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DEGREE OF OBSERVABILITY PER STATE VARIABLE 
STa^A/D K o'rtbtKVtL' OUTPUT NIJ. Ai'iO PKuPwK i I G'.jAL 
OFVl \1 hUU-iO _J:)ARr_nF_ THAT, VALU::. ij__ |.\\RT__i.S....,VcR.n.U5_. 

1 1.4103 0.53 8 0 ( 3, 0.19)( 9» 0.11)(82, 0.2j)(28,-0.20) 
2 1.5574 0.7600 (75,-0.08)(81,-0.30)(87, 0.23)(93, 0.29) 
3 0.6916 " 0.3941'^( 4, 0.56) 
4 0.0024 0.0007 ( 1,-0.05) ( 7,-0.26) (13, 0.07) (19,-0.06 I 

'5 '0.1097 "0.0 378 "( 1, 0.06)( 7, 0.30)(13,-0.09)(19, 0.07) 

6 0.0024 C.C0C7 ( 2,-0.05)( 8,-0.26)(14, 0.06)(20,-0^06) 
~~7 0.1097" 0.0 3 77 ( 2 , 0.06 )( 8,"0.30) (14,-0.09) (20, 0.07) 
8 1.2014 0.4909 ( 3, 0.09)1 9, 0.31)(82, 0.11)(94,-0.22) 
9 "0.854 6 0.3290'"(15,-0.08) (16, 0.08) (81,-0.10 (87,-0.32) 

(93, 0.1?) 
10 0.9093' 0.5338 ""(10, 0.58) 
11 0.0024 0.0007 ( 1,-0.05)( 7,-0.26)(13, 0.07)(19,-0.06) 
12 0.00 24 0.0007 ( 2,-0.05)( 8,-0.26)(14, 0.06)120,-0.06) 
13 0. 11 13 0.0400 ( 7 ,-0.31) (13 , 0 . 09 ) ( 19,-0 . C7) (3 1, 0.05) 
1 4 0.1113 C.0398 "( 8,-0.31) (14, 0.09) (20,-0.07) (3 2, 0.05) 
15 3.3411 0.8524 (15, 0.07)(21,-0.08)(27, 0.08)(33,-0.08) 

- (39, 0.08) (45,-0.08) (51, 0 .08) (57,-0 .08) 
(63, O.OB) (69 ,-0.08) (75, 0.07) 

16 "3.3T05" 078972 "( 16,' 0.07)122,-0.08 ) (28, 0.08) (34 ,-0 .08) 
(40, 0.08) (46,-0.08 ) (52, 0.08) (58,-0.08) 

' (64, 0.08) (70,-0.08) (76,"0.08) 

Computer Output No. 6 (Continued) 
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OBSERVED OUTPUT NOS.1,2,3,4 TIPE = 8:C0 A.P. 
OBSERVABILITY FUNCTIONS 
C.2CC6D-C7 0.26150-05 0 . 2 5 6 8 0 - 0 4  0 . 2 S 7 9 0 - C 1  
0 . 2 0 7 3 0  0 0  0 .  3 1  2 4 0  0 0  0 . 4 5 S 5 C  0 0  0  . 6 3 4 1 0  0 0  
C.8992D 00 0.96240 00 0.35610 01 0.36910 01 
0.11930 02 0.12010 02 0.14620 02 0 . 1 4 6/0 02 

S T A T E  VARIABLE NO. ON LEFT M A R G I N  
SIX SMALLEST EIGLNVALUES WITH ASSGCIATEC EIGENVECTORS 

£ ,  C C G 0 4  D Q. A J I 2 4 1  
1 -0 .09862 — 0. 002 13 0 .27752 — 0 . 0 1 4 6 9  -0 . 0 0 4 2 3  — 0 . 7 3 3 3 9  
2 -0 .24156 "- 0. 00534 " 0 . 6 7 9 8 3  ~'_0 . 0 0 2 2 0  ' "-0 .00497 "o . 2 9 9 0 0  
3 0 .09862 0. 00214 -0 .2 7754 0 . 0 1 1 9 1  G . 0 1 4 9 7  -0 . 0 0 1 8 0  
4  0 .53213 0. 4 8 6 56 0 .03560 -0 .01476 -0 . 0 1 5 2 5  0  . 3  9 9 1 2  
5 0 .00028 -0. 0 0 9 7 0  -0 . 0 3 4 8 8  -0 .17240 -0 . 4 6 3 6 2  -0 . 0 0 9 7 5  
6 -0 .3 3HC5 " 0. 51607 -0 . 4 9 8 5 8 '  -0 . 0 2 2 5 4  0 . 0 5 3 8 7 "  -0 . 1 6 2 1 3  
7  0 .0 04 74 -0. 0 0 9 8 5  0 .01694 -0 . 5 3 2 6 7  0 . 1 4 3 4 7  0 . 0 0 5 5 1  

"'a' "o .00000 -0. 0 0 0 6 6  -0 .0 00 23" 0 . 1 7 9 5 6  " 0 . 3 6 1 6 9  o' . 0 2 0 0 0  
9 0 .00001 -0. 0017 / 0 .00127 0 . 5 2 2 0 2  -0 .12395 — 0 . 0 0 6 2 /  

1 0  '•-0 . o o o c o "  0. 00066 ^-0 .00031 -0 . 2 1 2 7 3  0 .00130 
^ 

. 0 1 9 0 4  
1 1  0 .43302 0. 48575 0 .31394 0 .00931 -0 .01051 — 0 . 3 9 8 6 4  
12 -0 ,58070 0. 51044 0 .18015 " " 0  .00300 -0 .04528 0 . 1 6 2 7 7  
1 3  -0 .00028 0. 00945 0 .03400 0 .17597 0 .74430 0 . 0 0 3 2 8  
14 -0 .0 04 74 0. 00959 -0 .01613 0 .5515 3 -0 . 2 4 2 0 2 '  -0 . 0 0 1 0 8  
1 5  0 .00000 -0. 00003 -0 .00000 0 . 0 0 8 0 2  0 .01251 0 

. . . . .  
. 0 2 8 4 6  

1 6  - 0  . 0 0 0 0 0  0 .  00003 -0 .00001 — 0 .00865 "'-0 .00237' .00079 

Computer Output No. 7. Brown's system observing outputs no. 1, 2, 3> ^ 
Time = 8:00 AM 
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0 t 'u iK h  1 _ OF 0:: )S-itVA^[L [TY % STAIF V4 RI. •! uLz 
STA:^jDA'm U i  OBShRVFu ' J U r,)U r  :  ' j i i .  A x n  p;< i IlX'j A L  

_ U % '  ' V I A  r  i O j j  J 'V uj. j n  P ,< T JF THAT VALi ÏF n U  •  î . s  u v ' : ^  ; . u 5 
0« .C014 C .  . C C C 4  ( 8, 0 .07 ) (13, 0. .08 )(14, 0 .23)(26, " o  .07 ) 

2 0.0006 c .  .0002 ( 8, 0.07)(13, 0. .08 ) (  1 4 ,  0 .23)(26, 0 .07) 
3 " 0. C014 c .  0004 ( 8,--0.07) (13,--0. ,08 ) ( 14 , -0 .23 ) (26,^ -0 .07 ) 
4 0. ,0003 G. C O C l  ( 8,--0.07) ( 13,--0, .07 ) (  1 4  ,  -0 .22)(26,^ "G .07) 
5 0. 1056 C. 0324' (  1 ,  0.05)( 7, 0. 25)(13, — 0 . 09 ) ( 14,--0 .09) 

(19, 0.06 ) 
~6~ ~o". 0004 C. c c d T  (13, 0 .0 7 )Tl4," "o". '2'3T(20',' -o' Vo'6Tr26T "o' T o n  

(38,--0.05 ) 
1~ "o. 0291 C. C O  93' { 13 -0.08) ( 14,--0. 27 ) (20 , 0 .07)(26,--0 . 0 8 ) 

(38, 0.06)(50,--0. 05 ) 
' a~ "0. 6575 C. 2089" ( 9, 0.16)(15,-•0. 19 1(16, 0 .18) 
9 0. 3031 G. 0985 ( 9,--0.10) (15,-•0. 23)(16, 0 . 19 ) 
10 o". 5807 C -'184 a' (10, "0'.'20 ) ( 15", 0 . 1 5 )  ( 1 6 ,  -0 .17) 
ll_ 0. C003 C. CGOl { 7,-•0.05)( 8," •0. 07)(13, -0 .07)(14,- .22 ) 

(26,-•0.07) 
12 0. 0002 C. C C C I  ( 13, 0.07)(14, 0. 23)(20, -0 .05 ) (26, 0 .07) 
13" ' 0. 1071 C. 0339' ( 7,-•0.26) ( 13," 0. 10)(14, 0 .09)(19,-• 0  .06 ) 
14_ 0. 0292 G. 0095 (13, 0 . 0 8 ) (14, 0 .  27)(20, -0 .07) (26, _o_ .Q8J 

(38,-' 0 . b 6 ' ) ' ( 5 0 ' ,  o". 05 ) 
15 3. 6 5 6 3  0. 9196 (21,-•0.07) (27, 0 .  0 7  )  ( 3 3 ,  -0 .07)(39, 0 .07) 

(45,-• 0 . C 7 )  ( 5 i r  0. 07) (57,' -0 .07)(63, û .07) 
(69,-0.07)(75, 0. q72j8i ,• -0 'C7jj87j_ 0 . 0 7) 
(93,-0.07) 

1 6  3. 6422 C. 9185 (22,-0.06)(28, 0. 0 7_)_(_34,j -0_ .071(40 ,_ 0 .07) 
( 46 , - 0 .Cl') CbZ , 0 . 0 7 )"'( 58, - 0 /O T) ïùW, C.'oY) 
(70,-0.07)(76, 0.07)(82,-0.07)(88, 0.07) 
(94,-0.071 

Computer Output ÏÏo. 7 (Continued) 
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OBSERVED OUTPUT NGS.1,2,3,4 TIXE =10:C0 A.P. 
OBSERVABILITY FUNCTIONS 
0.11220-07 0.2712D-C5 0.37310-04 0 . 3 4 7 2 D - G 1  
0.22S1D OC 0.3I17D CO 0.41610 00 0.49220 CO 

