is a 

separation of a factor of ten between the first and 

succeeding levels above ground - i.e., the Case I constants 

lead to a level of 8.17 cm"1 above ground, and a group of 

levels starting out 78 cm"1. They thus give a "two peak" 

structure to Cm. Gruber's first and second excited states are 
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separated only by a factor of three, and this structure is not 

obtained. One might thus be led to speculate that the 

separation between the 32 cm" and the next highest level 

would be of the order of five or six times 32, or at about 
-1 

190 cm , which is actually observed. Because of the height 

of the experimental peak, one might also be led to speculate 

that there are a number of closely packed levels in the region 

I9O-3OO cm"1. Since the absolute magnitude of the second peak 

is in doubt due to the uncertainty in the lattice heat 

capacity of TmE.S., however, such speculations have little 

quantitative value. 

The agreement between the calculated and experimental 

susceptibilities is, as might be expected, poor for the Case I 

constants. In both the parallel and perpendicular cases, it is 

obvious that the calculated value of 8.17 cm"1 for the first 

level above ground is causing both curves to break at too low 

a temperature. Note, however, that the slopes of the calcula­

ted and experimental perpendicular susceptibilities do not 

greatly differ once the two curves have broken from their 

constant values at 0°K. This is not the case, however, with 

the calculated and experimental parallel susceptibilities. 

For Gruber's constants, the calculated and experimental 

perpendicular susceptibilities agree to within experimental 

error, but the difference between the calculated and experi­

mental parallel susceptibilities again points up the indication 
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that the calculated curve involves too many levels coming in 

at too low a temperature. 

The reason for the really excellent agreement between the 

calculated and experimental perpendicular susceptibilities is 

not completely obvious. One thought might be that the perpen­

dicular susceptibility has a particularly simple form of 
-Ei/kT 

temperature dependence, i.e., XA = 4TT N 2 - 2C.e . The 
Z i 

C for the 32 cm level has been forced into a realistic 

value by using this level as one of the field constant 

determining parameters. Since it turned out to be positive, 

and possibly fortuitously, as large as any of the other 

coefficients, it will dominate the susceptibility at the 

low temperature downward break. That it continues its 

domination over a rather large temperature range seen from 

the fact that the sum of the Ĉ 's must equal zero, so for 

every negative that would tend to raise the susceptibility 

as its exponential factor approaches unity, there is a 

positive one that is counteracting this tendency. Since the 

exponential on the 32 cm"1 level is always larger than the 

others for a given temperature the tendency will be for this 

level to somewhat over-ride the superimposed effect of the 

others. I.e., once the correct downward "shove" is given Xj. 

at 32 cm"1, the remaining shape of the curve is somewhat 

predetermined, at least at temperatures less than the total 

crystal field splitting. 
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The same type of qualitative argument might be made for 

the parallel results, except that in this case the temperature 

dependence is more complicated, in that another parameter and 

a reciprocal temperature are involved. I.e., in the parallel 

case a coefficient of the linear term in H exists for the 

doubly degenerate levels, so each of these will contribute 

4TTN (bi2 - 2c. )e"̂ ^̂  to the susceptibility. It also turns 
Z vkT 1 

out that the C for the 32 cm"1 level is less by two orders of 

magnitude than the c's for the next two higher levels, so that 

as T increases and the b2/kT terms become less important, the 

next higher levels become more important than in the 

perpendicular case. For comparison, b| and ĉ  are given for 

the parallel case, and Cj_ is given for the perpendicular case 

in Table 11. Here, the energy levels are those calculated 

using Gruber's constants, and the b's and c's are coefficients 

of gpH and (gpH)2 respectively. If gpH is given in cm"1, b 

will be dimensionless and c will have the dimensions of 

(cm"1)"1. 