" 0 . 1 0 C 6 D  0 1  C.1C16D"01 "o.36840'01 ~ 0 . 3 7 7 7 0  C I  
0. 1 1 9 8 0  02 0.12050 02 0 . 1 4 4 9 0  02 0.14510 C2 

S T A T E  VARIABLE NO. CN LEFT M A R G I N  
SIX SMALLEST EIGENVALUES WITH ASSOCIATED EIGENVECTORS 

Q .22216 £2, 

1 C .14 8 8 8 -0. C0082 -0 .51252 -c .00754 -0 .00188 -0 .50131 

2 C .12156 ' -0. CCC73 -0 .4 1848' ' 0 .00941' 'o .00071 c .61274 

3 -C -14888 0. C0082 0 .51258 0 .00963 -0 .04712 -0 .00140 

" 4 ' -c .29675 0. 66791 0 .19090" '"-0 .02341 -0 .009 14 " 0 .27126 

5 - c  .00169 -0. 01366 — c .02482 -0 .36312 0 .33286 -0 .01509 

6 c  .58065 0. 2 3 2 1 3  "• 0 .39380 -0 .01952 -0 405661" -0 . 3 3 1 2 5  

7 - c  .0033 3 -C. 00449 -0 .04037 -0 .35877 -0 .32597 G .00358 

"a" "-C . c c o c o  -0. 00100 "c' .00012 0 .36305" -0 .24232" • "o .01979 

9 - c  . o c c c u  — 0. 0CC89 -0 .00077 c .34550 0 .25433 -0 .01191 

10 c . o c o c i  0. c o l l i  " •" 0 .00015" -0 .44912' • " 0  .00088 " 0' .06551 

11 — c -14719 0. 66818 -0 .32104 0 .01033 0 .02821 -0 .27125 

12 c  .70284 " 0 . 2 30 53" -0 .02271 0 .00515" " 'o .03701 0 .33119 

13 c  .00169 0. 01330 -0 . 0 2 4 3 4  0 .37736 -0 .56691 0 .02501 

14 c  .003 3 3" " o . 0 0437 " 0 .03901 0 . 3  77 70 0 .5 74 79 • o' .01051 

15 - c  -OOCCO -0. 00002 0 .00001 0 .00740 -0 .00795 0 .C29 11 

16 0 .ccoco'" 0 . 000 03 -0 .00001 -0 .01142 0 .00607 ""0 .00164 

Computer Output Wo. 8. Brown's system observing outputs no. 1, 2, 3; ^ 
Time = 10:00 AM 



1+0 

OcG;<l:i: Oh 01 • S h .< V ̂  n [ L 1 •'Y S I ^ T L VARiABLr 
STANDAitO UPi'i" K ObSCRVEL OUTPUI' NO. ANil PRUPLr^T I UNA.. 
DEVI ATI ON rtiJU.-si) PAR F Uf- THAT VALUE IF PART I S uVcR 0.05 

1 "0.CG07 C.G0C2 ( 8V O.G5T(T3, O/ïôll 14, 0.15) (26, O.CSl' 
2 0.c009_ C.CC02 ( 8, 0.05) (13, 0.16) (14, 0.15) (26, 0.05) 

"3' 0.CC07 0.C002 ( 8,-0.05) (13,-0.16)(14,-0.15)( 26,-0.05) 
4 0.CC04 O.CGGl ( 7,-0.08)(13,-0.14)(14,-0.14)(26,-0.05) 
5 0.0539 0.0149 ( 7, 0.071 (13,-0.18) (14,-0.15) 
6 0.0002 C.CCGO (13, 0.16) (14, 0.16)(20^^0.05)(26, 0.06) 

" 7 0.0309 C.CG86 (13,-0.15) (14,-0.18) (20, O". 07 ) ( 26 ,-O". OôT 
8 0.4558 0.1301 (15,-0.22)(16, 0.12)(22,-0.06)(93,-0.06) 
9 0-4752"" "0.1368 ( 9,-0. 14) ( 15,-0.20) (16, G.05)(22/-0.08) 

_ (94,-0.06) 
10' 0.3626' O.IGGO '( 9, 0.05)(10,^0.15)(15, 0.16)(16,-0.10) 

(22, 0.06) 
11 0.0007 CVCC'02" '7 ,'-G . 10 )'( 13,-0.12")'('l4 ,-0 . 13 )'( 26 ,-O".05")' 
12 0.0002 0.0000 (13, 0.16)(14, 0.16)(20,-0.05)(26, 0.06) 
13 "' 0.0540 0.0152"' ( 7,-0.08) (13, 0.18) (14, 0.15) 
14 0.0310 C.C087 (13, 0.15)(14,0.18)(20,-0.07)(26, 0.06) 
15 '3.6681 0.9164 ' (21,-0.07)(27, 0.07)(33,-0.07)(39,0.07) 

(45,-0.07) (51 , 0.07) (57,-0.0 7 )J 63,__G-0 7) 
(69',-0,07T'(75",~"0.0 7 )"(81,-0.C7 ) ( 87', 0 .06') 
(93,-0.07) 

16 3.6003 0. 8933" " ( 22 ,-0 . 05) ( 28, 0.07 ) (34 ,-0 . 07 ) (40 , 0.07) 
(46,-0.07)(52, 0.07)(58,-0.07)(64, 0.07j 
(70,-0.07)(76, 0.07)(82,-0.07)(88, 0.07) 
(94,-0.06) 

Com.pu"i-&}: Output No. 8 (Continued) 



OBSERVED OUTPUT NOS.1,2,3,4 TIXE =12:10 P . M .  
OBSERVABILITY F U N C T I O N S  
C.77710-08 0.28710-05 0.42830-04 C.78C60-C1 
0.30610 CC 0.323CD CO 0.39440 00 0.45940 00 
0.14110 01 0.14670 01 0.42650 01 0.43620 01 
C.12C40 02 0.122CD 02 0.13330 02 0.13370 02 

S T A T E  VARIABLE NO. ON LEFT M A R G I N  
SIX SMALLEST EIGENVALUES KITH ASSOCIATED EIGENVECTORS 
Q  ̂ QQQ£Q Q.  Q Q.  ^30614 0 

1 C . 16439 0 . C 0 1 8 2  -0 .60857 0  ,00004 — 0 .06 777 -0 .04002 

2 ̂ " C . 0 1 0 1 5  " 0 .C C C 0 7  "-0 .03 756" -0 .020 7 7 0 .71667 "-0 .32626 

3 — c .1643 9 -0 .00183 C .60870 -0 .02106 -0 .05166 -0 .13073 

4 "-C .07044 c .70552 " 0 .30911 '0 .02233 0 .01176 -0 .02972 

5 — c .00249 -0 .01523 0 .00834 0 .40881 -0 .01538 0 .04182 

' 6 ~ • c .67742 " -0 .01264 0 .20104' "• 0 .00763" -0 .39845" " "0 . 1 4  1 1 9  

7 -c .00173 0 .00023 -0 .05320 0 . 0 2 4 4 8  -0 .14502 - 0  .32433 
-c . C G C  C O  -0 . 0 0 0 4 2  0  . 0 0 0 6 7  -0 .38548 " o  .01575 -0 .01473 

9  —c . O C C C O  -0 .CC002 -C .00028 -0 .01386 0 .07336 0 .18485 

10 c . c c o c o '  '  "c .CC064' '-0 .00125" ' " 0 .67967 ' 0 .10380 ""-0 .05008 
11 c  . 0 9 4 7 0  0  .70812 —0 -29763 -0 .00456 -0 .01261 0 .03167 

12 c  .68775"' -0 .0137 7' .16593 '"-0 .00603 0 .38717 ' -G . 1 6 5  7 9  
13 c  . 0 0 2 4 9  0 .01483 — 0 .00839 -0 .46762 0 .04943 -0 .079C6 

14 .00173 — 0 .CGC23' •" ~0 . 0 5 1 6 5 "  "-0 .03204 " o  . 35932 " „ . . _ 0  .82167 

15 - c  . c o o c o  -0 . C O O O l  0 .00001 -0 .00879 0 .02970 -0 .0 1327 

16 c . c c o o o "  0 .000 02 -0 .00005 " 0 .01694 Û .00 7 38 " 0  . 0 1 2 2 5  

Computer Output No. 9. Brown's system observing outputs no. 1, 2, 3, ̂  

Time = 12:10 PM 



OLGRCr: 111- OhSLi^VAh [LI i'Y ITR STAFr VAKIAI^LL 
S T A N D Â K D  U [ V . . I <  T J B S T . R V R I ;  c u r p u i  U U .  A N D  P X O ^ ' Ù R :  I O W A L  
DhVlATIQiM PAK  F O F  T H A T  V A L U . :  I F  PART I S  UVER 0 . 0 5  

j 0,CC05~ C.CG02 " ( " ' 7 ,  " 0 . C 8  ) flsV 0.25"') (2Y, O.cYi 
2 0.C087 C.0026 ( 7, 0.08)(13, 0.25)(25, 0.06) 

""3" O.C005 " 0.0002 ( 7,-0.08 ) (13,-0.25) (25,-0.07) 
4 O.COU 0.0003 ( 7,-0.17) (13,-0.18) 

'5 '0.0337 0.0113 (13,-0.29)(14,-0.06)(19, 0.05)(20, 0.05) 
(25,-0.08) (37 , 0.05)(49,-0.05) 

6 OVCO'OI C.CCCC ("7, 0.08 )1 13, 0.2 57 (14, 0.05̂ (20,-0.05) 
(25, 0.07) 

7 0.0470 0.0118 ( 7,-0. 06) ( 8, O". 0 8 )'('13",-0 . 1 8 ) ( 14 ,-G . 06 ) 
(20, 0.06) (25,-0.06) 

' 8 0.668 8 ''0.17 60 (10,-0. 13) (15,-0.09) (82, O/O 8 Y (8 7 , - 0 .0 8 ) 
(93,-0.07)(94,-0.13) 

' 9 1752 35 0.43 72 "( V̂-O . 17 ) ("l6~,-"o7o"8 )T8 iV-0'. 0 6y('8 77-0 .057 
(88 ,-0.09) (93, 0.13 ) (94,-0. IC) 

1 0 0.3791 071255" (10,"0.28) (15, "O . 0 7 ) ( 2 2 , ' 0 . 0 5 ) ( 8 2,-070 7 ) 
(87, 0.05)(94, 0,10) 

11 0.CO 09 0.0003 (13 , 0 .2 6) (14,"O- 0 5)(19,-0.05) (20,-07c 5) 
(25, 0.07) (37,-0.05 ) (49, 0.05) 

12 0  7c"0 0 1  0 .  cco'o (' 77 0 . 0  8 " )  "  ( "l 3'f 0 . 2 5 )  (  1 4 ,  "o . 0 5  )  (  2  0 , - c7' 0  5  " )  
(25, 0.07) 

13 "0.033 7"' 0.0114" ( 1 3 ," 0 .29 ) "( 147 0 .0 6 ) ( 19 ,"-0.0 5 ) ( '2 C ,-0 . 0 6 ) 
(25, 0.08) (37,-0.06) (49, 0.05) 

14 ""0.0471" " 0.0720 "( 7 ,"0.06 ) ( 8 ,-b . 0 8 ) ( 13 0 . 18 ) ( 14 , "O". 06") 
(20,-0.06)(25, 0.06) 

1 5  3 . 5 0 4 2  C.8'72"2 (7 1 O". 0 7 )7 2 7", o7o 7 ) ('3'3 ,-0Vc"7")l"3"9', 0.077 
(45,-0.07)(51, 0.07)(57,-0.07)(63, 0.07) 

""" """ (69,-0.07) ( 75 , 07C 7 ) ( 8 1 ,-0.06) 
16 3.4429 0.8576 (22 ,-0.06) (28,__0.07) (34,-0.07) (40,_0.07) 

(46,-0.07) (52, 0707 ) (58 ,-0.07)764", 0 .07 ) 
(70,-0.07) (76, 0.08 ) (82,-0.08 ) 

Computer Output No. 9 (Continued) 
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UBSERVtD GUTPLT NOS.1,2,3,4,5,6 
OBSERVABILITY FUNCTIONS 

TIXE = 6:10 A, 

C.35920 00 
0.82860 CO 
0.21060 or ' 
0.11920 02 

STATE VARIABLE NO. UN LEFT MARGIN 
SIX SMALLEST EIGENVALUES WITH ASSOCIATED 

0.3468D CO 
0.47630 00 
0.17630 0 1 
0.1154U 02 

0.40720 00 
0.12540 01 
0.75270 01 
0.23630 02 

0.4356U CO 
0.13300 01__ 
0.7S92D 01 
0.24070 C2 

EIGENVECTORS 

£ .  4:. 35926 Q 

1 C .06922 0. 15323 0 .05939 0 .08495 -0 .00270 0 .01431 

2 ' C .00864 '-0. C2328 "" 0 .15421 -0 .05261 "-0 .00192 0 .00649 

3 -C .02117 -0. 02512 -0 .04053 -0 .01118 0 .99460 0 .05912 

4 (J .140C0 " 0. 27062' 0 .17285" 0 .41851 0 .02961 -0 .01865 

5 -C .06534 -0. 20581 0 .02526 0 .11117 -0 .00044 -0 .00472 

6 c .04144 '-0. C9033 " .5184 6 " -0 . 18456 ' 0 .02072 " 0 .03194 

7 — c .28415 0. 09564 0 .04376 0 .00462 -0 .00101 0 .00839 

8" c .06473 0 = 16701 0 .00628" -0 .09630" • '-"0 .00001 '0 .0 0814 

9 0 .25600 -0. 10420 -0 .06451 -0 .01859 -0 .04463 -0 .01404 

10 " " -c .00906 '  0. 01752 -0 .01555 0 .01349" " "-0 .05312 ' 0 .99614 

11 c .26197 c. 47583 0 .25394 0 .55161 0 .03228 -0 .00365 

12 c .07153 " "-0. 15886 '"'0 .7 5 5 53 -0 .23914 0 .02237 0 .00616 

13 c .20340 0. 67199 -0 .09024 -0 .62853 0 .01413 -0 .00839 

14 " c .83867 -0. 3 1630 -0 .14802 -0 .04 339' 0 .01655 0 .02139 

15 c .00767 -0. 00376 -0 .00095 -0 .00976 0 .00011 -0 .00425 

16 -c .00054 0. 01074 0 .00432 0 .00382 -0 .04535 0 .04045 

DEGREE OF OBSERVABILITY PER STATE VARIABLE 
S T > \ i \i U A K 0 
DE VI A r 1 0^ 
"l .4540 

UPPt!< 
_L',OU.\D 
0.4504 

6 
7 

' a 
9 
10 

11 
12 
13 
14 
15 

2 1.5578 
3 0.6917 

4 1 .0001 

5 _1.4520_ 

1 . 0 0 0 1  
1.2838 
1.5105 

1.2460 
0.9099 
0.7578 

o'.'i'in' 
0.6490 

0.6 322 
3.3572 

C.7402 

0.3861 
"0.9406 
0.3565 

"C.94 77" 
0.36 15 
0.3 960" 
0.3C82 

0,5038" 
0.1769 
"0V2C68 
0.2185 

0.2205 
0.8190 

16 3.3169 0.8716 

P A R T_J.] h 
T V, 0 .  
(88,-0. 
"(75,-0. 
( 4, 0. 
( 5, 0. 
J 9,-0. 
( 6, 0. 
(12, 0. 
( 9, 0. 
(12 , -0 .  
( 1 0 ,  0 .  
_(_3,_0. 
( 6 , 0. 
(  1 , 0 .  
(  2 , 0 .  
(15, 0. 
(39, 0. 
( 6 3 ,_0 . 
( 1 6 ,  0 .  
(40, 0. 
(64, 0. 

I , .  uU t PUT 
THAT VA: 
Y5T( 9/' 
17)(94, 
0 8 )  ( 8 1  
55 ) 
94) 

12  ) ( 11 ,_  
95) 

22)(87, 
1 6 ) ( 1 1 , -
16)(87,-

54 ) 
06) ( 5 , 
21)(81,-
30)( 7,-
30)( 8,-

071(21,-
07)(45,-
07)(69,-

0 77(2 27-
08)(46, 
08) (70,-

i\ Ù . A '̂ 4 i ) 
.U[ I F P, 
0 . 0 6 ) ( 1 1  
0.07) 
0.29 ) ( 87 

PUUPUA r I0-\1AL 
\ R T  I S  uVr R .05 
,-0 .06 ) ('8 27 0.16 )" 

,'0.22)(93,'0.29) 

0.17) (94, 0.06) 

0.14 ) (93 

0.14)(82 

0.14 ) (93 

0 . 1 8 ) ( 8 2  
o708)(87 
0.06 ) ( 9 
0 - 0 6  )  ( 1 2  
0.07)(27 

0.07) (51 
0.07) (75 
b . 0 8')! 2 8 
0.08 ) (52 
0.08)(76 

,-0.05) 
, 0.06)(94,-0 
, 0.05) 

1 1 ) 

,0.07)(88, 
, 0.06)(9 3, 
, 0.07)(11, 
,-0.13)(87, 
, 0.07)(33, 

,0.07)(57, 

,__0.06 ) 
, 0708^(34, 
, 0.08)(58, 

,  0 . 0 8 )  

-0.07) 

0 .0  8 ) '  
- 0 . 1 0 )  
- 0 . 0 8 )  
-0.07 ) 
-0 .0 7 ) 

:'o7'o8l' 
-C .06 ) 

Computer Output No. 10. Brown's system observing all outputs 
Time = 6:10 AM 
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OBSERVED OUTPUT NOS.1,2,3,4,5,6 TIXE = 8:00 A.,"'. 
OBSERVABILITY FUNCTIONS 
C.454SD-03 0.19650 00 0.26 150 00 0.35S60 CO 
0.42630 00 0.6752D 00 0.6812C 00 0 . 7 7960 CO 
0 .110 3 DC 1 0.131 7 0 01 0.72010 01 0.7 3100 01 
0.14590 02 0.14620 02 0.23210 02 0.23260 02 

STATE VARIABLE NO. ON LEFT MARGIN 
SIX SMALLEST EIGENVALUES V.'ITH ASSCCIATED EIGENVECTORS 

£ a ^4445 12̂  Û ̂2Ûi49 Q jJ^962 £ 
1 C .25775 0. 5 1 9 2 2  -0 . 0 1 1 5 7  -0 . 0 2 2 8 4  0 . 0 1 4 9 2  -0 . 1 5 0 0 1  

2 C .63106 - 0 . 2 1 1 8 8  -0 . 0 1 1 4 3 '  " 0 . 0 2 4 9 0 "  "" 'û . 0 3 6 8 7  -0 . 0 2 8 7 /  

3 -0 .25809 0. CC095 0 .01085 -0 .003 9 8 0 . 9 2 0 4 0  -0 . 0 4 6 9 0  

4  -0 . C O O  1 8  0. 18426 -c -00177 " '-0 . 0 0 4 7 4  0 . 0 8 6 4  1  0 .18 8 7 5 

5 -C .013CO -0. 0 0 9 2 6  -c .12063 -0 ,27616 c . 0 0 0 7 4  0 . 0 4 8 0 4  

6 C . 0 0 0 3 8  -0. 0 7 5 0 0  "  0 .0 0548 "-0 .017 91 • 0 . 2 1 2 6 3  "  • 0 ,08862 

7  c  . 0 0 4 0 5  -0. 0 0 2 2 1  -0 . 3 7 5 9 1  0 . 0 8 4 4 0  0 . 0 0 4 6 4  0 . 1 2 0 6 0  

' 8 '  -0 .01617 '-0. 0 0 6 4 5  0 ,"13 571" ' 0 . 2 4 8 9 8 "  U  , 0  1 0 1 8 '  -0 . 0 6 2 2 4  

9  c  .00220 0 .  0 1 1 2 1  0 .39581 — 0 . 0 8 3 6 9  -0 . 0 5 6 1 5  -0 . 1 9 6 9 9  

10 0  . 0 0 1 2 3 "  -0. 0 1 3 5 8  "-0 , 2 4 0 0 0  "" 0 . 0 0 3 4 1 '  ""-0 . 0 2 2 0 6 " '  0 . 8 2 3 5 0  