In retrospect, the following statement might be made: 

three assumptions are made in the calculation of energy levels 

of rare earth ions from first principles. These are: (1) the 

ion core possesses a spherically symmetrical charge distribu­

tion (central field approximation), (2) the electrostatic 

repulsion term is much greater than the spin-orbit coupling 

term for the ground state (this appears reasonable in view of 
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Table 11. Coefficients of G and G2 used in the calculation 
of „ and i - Gruber's constants 

x „  X i  E? 

ci Ci cm-1 

0 -.0267 -.573 0 

.0021 -.0521 +.4087 34.78 

.0021 -.0521 -.1104 34.78 

0 -4.535 -.0661 93.04 

0 4.627 -.1515 IOO.32 

.596 -.0521 +.0741 124.36 

.596 -.0521 -.2026 124.36 

16.25 .0521 +.1267 126.81 

16.25 .0521 +.0321 126.81 

0 -.0897 +.2708 177.25 

5.617 .0521 -.3132 238.55 

5.617 .0521 +.0762 238.55 

0 +.0897 +.3834 277.53 

of the small corrections to Stevens' a, p and r calculated by 

Gruber and Conway), (3) the Laplacian of the crystal field 

potential is zero. Using these assumptions and four 

experimentally determined parameters evaluated from four 

pieces of experimental information, the agreement between 

the experimental and calculated ground state splittings in 
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TmE.S., as evidenced by susceptibility and heat capacity 

measurements, leaves much to be desired. The perpendicular 

susceptibility measurements, however, give surprisingly good 

agreement with the calculated values using Gruber's constants, 

but it is not obvious that this is due to the corrected 

calculated energy level structure. Whether the observed 

disagreement between theory and experiment for TmE.S. lies in 

a breakdown in one or more of the above three assumptions,. or 

in an improper evaluation of the crystal field constants is 

yet to be determined. A critical factor in this determination 

will be whether any four constants exist that can reconcile 

the experimental thermal, magnetic, and spectral data with 

calculation. The obviously poor agreement, for TmE.S., 

between the experimental and calculated Cm, coupled with 

the "fair" agreement in the calculated and experimental 

susceptibilities accentuates the fact that it is possible to 

fit a susceptibility curve with relatively poor values of 

ground state splitting. It also points up the need for 

obtaining thermal data in the range 1.4-300°K for all the rare 

earth ethylsulfates, in order to determine whether or not the 

previous "good" agreement between experiment and theory below 

20°K can be extended to include all the splittings of the 

ground state. That a great deal of work is yet necessary, 

theoretically and experimentally in order to get a really 

good fit between calculated and experimental excited state 
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splittings, is a conclusion that could easily be defended. A 

calculation of the crystal field constants from first princi­

ples would be interesting as well as informative, and might 

serve to determine whether or not the currently published values 

are even in the neighborhood of being correct. 
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SUMMARY 

A description of the construction and operation of a 

mutual inductance magnetic susceptibility apparatus for 

measurements in the range 1.4-300°K has been given. Methods 

used in the treatment of data and calculation of results have 

been discussed. 

The magnetic heat capacity and the single crystal 

magnetic susceptibilities of TmE.S. have been measured in the 

range 12-300°K and 1.4-200°K, respectively. The magnetic 

heat capacity was obtained by using the heat capacity of 

LuE.S. to evaluate the lattice contribution to TmE.S. Two 

maxima were observed in the magnetic heat capacity at 19 and 

80°K. 

The magnetic heat capacity and susceptibilities of TmE.S. 

have been calculated using the crystalline field approximation 

and two different sets of crystalline field constants which 

are currently available from the literature. In neither case 

was excellent agreement obtained between theory and experiment, 

although the calculated and experimental perpendicular 

susceptibilities were in good agreement for the most recently 

proposed set of field constants. It is not obvious whether 

the lack of good agreement between experiment and theory is a 

result of a poor choice of crystal field parameters, a complete 

failure of the crystal field approximation in this case, or a 

breakdown of the assumptions involved in calculating the term 
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intervals and splittings for trivalent Tm. The fair agreement 

between calculated and experimental susceptibilities, coupled 

with the complete lack of agreement between calculated and 

experimental heat capacities points up the need for a further 

check of previous "good" theoretical and experimental 

agreement for other rare earth salts with the use of heat 

capacity data above 20°K. 
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