11 c  . 2 5 8 4 1  0 .  74321 — 0 . 0 0 210 — 0 . 0 1 6 2 9  0 .11548 0 . 0 8 7 3 8  

1 2  0 . 6 3 3 4 9 "  -0. 303 7 1  "" ""c . 0 2 3 3 3 " "  -0 .02935 0 . 2 8 3 2 4  0 . 0 3 2 3 3  

13 c  .0 1285 0. 02270 0 . 2 3 0 7 7  0 . 6 7 7 8 9  0 . 0 1 0 5 8  0 . 1 2 7 8 0  

1 4  - 0  .00352 -0. 00126 " 0 . 7 4 6 4 0  •-o' . 2 7 2 3 6 '  ""-0 . 0 0 2 8 2  0 . 4 0 / 9 4 "  

15 -0 .00056 -0. 0 1 9 7 0  c  .00586 0 . 0 0 9 7 3  0 . 0 0 0 3 4  0 , 0 0 3 5 6  

16 c  . 0 0 0 1 5 "  - 0  .  00059" •- 0 . 0 0 9 3 7  "-0 .00133 -0 .03173 0 ,03281 

DEGREE OF OBSERVABILITY P c  R  STATE VARIABLE 
STANDARD U P ! '  rR OBSCI iVFL OUT P U  T i-'iO. Ai N O  P R Û P U : <  i  I  O N ,  AL 
0[ V 1 A 1 I 0-'i nL!U•••JO P A R T  O F  T H A T  V  A L u i "  J  P  P A R T  u V E i - l  0  . 0 5  

""1 0TÔH22 C . 019 5 (~9 ,-0Vl6 ) (11,-0.14) 
2 0.G338 G.C082 ( 9,-0.16)(11,-0.15) 
3 0 .08 21 O.OÏ92'' '( '9,"0.15) (11, 0.14) 
A  l . C C O O  C . 9 9 0 2  (  5 ,  0 . 9 9 )  
5 1.0105 0.59 7 8 ( 7, 0.06)(11, 0.59) 

__6 l̂ .C C 0 C C . 9 7 54 ( 6 , 0 .98) 
7 1.0454 0.4 691 (12, 0.43)(15, 0.08)(16, C.C7) 
8 0.9053 0.2832 ( 9, 0.28) (12,-0.08 ) ( 15,-0 .06 ) ( 16, 0 .07 ) 
9 0.9717 0.2 2 87 (9,-0.07)(12,-0.19) 
10 0.8183 0.2862 (10, 0.32)(12, 0.09)(16,-0.07) 
11 "0.0817 0.0185 ( 9 ,-0. 15) (1 1 ,-0. 14) 
12 0.0337 0.0080 ( 9 ,-0. 16) (11 ,-0. 14) 
13 0.'5 913 CV2 7 8 4" ' ( ' 1 , 0 . 38 ) ( 7 ,-0.09) (11,-0.26) 
14 0.5978 0,2547 ( 2, 0.34)( 8,-0.08)(12,-0.23) 
15—3.7125" C.9227 ' (15,"0.06)(21 ,-0.07)(27, 0.07) (33,-0.07) 

(39, 0.07) (45,-0.07) (51, 0.07) (57,-0.07) 
(63, 0.07) (69,-0.0 7 ) (75, 0.C7) (8 1,-0.07) 
(87, 0.07) (93,-0.07) 

16'•~"3T7029 0T9'22'5 ( 1 6 , '0.05')"Ï22",-0.0 7 ) (28, 0.07) (34 ,-0 .07) 
(40, 0.07)(46,-0.07)(52, 0.07)(58,-0.07) 
(64, 0.07) ( 70,-0.07 ) (76, 0.0 7) (82,-0.07) 
(88, 0.07)(94,-0.07) 

Computer Output Wo. 11. Brown's system observing all outputs 
Time = 8:00 AM 
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O B S E R V E D  O U T P U T  N O S . 1 , 2 , 3 , 4 , 5 , 6  T I N E  = 1 0 : 0 0  A  -  i V  .  
O B S E R V A B I L I T Y  F U N C T I O N S  

0 . 7 8 1 1 D - G 3  0 . 1 9 8 3 D  0 0  0 . 2 2 5 4 0  0 0  0 - 3 4 9 3 D  C O  
0 . 3 6 S 9 D  GO _ 0.51420 0 C _ .  0 . 7 2 1 7 0  0 0  _ 0.77 96Ù 0 0 
0 . 1 2 S 4 D  01 0 . 1 3 9 5 0  0 1  ' 0.72990 01 0.7383Û CI 
0 . 1 4 4 3 0  0  2  0 . 1 4 4 7 0  0 2  0 . 2 3 2 7 0  0 2  0 . 2 3 3 1 0  0 2  

S T A T E  V A R I A B L E  N O .  O N  L E F T  M A R G I N  
SIX SMALLEST EIGENVALUES WITH_ASSOC IATEC EIGENVtCTCRS 
r >  n n n T . j  ' n. i n o T V  " " "  n ' )  3  R  3  A  "  " n  V  O  9  «  M  A  Q  «  M  C  _  Q Q fl. (j. 

1 c .47898 — 0 .35446 0 .02214 0 . 1 3 3 4 4  0 .01C67 -0 . 0 5 7 6 0  
2 " c .39111 0 .43412 "̂"'0 .01393 ' 0 .11130 — 0 . 0 3 2 7 8 '  ' 0 . 0 4 3 0 4  

• 3 -c .48040 -0 .00255 -0 .02706 0 . 8 2 6 6 2  0 . 0 0 8 6 8  -0 .01751 

4  c .00009" ""-0 .  12550 C .00927" "0 . 1 9 4  3 2  0 . 0 1 8 9 7  0 . 0 6 1 3  7  
5 -c .01276 0 .01980 0 ,25671 0 . 0 0 1 6 0  0 .196 72 0 . 0 0 0 6 3  
6 c .00062 0 .15299 " -0 .01742 0 .15864 0 . 0 1 9 8 3  -0 .04 12b 

7  c .01353 0 .00786 0 .25465 0 .010 12 -0 .18955 -0 . 0  1 3 2 3  
'a" -c .01153 "-0 .01178" -o" .28665" -0 . 0 0 2 0 9  -0 . 1 6 8 6 1 '  -c' . 0  5 0 6  5  
9 C .01443 -0 .02420 -0 .27199 — 0 .06294 0 .1716 3 -0 . 0 4  3  1 7  

IC •  - c  .00107 0 .06558 0 .55620 0 .01730" "_0 . 0 0 1 8 7  ' 0 . 7 1940 

1 1  c .48073 -0 .50702 0 .02108 0 .36194 0 . 0 3 9 0 8  0 . 0 4 7 4 5  
12 0 .39332 0 .61845 -0 .06971 •" 0 .29471 ^ 0 . 0 2 6 9 6  -0 . 0 4 9 1 4  
13 c  .01284 -0 .03587 -0 .43837 0 . 0 1 1 2 8  -0 .66445 0 . 4 7 5 8 3  
1 4  - c  .01285' "-0 .00508 -0 . 4 5 1 8 9  ••""-0 . 0 2 1 8 7  0 . 6 4 9 3 5 "  " "o .48512 
15 - C  .00039 0 .01985 -c .00556 0 .00027 -0 .00677 0 .00449 

1 6  ' 0 .0 00 26"' "  0  . 0 0 1 7 2  0 .01531 -0 .027 31 0 .00322 ' 0 .02186 

Computer Output No. 12. Brown's system observing all outputs 

Time = 10:00 AM 
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ûcOKi-t: or ORSrXVAJlLl i Y PCK SI Aie VAXlsnLk 
S T ,\i \ii j Ak n Ur'P::l< 015 i> c K V n iJlilPUl rlij. 'X.--.'.) I 0.;AL 
D i -  V n T I  O N  t - t n u / i o  p a k  r  o h  t h a t  V A L U t  :  f • >  k T _ : s o . c s .  

1 0.0582 C.0124 ( 9,-0.i3)(11,-0.10)(12, 0.10) 
2 _ 0.C712 C.0152 ( 9 ,-0.13 ) ( ll?-0-^0 > (.12» J3. 10 ) 
3 0.0580 C.0122 ( 9, 0.13)(11, 0.10)(12,-0.10) 
4  l . C C O O _ _  C . 9 7 0 9 _ _ (  5 , _ 0 . 9 7 )  
5 1 .C398 0.4163 ( 1 1 ,  0 . 3 9 ) ( 1 5 ,  0.07) 

_6 l.CGOG C.9766 ( 6,__0.98)_ 
7 1.0310 0.4727 (12, 0.44)(15, 0.07) 
8 1,0108 0.2C87 ( 9, 0.11)(11,-0.10)(12,-0.09)(15,-0.06) 

116,0.07) 
9 0.9736 0.2 143_ ( 9,-0.15) (il,-0.09) (12 ,-0.06) 
10 0.6281 0.1616' (10, 0.21)(11, 0.09)(12, 0.08)(16,-0.05) 
11 0.0580 C.012C ( 9,-0.12)(11,-0.09)(12^0.10) 
12 0 .07 06 C ."û 145 ' '( 9 ,-0.12) (11,-0.09) (12, 0.10) 
13 0.5966 C.2384 ( 1 , 0.32) ( 7,-0.08) (11 ,-0.21) 
14 "0.5954 0.2545' (' 2,' 0.34) ( 8 ,-0.08) (12 ,-0.23) 
1 5  3 . 7 1 1 1  0 . 9 1 2 4  (15, 0.05)(21,-0.07)(27, 0.07)(33,-0.07) 

( ' 3 9 T b . 0 7 )  ( 4 5 V - 0 . U 7 )  ( 5 1 ,  0 . 0 7 )  ( 5 7 , - 0 . 0 7 )  
(63, 0.07)(69,-0.07)(75, 0.C7)(81,-0.07) 
(87 , "0 .'07y(y3 ,-0.0 7 ) 

16 3.6786 0.8947 (22,-0.06)(28, 0.07)(34,-0.07)(40, 0.07) 
(46 ,-0 . 07 I ('52 ,"'0.07 ) ('58 ,-0'.07 ) ( 64 , 0 .07 ) 
(70,-0.07)(76, 0.07 ) (82,-0.07)(88, 0 .07) 
(94 ,-0 .07)" " 

Computer Output No. 12 (Continued) 
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OBSERVED OUTPUT NUS.1,2,3,4,5,6 TIKE =12:10 P-N. 
OBSERVABILITY FUNCTIONS 
0.14320-02 0.1955C 00 0.2009C GO 0.3148U CO 
C.4 150D 00 0.49150 00 C.73700 CO 0.78130 CO 

'G.19d3D 01 • 0.2C07D 01 0.7725D 01 0.78280 01 
0.13090 02 0.13130 02 0,23510 02 G.2359D C2 

STATE VARIABLE NC. ON LEFT MARGIN 
SIX SMALLEST EIGENVALUES KITH ASSGCIATEC EIGENVECTORS 
r /.rt n i n c; /, 7 n 9 r r O 9 n A .41 ̂ 04 A . 4 S 19^42 , Q  Q a214]^ D .  

1 c  .57352 — 0 . 03631 0 .01212 0 .2414 1 -0 .02675 - 0  .03704 

" ' 2  ' c  .035 6 5' "  "'  o  .  43012" - c  .35834 0 .01693^ " ' - 0  .03675' 0  .07128 

3 - c  .57762 -0. 02232 -0 .02464 0 .77182 -G .01935 -0 .01458 

' 4 • '  c  .00072 -0. 01215 0 .0 04 87 " 0  .24302 """ 0 .04 501" 0  .02359 

5 - c  .00481 0. 18329 0 .22781 G .01007 0  .02034 -G .04509 

6 c  .C007C " 0. 14083 - c  .13861 ' 0  .01433 0 .00289 " -0 .08613 

7 c  .02854 — 0 . 00059 0 .02109 0 .00532 —0 .19 712 -0 .01409 

8 - c  .00873 ""-0. 20586 -G .25397^' - 0  .02293' ' -Ù .00902 ' -0 .04024 
9 c  .01208 -0. 00957 — c  .00605 -0 .05019 G .14054 G .00254 

10 c  .01295 0. 54286 c  .54310" " 0 .04470 ' -Û .00251"' ' 0 .50643 

11 c  .57692 -0. 05982 c  .00567 0 .52841 0 .06429 0  .00700 

12 0 .03576 0. 57960 • -0 .55140 c  .03033 -0 .01055" -0 .08995 

13 c  .00539 -0. 28730 _-0 .36431 -0 .00950 -0 .07677 0 .84408 

14 — G .02794' "-0. 00065 — 0 .049 85 ' -0 .01593 0 .96240 0 .06499 

15 - c  .00017 0. 01445 -0 .01751 -0 .00005 -0 .00144 G .00821 

16 c  .00096 0. 01314 G .01348 - 0  .02829 ' 0 .00753 0 .01148 
DEGREE OF OBSERVABILITY PER STATE VARIABLE 

STA\nA,\D Ui-^ 1- L ,< nnsE RVEû OUTPc i r kO. ANU U/C,\T10XAL 
uEvI \ TI ON H^KT UF TI4AT VALuc l F P ,KT IS uVF^ : 0. . G 5 

1 0.0659 c .  0142 ( 9, -0.06)(12, 0.16)(93, C .06) 

2 0.5821 0. 1503 ( 3, -0.21)(12, 0.10) 
' 3 ' 0.0652 c .  0137" " ( 9 '0.06)(12, -0.16)(93, -0 .06 1 

4 l.COOl c .  94 21 ( 5, 0.94) 
5 1 .1807 " c .  3001 " ( 10, 0.06)(11, 0.22) (94, 0 .07) 

6 1.0000 c .  9808 ( 6, 0.98 ) 
"T 1.0208 "  c .  5143 '( 8 , 0.05)(1 2 V  0.49')" 
8 1.096/ 0. 2061 ( 10, -0.06)(11, -G.13)(94, - c  .05) 
9 ""1.5416 ' "0. 4096 { 9,--0.15)(16, -0.08)(8 1, -G .05)(88, -0. 09 ) 

(93, 0.13)(94, -0.07) 
10 "' 0.5200 ~0. 1392 ( 10, 0.211(11, 0.13) 
11 0.0654 c .  0136 ( 9 , -0.06)(12, 0.16)(93, G .06) 

12 0 .4863 c .  ÏC22 ( 3,' -0". 14 ) ( 6 ,' "O.IÛ ) ( 12, 0 .07) 

13 0.6188 G. 1962 ( 1 , 0.27)( 7, -0.06)(11, -0 . 14 ) 

14 0.5936 0. 26 3 5 " ( 2, 0.36)( a. -0.09 H 12, -0 .25) 

15 3.5281 C. 8466 (21, -0.07)(27, 0.07)(33, -0 .07)(39, 0. 0 7 ) 
(45, -0.07)(51, 0.07)(57, -0 .07)(63, • 0 . 0 7 ) 
(69, -0.07)(75, 0.07)(81, -0 .06) 

16 "3.4818 ""oV 8'272 (22, -0.06)(28, "•"0.0 7 ) (34, — G .G 7 ) ("4C",' C « 07l 
(46, -0.C7)(52, 0.07 ) (58, — 0 .07)(64, c .  07 ) 

(70, -0.C7) (76, 0.07)(82, -0 .06) 

Computer Output No. 13. Brown's system observing all outputs 
Time = 12:10 PM 



48 

VII. SUMMARY AND CONCLUSIONS 

This thesis expanded the idea of Brown with regard to the question, 

"rlow observable?". The criterion for the measure of how observable the 

system is was more fully developed. This overall system criterion turned 

out to be the smallest eigenvalue and its associated eigenvector of the 

T 
symmetric matrix. 

In addition, two more criteria were developed which are measures of 

how observable each state-variable of the system is. One of the criteria 

is based on the standard-deviation error analysis and the other is based 

on the upper-bound error analysis. 

The numerical techniques for calculating these criteria were fully 

developed. Two inertial navigation systems were used as examples to test 

these criteria. The results are contained in this thesis. 

A method was developed to compute the Q, matrix of a time-varying 

system. It involved differentiating a function a considerable number of 

times. This differentiating was done on the computer algebraically rather 

than numerically. 

By using the criteria developed in this research, a designer of a com

plex system should be able tq_ gain a much better insight into his system 

with less calculation than by other methods available to him. Exactly how 

these criteria would be used would depend on the specifications of the 

system and the designer using them. 

It should be pointed out that all criteria are obtained from the Q 

matrix and can be applied to the control lability Q, matrix as well. 
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X. APPENDIX A - FORTRACr PROGRAM FOR CALCULATING 

THE OBSERVABILITY CRITERIA 

The program is as given in Computer Output Number l4. The sub

routine for calculating the eigenvalues and eigenvectors is given at the 

end of the main program. 
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, .. . . CS/360 FORTRAN H - - • -

C COMPUTATION OF OBSERVABILITY FUNCTIONS 
DOUBLE PRECISION Q(18 , 965 ,UC18,18),A{324),R(324),F{18), 

1X(18),AM(18,18),CD(4),C(16,2,16),FN(4),CC(512),P(18,96) 
2CM(16,4),VT(1728),FI(5),T,PI,W,kT,S6,PI6,CTX,CX,TCX, 
3 A N RK X 7 AN OR iM . ...... -
INTEGER IDA(4),IDS(4),IP(5),IPC(1728),IS(18) 
EQUIVALENCE (Q(l),VT(i]),(P(lj,IPD(i)),(C(l),P(865]j, 

1(C(I),CC(I)) , (C(l),CM(1)) 
1 FORMAT (513) -- . 
2 FORMAT (/T2,10D12.4/(T5,10D12.4)) 

6 FORMAT (213,016.7) 
( 1 p ,̂ 5 ) . • -—- — - - - - « —— — -

C CLEAR A MATRIX AND INPUT NEW VALUES 

IF (N) 24,24,25 
25 CONTINUE 

NN=N*N 

CO 9 J=1,N 
9 AM(I,J}=Q.ODC -
8 READ(1,6) I,J,T 

IFJI) 12,12,15 
15 AM(I,J)=T 

12 CONTINUE 
C COMPUTE COMPONENTS OF EARTH'S ROTATICN RATE AND„INSERT..INTO 
C A MATRIX 

PI=3.14159265358979300 
W=15.041C7DC*PI/(180.000*3600.OCO) 
SB = 1.0D0/DSCRT(2.ODO) 
PI6=PI/6.0D0 
AM(l,2) = k*DSQRT(1.0D0-SB#SB) 
AM(2,1)=(-AM(1,2)) 

' AM(2,3)=W*SB - • 
AM(3,2)={-AM(2,3)) 

C OUTPUT A MATRIX 
3C FORMAT («1 A MATRIX') 

WRITE (3,30) 
CO 90 1=1,N 

..9C . . bRITE (3,2) (AM( I, J) ,J = 1,N) 
C CLEAR C MATRIX AND INPUT NEW VALUES 

. READ (1,1) NM 
M=N*NM 
NQC—M 
DO 16 1=1,512 

1 6 CC( I ) = 0*0D0 • - - -

Computer Output No. ik. Fortran program for calculating the observability 
criteria 
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31 READ (1,6) I,J,T 
IF { I ) 35,35,32 

32 CM(I,J)=T 
GO TO 31 

C OUTPUT C MATRIX 
5 FORMAT ( //T3 » 'C.-MATRIX ' ) 
35 hRITE (3,5) 

DO 17 1 = 1 ;NM — - - — 
17 WRITE (3,2) (CM(I,J),J=1,N) 
C FORM Q MATRIX .. 

DO 21 1=1,NM 

21 G{J, I >=CM(I , J) 
N T = NM+1 . . 
DO 18 J=NT,M 
IL = J-NM 
DO 18 1=1,N 

CO 18 K=1,N 
18 Q(I,J)=U(I,J) +Q(K,IL)*AM(K,I). 
129 FORMAT (//T3,'Q MATRIX') 

DO 125 1=1,N 
125 . WRITE (3,2) ( Q ( I , J ) , J = L, NGC )...._ 
2C2 CONTINUE 
C NORMALIZE Q MATRIX 

CO 14 J=1,NQC 
T=C»CDO , .. 
'DO 10 1 = 1,N 

IC T=T+(Q( I,J)*Q(I,J)1 
IF (T) 14,14,19 

19 T=1.CDC/DSQKT(T3 
DO 11 1=1,N 

11 Q(I,J)=Q(I,J)*T 
14 CONTINUE 
C FORM PRODUCT OF NORMALIZED 0 MATRIX ANC ITS TRANSPOSE.ANC 
C COMPUTE THESHOLD LEVEL FOR NEXT PART 

K = C . 
ANCRM=O.CDO 
DO 40 1 = 1 ,N . . 
X(I)=1.CD0 

K = K+1 
A(K)=C«COC ... . .... , 
DO 46 L=1,M 

46 A(K)=A(K)+Q(I,L)«Q(J,L) -
IF ( I-J) 41 ,40,41 

41 ANORM = ANORM + A(K)«A(K) -

Computer Output No. (Continued) 



56 

AC CONTINUE 
C CALCULATE EIGENVALUES AND EIGENVECTORS BY JACOB I METhCC 

CALL EIGEN (A,R,N,F,ANORK,ANRMX ) 
C COMPUTE THESHOLO LEVEL AND SET TO ZERO ALL EIGENVALUES A N D  
C ELEMENTS OF EIGENVECTORS WHOSE ABSOLUTE VALUE IS LESS THAN 

1 H 1 i 1L, 11LJ \/ • •— - - ——— - - —.- -
IF (ANRKX) 72,81,72 

81 ANRNX=1.00-12 
72 ANRNX=ANRyX*1.00+3 
27 F O R M A T  (//T3,«THRESHOLD =',D14.7) 

KRITE (3,27) ANRXX 

IF (CABS(R{I))-ANRMX) 366,366,374 

374 CONTINUE 
^3 C] ^3 5 I 1 p ... — .  ̂
IF (F(I)-ANRMX) 73,73,74 

A( n=O.CDO 
C CHECK, IF STATE VARIABLE..IS NOT OBSERVABLE,._S£T INDICATOR 

K=(I-1)*N 

K  =  K + 1  

. - — IF IRIK)) 45,66,45 
45 X(J)=G.CDC 

GO TO 65 
74 A(I)=F( I S 
C INVERT DIAGONAL M A T R I X  

F ( I)=1.CD0/F(I) 
65 CONTINUE 
C OUTPUT OBSERVABILITY FUNCTIONS AND EIGENVECTORS 
34 FORMAT ('1',/////,T14,'OBSERVABILITY FUNCTIONS') 

bRITE (3,34) _ 
92 F O R M A T  (T10,4D15.4) 
- - WRITE ( 3 ? 9 2 ) (A(J) , U — 1 , N ) . - - . —, . - .. ^ .. . ^ .. 
33 F O R M A T  (T14,"STATE VARIABLE NO. ON LEFT M A R G I N ' , / T 1 9 ,  

I'SIX SMALLEST EIGENVALUES WITH ASSOCIATED EIGENVECTORS') 
WRITE (3,33) 

4C2 FORMAT (Ti6»6FiO»5) 
WRITE (3,402) (A{J),J=1,6) 

4 C 3 —  F O R M A T  ( ' + ' ,  T 1 9 , «  » ,  
1 • « ) 

N 6=N *6 

2C4 FORMAT ( T14,I 2,6 F10 . 5 ) 
365. -. WRITE (3,204) I,(R(J),J=I,N6,N) — — 

Computer Output No. (Continued) 
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C  C H E C K ,  IF KG STATE V A R I A B L E  IS O B S E R V A B L E ,  OUTPUT MESSAGE 
C AND GC TC END 

T=C.CDC 
DO 57 1 = 1,N 

57 T = T-6-X(I) 
IP { T } 6 9,68,69 . _ — .... 

9 4  F O R M A T  ( / / T 1 4 , ' N 0 N E  O F  THE STATE VARIABLES A R E  » ,  
1'OBSERVABLE ») . 

6 8 WRITE (3,94) 
GO TO 79 

C COMPUTE GENERALIZED INVERSE 
69 , . _ DO 76 I = 1,N__ 

DO 76 J=1;N 
LI=I 
L 2  =  J  
L { I , J ) = C « G D G . ... 
no 7  6  K = 1 , N  

- U(I,J)=U(I,J)+R(L1)*E(K)*R(L2) 
Li=LI+N 

DC 80 J=1,M 
DO 77 I—1,N . . 
A(I)=0-CDG 
DO 7 7 K — 1 , N . -. — -

77 A{ I)=A( I)+U(I , K ) * Q ( K , J )  
U I I , ... .... -.... — .... — 

80 P{I,J)=A( I) 
C OUTPUT H E A D I N G S  
6C F O R M A T  (T14,«DEGREE OF CBSERVABILITY PER STATE V A R I ' ,  

1'ABLE',/T17,'STANDARD UPPER OBSERVED OUTPUT. NO. « , 
2'AND PROPORTIONAL',/TI7,'DEVIATION BOUND PART OF 
3'THAT VALUE I F P A R T I S 0 V E R 0 . 1 ' ). - ... 
WRITE (3,60) 

C FOR EACH STATE VARIABLE , DO THE FCLLCWING ... 
DO 61 1 = 1,N 

C CHECK, IF STATE VARIABLE IS NOT OBSERVABLE, OUTPUT MESSAGE 
C AND GO TO NEXT STATE VARIABLE 

.. I F ( ( I ) ) Q, 85 , 8- ......... .—...... ...—. ... — 
93 FORMAT (T14,1 2,T17, ' NOT OBSERVABLE') 
85 WRITE (3,93) I . ... . 

GO TC 61 
C CALCULATE STANDARD DEVIATION OBSERVABILITY 
84 T=O.CDO 

DO 6 2 *J = 19M - — 
62 T=T+P{I,J)*P(I,J) 

Computer Output Wo. (Continued) 
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C CHECK, IF STANDARD DEVIATION OBSERVABILITY IS ZERO, OUTPUT 
C ZERO FOR BOTH TYPES OF OBSERVABILITIES ANC GO TO NEXT 
C STATE VARIABLE 

IF {T) 309,309)63 - - - - -
3C9 ANCRM=T 

kRITE (3,7) I,ANCRM,T . 
GO TO 61 

63 ANORI^ = 1*ODO/DSCR i(T) - — 
C CALCULATE UPPER BOUND OBSERVABILITY 

I ^3 # U -
CO 38 J=1,M 

3 8 T = DABS(P(I ,J) ) + T . 
52 T=1.CD0/T 
C COMPUTE DECIMAL PART OF EACH OBSERVED OUTPUT VALUE IN THE 
C STATE VARIABLE 

ISS = C 
319 DO 320 J=1,K 

A(J)=P(I,J)«T 
C CHECK, IF DECIMAL PART IS OVER 0.1, STORE, TO BE USED LATER 

IF ( D A 6 S ( A ( J ) ) — 0 .1D 0 )-, 320 »320 , 5 i -
51 ISS=ISS+1 

A(ISS)=A{J) 
IS(ISS)=J 

320 CONTINUE 
C OUTPUT DEGREE OF OBSERVABILITIES AND DECIMAL PARTS OVER 0.1 
7 . . FORMAT (T14,I2,T17,F7.4,T27,F7.4;(T36,4(A1,I2,',',F5.2, 

1 • ) • ) ) ) 
V.RITE (3,7) I,ANCRM,T,(PL,IS(J),A(J);J = 1,ISS) 

61 CONTINUE 

3CG CONTINUE 
GO TO 22 -

23 FORMAT (•1',//T3,•END OF PROBLEMS') 

STOP 
END . . 

Computer Output ETo. ik (Continued) 
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GS/360 FORTRAN H 

SUBROUTINE EIGEN (A,R,N,F,ANORK,ANRXX) 
DIMENSION A(l),R(l),F(l) 
DOUBLE PRECISION A,R,AN0RM,ANRMX,THR,X,Y,SINX,SINX2, 

1 CCSX,C0SX2,SINCS,F 
NN=N*N 
J = N+ I -
CC 220 1=1,NN 

220 R(I)=0.0 
DO 215 1=1,NN,J 

215 R(I)=l.C 
C COMPUTE INITIAL AND FINAL NORFS (ANORM ANC ANCRMX) 

IF(ANORK) 165,165,40 
40 AN0Ky=1.414*DSQRT(ANGRM) 

ANRPX=AN0RM*1.0D-12/FLCAT(N) 
C INITIALIZE INDICATORS AND COMPUTE THRESHOLD, T.HR 

THR=ANORM 
4 5 THR = THR/FLOAT(N ) -
50 L = 1 
55 X=L+1 

C COKPUTE SIN AND COS 
. .. 60 .rG=(M»K-M)/2 

LQ=(L*L-L)/2 
Ly = L + MU - .. 

62 IF(DABS{A(LM)Î-THR) 130,65,65 

LL=L+LQ 

X=0.5*(A(LL)-A(NK)) 
68 Y=-A(LM)/DSGRTtA(LM)*A(LM)+X*X]. 

IF(X) 70,75,75 
70 Y=—Y . -
7 5 SINX=Y/DSQRT(2.0*(1.0+(DSGRT(1.0-Y*Y)))) 

... S INX 2 = S I NX ̂ S INX 
78 CCSX=DSGRT(1-C-SINX2) 

C0SX2 = C0SX*C0SX - — - -
SINCS =SINX*COSX 

C ROTATE L AND^K .COLUMNS _____ 
ILQ=N*(L-1) 
IKQ = N*(M-1) 
DC 125 1=1,N 
iQ—(i^i'~i)y2 
IF (!-L) 80,120,80 

80 IF (I-M) 85,120,90 _ . 
85 IM=I+MQ 

90 IM=r+IQ 

Computer Output No. l4 (Continued) 
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95 IF(I-L) 100,105,105 
100 ÏL=I+LQ 

GO TO 110 
105 IL=L+IQ 
lie X=A(IL)*COSX-A(iy)*SINX -

A(IM)=A(IL)*SINX+A(iM)*COSX 
A ( I L ) — X 

120 ILR=ILG+I 
IMR=1MQ+I 
X=R(ILR)*COSX-R(IMR)*SINX 
R(IMR)=R(ILR)*SINX + R(IXR)»COSX — -
R(ILR)=X 

125 CONTINUE 
X=2.0*A(LK)* S I N C S  
Y=A(LL)*CCSX2+A(yM)*SINX2-X . 
X=A(LL)*SINX2+A(PM)*C0SX2+X 
A(LM) = ( A( LL)-A(N.M) )*SINCS+A(LM)*(C0SX2-SINX2}_ 
A(LL)=Y 

C TESTS FOR COMPLETION 
C TEST FOR M = LAST COLUMN _ 
130 IF(y-N) 135,140,135 

GO TO 60 
C TEST FOR L = SECOND FROM LAST COLUMN 
140 IF(L-(N-1)) 145,150,145 
145 L = L+1 -

GO TO 55 
150 IF{IND—1) 160,155,160 - - - — -
155 IND=0 

G 0 T 0 5 0 — -,,.—. — 
C COMPARE THRESHOLD WITH FINAL NORM 
160 IF( THR-ANRMX3 165,165,45 -

C SORT EIGENVALUES AND EIGENVECTORS 

K=((J+l)*J)/2 

CO 185 1=1,N 
X = F(I) 
DO 172 J=I,N 
IF ( X—F ( J ) 117 2,173» 171 

171 X=F(J) 
173 L=J 
172 CONTINUE 

IF (L-I) 185,185,174 
174 F(L)=F(I) 

F(I)=X 
IK=(I-l)*N 

Computer Output No. (Continued) 



IL=(L-1)*K 
DC 180 K=1,N 
TK=IM+1 
IL=IL+1 
X = R ( I L )  
R( IL } = R(IM) 

180 R(IM)=X 
185 CCNTINUE. 

RETURN 
END 

Computer Output No. l4 (Continued) 
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XI. APPENDIX B - FORTRAN PROGRAM FOR CALCULATING 

THE GENERALIZED INVERSE 

The computer program given in Computer Output Number 15 is a 

slightly modified version of the program due to Rust, Burrus, and 

Schnee"berger (30). 
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SU!'. Kl HIT I :\r PI NI ( A ,U, F, M, N ) 
oiypNSinN A(yn,?G).u(z:,?0),r(2C),T(2C) 
UuU^LE ^RcCISIUN A,U,F,r,ul,0?,TuL 
no ic T=1.N 
DO 5 

5 U(I,J)=C.C 
U(I,I)=1.G 

10 F(I)=C.-
roL=i.cn-2G 
DO 1^0 J=1,N 
D?-C.O 
DG 7 1 = 1, M 

7 n?=D2+A(T,J)*A(I,JI 
IF (02) ioc,inc,12 

12 j;'.=j-i 
Ir (JM) 70,70,8 

8 on 5C L=1,2 
on 30 K=1,JM 
T(%)=G.O 
00 3^ 1=1,M 

30 T (K ) =T (K )+A ( I , J )-A ( ï , K) 
00 4 5 K'=1,JM 
IF (F(X)) ?A,?6,34 

34 00 3 5 1=1,M 
35 A (I ,J)=A( J,J)-T(K)*A(I ,K ) 
3n PC) 4"' 1 = 1,K 
40 li { I , J ) =U ( I , J )-T ( K ) :::U (I,K) 
4 5 COi\ riNUE 
50 CUNT r NilE 

0]=02 
0 2 = 0 . 0  
00 11 1 = 1,^1 

1 1  . 02=02+A(I , J l*A(I , J )  
IF ( ( 0?/!.)l)-TOL) 55 , 55, 70 

55 00 6: 1^1,JM 
T ( I ) = 0 .0 
00 60 K=1,I 

.60 T ( I) =T (1 )+U ( K , I) >:=li (K, J ) 
00 6 5 1=1,1% 
Afl, J)=C.O 
00 6 5 K=1,JM 

65 A ( I , J ) =A { I , J ) -A ( I , K ) >:< T ( K ) ̂XF ( K ) 
0 2 = 0 . 0  
on 16 r=i,j 

16 02 = 02+0( î,J)(I , J) 
GO TC 75 

Computer Output ITo. 15. Fortran program for calculating the generalized 
inverse 



yr F(J)=1.C 
7Ï n^=1.0/nSOHT(U2) 

Hi! ar L= ]; ; 
30 A(I,J)=A([,J)»n2 

on 8 5 1 = 1,J 
St) i)( I ,.,n-un , j)-vL)2 
100 CONTINUE 

nn no j = i,N 
Oil 13^ ! = ],% 

__ = 0 
' D'L 170 K = J,M 

120 n?=D? + 4(i,%)*urj,K) 
130 A(I,J)=n2 

L\ i -  T U !< N 
FND 

Computer Output No. 15 (Continued) 
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XII. APPENDIX C - FORMULATION OP THE Q, MATRIX FOR THE 

LINEAR TIME VARYING SYSTEM 

For the l6 state-variable system, some of the elements of the 0 

matrix are time varying as shown in Table 2. The variable elements are 

defined as shown in Equation A1 through A6. 

cos Gt 

^ 1 - S, ̂  sin%]t 
(Al) 

D 

1 - cos^fit - S-, 2 sin Qt 
C ^ (A2) 

1 - 8̂ 2 sin̂ t 

S.Z = 0 (A3) 

S, sin Qt v/l - cos%t - sin^Qt 
= (A4) 

vx 
1 - Ŝ 2 sin2nt 

S-, sin Qt cos Qt 
C - Y = (A5) 

1 - sin^Qt 

%z " ̂1 - S^2 sin2Qt 

S, is a constant depending on the latitude and Q is the earth's rotational 

rate in rad./sec. The unit of time used is seconds. For a more detailed 

information on these elements, see the paper by Brown and Friest (8). 

According to Equation 7, fifteen derivatives must be taken to form 

the full Q, matrix for this sixteen state-variable system. Instead of 

forming the Q, matrix as shown in Equation 7, the C matrix was differenti

ated and substituted into the p matrices as shown by the set of equations 
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numbered A7. 

T = C 

mm * m 
P = AC + C 

rn2 rp T • T "T 
Pj = 

= Â Ĉ̂  + 3(Â )̂ Ĉ  +'6*̂  

P̂  = Â Ĉ̂  + 4(Â )̂ Ĉ  + 6(Â )̂ Ĉ + 4Â Ĉ  +"c"̂  . 

The number of dots above the symbols indicates how many times the matrix 

has been differentiated with respect to time. The coefficients of 

matrices are the binomial coefficients. 

To differentiate the C matrix, each element of the C matrix was 

differentiated as many times as required and the value substituted into 

the C matrix. 

Four parameters were chosen so that when they were differentiated 

with respect to time, the differentiated term was a constant times a 

product of the four parameters. The parameters chosen are sbn^m. in the 

Equations A8 through All. 

^ ^1 - co8%t - 8^2 sin nt 

X = cos nt (A9) 

y = sin Ot (ALO) 

z = ^ = (All) 

1 - sin^Qt 

The derivative with respect to time is given in Equations A12 through Al). 
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 ̂= [̂  - S,] xyw-:- (A12) 

y (A13) 
d(fit) • S, 

= S, X (AlU) 
d(nt) b 

dz _ _ 3 = S, xyz (A15) 
d(nt) 

The elements of the C matrix are given as functions of the four parameters 

in Equation Al6 tlirough A20. 

C = xz (AI6) 
1J,X 

= -wz (A17) 

= wyz (Al8) 

= xyz (A19) 

(A20) 

Differentiating Equation Al6 by the chain rule with respect to fit results 

in Equation A21. 

The first term of Equation A21 can be obtained by multiplying the 

1 - 1  2  
term by - x y and the second term by multiplying by xyz . ; 

set of multiplying terms were formed for the parameters as shown in 

Equations A22 through A25. 
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wM = - S^] w~^ xy 
b 

(A22) 

xM = -(•^) x~V 
^b 

(A23) 

yM = xy -1 (A24) 

zM = S. xyz 2 (A25) 

For each term two positions in memory are needed; one to keep track 

of the exponents and the other to carry the value of the term. After the 

initial value and exponent has been entered into the memory for a func

tion, a search is made for the first non zero exponent of the first term. 

When it is found, the exponents are added to the exponents of the multi

plier term and the value of the term is multiplied by the value of the 

multiplier value. The new pair is stored in another place in memory-

reserved for the derivative. The value-of each term is added to the 

memory position which contains the value of the derivative. 

Each time a new term is formed a search is made through all the other 

terms of the derivative to find another term with the same set of expo

nents. If another term is found, the two are combined to form one term. 

If the value of the new term is zero the term is eliminated completely. 

This procedure is followed because of the increasing number of terms with 

each differentiation. For example, if we start with a term with three 

parameters and assume that all terms after the first differentiation will 

contain all four terms, not combining the term would result in about 800 

million terms on the 15th differentiation. With the combination and 

elimination, the 15th differentiation may contain about 1000 terms. 
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The number of terms in the I'lth differentiation was counted by the 

computer. Without the combination and elimination of terms, an estimated 

200 million terms could result. With the combination and elimination of 

terms, the l4th differentiation had G k  terms for C , 511 terms for C , 
pX ' f i f  

512 terms for C , 6U terms for C , and 63 terms for C . The terms for 
vx' vy' vz 

the l4th differentiation were counted to insure that enough memory space 

was allotted in the computer program. 

The Fortran program is given in Computer Output Number l6. More 

details about this method can be obtained from the program. This pro

gram was inserted in the program given in Computer Output Nutnber l4 

replacing the part of the program which formed the C and Q, matrix. 
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C SET NUMBER UF SYSTEM OUTPUTS AND DERIVAT IVES TG Hi; TAKEN 

i\P = ,\-l 
NC1=K0+1 
r=NM*NDi 
NKC = y 

C SET ADniTIVt DERIVATIVE PARAMETERS PCWEKS 
ICA(1)=257*2 56 
IDS(11=2*256*256*256 
I DA( 2 )=256 
IDS(2 1=256*256 
I D A ( 3) =256:52 56 ' ' 
IDS(3)=256 
IDA(4 ) = 2 57*2 56+2 
I0S(4)=0 
CG 142 1=1,4 

142 IDA{ I ) = IDA( I )-IDS( I ) 
C SET FUNCTION PARAMETER PCWFRS 

IP(1) =((64*256+65)*256+64)*256+65 
' "IP(2) '^ = ((65*256+64)*256+64)*256 + 65 

IP(3) =((65*256+64)*256+65)*256+65 
IP(4) =((64*256+65)*256+65)*256+65 
IP(5) =((64*256+64)«256+64)*256+63 
ICU=5 
DC 3C0 ITGTAL=1,4 
kT=( IT0TAL-1)*PI6'"' 
ITEST = 1 _ _  
I T E j\ = 1 
ITI,VE = 4 +2*1 TOTAL 

"IF (ITIME-12) 147, 146 ,145 
145 ITiyE=IT1X5-12 
146 ' ITHST=I1ÉST+1 
C CHECK, IF ANY PARAMETERS ARE ZERO, ADD 10 XIN. TG TIME 
14 7 Fi\(5 ) = DSIi\(XT) 

IF (DABS(FN(3))-(1.00-16)) 108,108,107 
1C7 'FI\(2 )=DSURT( L-0D0-F,\(3)*Fi\(3) ) 

IF (CABS(FN(2))-(1.0D-16)) 108,108,155 
108 kT=kT + PI6/12.CU0 

I Tt,\ = 2 

Computer Output Ho. l6. Fortran program for formulation of the Q matrix 
for the linear time varying system 
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C INSERT VALUE CF PARA^ETtRS 
F\(j)=LlSIN(hT) 
F,\ ( 2 ) ̂DSÙKT ( I . ODO-Fi\ ( 3 ) - Fi\ ( 3 ) ) 

15b FN(3)=SM*FN(1) 
Fi\( I)-DSCRT(I,CCO-Fi\( 2 ) =^F.\ (2 )-F!\ ( 3 )-Fi\ ( 3 ) ) 
Fh(4) = 1.0D0/0SQKT( I - 0 CO - F i\ ( 3 ) * F i\ ( 3 ) ) 

C INSERT VALUt CF FUNCTIONS 
FKl) =FN(2)»FN(4: 
F I ( 2 )  =(-FN(l))*FN(4) 
FI(3) =F\(i)«FN(3)*Fh(4) 
FI(4) =F%(2)*FX(3)*FN(4) 
FI(5) -1.0DO/Fi\(4) 
CC 16 1=1,512 

16 CC([)=C.OCO 
DC 164 1 = 1,5 
IK=(3+I)/3 
IC=[-2*(IR-1I 

164 C!I,IR, IC)-FI( I ) 
C INSERT VALUE OF DERIVATIVE XuLI PLIERS 

CD(1)= (l.G00/SH-S0)»FN(2)*FN(3)/(FN(l)»Fa(l)) 
CD(2)= F!\(3)/(FM2)<(-SB) ) 
CD(3)= SG*F%(2)/FN(3) 
CD ( 4 )= SB*FN(2I «FN ( 3 ) *F,\ (4)*FN(4 ) 

12? CONTINUE 
C OUTPUT VALUE CF PARAMETERS AND DERIVATIVE MULTIPLIERS 
270 FCRVAT( ' I ' , T3t • VALUES OF THE PARAMETERS'} 

WRITE-(3,270) 
2C3 FORMAT (/T3,4('FN(',I2,')=',F12.9,' •)) 

WRITE(3 ,203) (J,FN(J),J=1,4) 
273 FORMAT (//T3,'VALUES CF THE DERIVATIVE MULTIPLIERS 
274 WRITE (3 ,273) ' 
2C5 FORMAT (/T3,4('C0(',I2,')=',F12.q,' •)! 
2 75 WRITE ^3,205) (J,CD(J),J = 1,4) 
C REPEAT THE FOLLOWING TO 117 FOR EACH FUNCTION 

CO 117 J-1,5 " 
C CLEAR AND INITIALIZE WORKING MEMORY 
106 DO 141 1 =  1 ,1726 ' 

VT{I )=0.000 
141 IPD( I )=C 

VT(1)=FI(J) 
IPD( i) = iP( J) "T • 

C SET INDEX VALUES AND COUNTERS 
IR={3 + J)/3 
IC = J—2 ̂ ( I R—1 _ 
KS=1 
KP=1 
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c REPEAT THE ECLLCWiiXG TO 117 FOR EACH DERIVATIVE TO ri£ TAKEN 
DC 117 I=1,ND 

C  S E T  C C U N T E R S  S U  T H A T  W O R K I N G  X E K C R Y  C A N  B E  F I L L c C  F R L X  
C ALTERNATE Ei\OS FOR EACH SUCCESSIVE DERIVATIVE 

K S = K S * ( - 1 )  
I F  ( K S )  1 5 0 , 1 5 0 , 1 5 1  

150 K-172R 
L = KP 
GO TO 152 

151 K=1 
L=172q-KP 

152 L^=KP 
KP = C ^ '  

C REPEAT TO 116 FUR EACH TERM 
no 116 LA=1,LB 
IFXl-IPOd) 
CTX=VT(L> 

C REPEAT rC 103 FOR EACH PARAMETER 
CO 103 JA=1,4 
J 3 = .5 - J A 

C EXTRACT THE POWER OF THE PARAXETER 
IFX2-IFX1 
IFX1 = IFX 1/256 • 
IFX2=IFX2-IFXl*256-64 

C  C H E C K ,  I F  P O W E R  I S  Z E R O ,  G O  T O  N E X T  P A R A M E T E R  
I F  ( I F X 2 )  1 1 0 , 1 0 3 , 1 1 0  

C  C I F F E R E X T I A T E  W I T H  R E S P E C T  T O  P A R A M E T E R  B Y  A D D I N G  A D D I T I V E  
C DERIVATIVE PARAMETER POWERS TO PARAMETER PO/.ER OF TERM AND 
C BY XULITPLYING DERIVATIVE MULTIPLIER EY VALUE OF TERM A,\D 
C POWER OF PARAMETER 
110 IX1=IPD(L) + IDA(JB) 

C X = C T X * C D ( J H ) » I F X 2  
C CHECK, IF This IS.THE FIRST TERM OR THE LAST DERIVATIVE, 
C ELIMINATE THE FOLLOW INC CHECKS 

I F  ( K P )  1 0 2 , 2 1 0 , 1 0 2  
1 0 2  I F  ( N O - I )  1 6 2 , 1 6 2 , 1 0 1  _  .  
C  C H E C K ,  I F  N E w E S T  T E R M  H A S  S A M E  P A R A M E T E R ^ P C h E R S ' A S  A N Y  O T H E R  
C  TE R M ,  A D D  T H E  V A L U E S  O F  T H E  T 'A O  T E R M S  
I C I  L K = K - K S  

DO 181 LTT=1,KP 
IF (IXl-IPD(LK)) 181,182,181 

C CHECK, IF THE VALUE OF THE SUM OF THE T.-.O TERMS IS LESS THAN 
C THE THESHOLD, REDUCE TERM COUNTER BY ONt AND STORE^LAST 
C PREVIOUS TERM IN THAT POSITION 
182 ANRMX=(UABS(CX-VT( LK) ))*( l.OD-14 )* I ' 

T C X = C X + V T ( L K )  
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• IF ( DAGS ( TCX )-AKR^:X ) 184 , 184, 1 6 j 
Ibi Vr(LK)-TCX 

GU 10 lo2 
164 KP^Kl-»-! 

K=K-KS 
IH'0(LK) = I^D(K) 
Vr(LX)=VT(K) 

GO TC 162 
IGi LK=LK-KS 
C STOKE VALUE AND PARAMETER PCkcR CF TERM I\ POSITION 
C ADO VALUE OF TERM TO VALUE CF DERIVATIVE CF FUNCTION 
210 IP!)(K)^IX1 

VT(X)=CX 
lb5 K-K + 'KS 

KP = K P+1 
162 C( I+I, IR,IC)=C( I+i ,IR,IC)+CX 
1C3 CONriNLE 
116 L=L+KS 
0 OUTPUT THE NUXBER OF TERNS IN THE NEXT TG ThE LAST 
0 DERIVATIVE, AND THE VALUE OF EACH DERIVATIVE 

IF ( I +  l-ND) 117,211,117 '  
lb3 FORMAT (/T3,'DERIV. NC.= ',I2,' FU:\C. KC. = ',I2,' TER'-
211 XRITE (3,153) I,J,KP 
117 CONTINUE 

'CO 216 [=l,hDl 
112 FORMAT (/T3,'DERIVATIVE NC.=',I2) 

ID=I-1 
WRITE (3,112) ID 
[)0 ;)16 J=1,2 ' " ' " ' 

216 WRITE (3,5) (C(I,J,K),K=1,3) 
C CLEAR Q MATRIX AND I\SERT'C MATRIX I^TC FIRST 6 CGLUXNS 

DO 140 1=1,1728 
140 ' VT(I) = C.CnC - , 

G(5,1)=1.GDC 
0(13,1)=1.0D0 "  
G(7,2)=1.000 
C(14,2) = l .  OCO "" ' 
C(15,3)=1.0D0 
C( 16 ,4) = 1.0D0 
0(4,5)=1.0DC 
C(6,6) = 1.CD0 " 
C(1,3 ) -C( 1 , I , 1 ) 

• G ( 2,3)=C(l,l,2) 
Q{1,41=0(1,2,1) 
C(2,4)=C(1,2,2) 
G(3,4)=C(1,2,3) 
DO 130 L=1,ND '  ' 
IF (L-1) 122,122,124 
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C MULTIPLY THr; DEKlVATIVES BY ThE A K^TRIX 
1^4 ni; 126 L0 = 2 ,L 

DL 126 J = l,2 ' ' 
C U  i 2 H  1 = 1 , t  
X ( I ) = O . C O C  
C U 12 3 K — 1 y i\ 

1 2 8  X ( [ ) = X ( I ) + A K ( K , I ) * C { L O , J , K )  
CC 126 I=1,N 

126 C{LC,J,I )-X( I ) 
C yULTIPLY THE NEXT 6 C C U L Y N S  8Y THE A MATRIX 
122 rC] 131 J = l,NM 

I2=L»Ny +J 
I 1=I2-N% 
CG 131 1=1,% 
DC 131 K = 1,N 

1 3 1  C ( I , I 2 ) = K ( I , [ 2 ) + G ( K , I l ) * A y ( K , I )  
C TO ThE Q M A T R I X ,  ADD THE P R O D U C T  CF T H E  D E R I V A T I V E  Ai\C I T S  
C PROPER COEFFICIENT 
133 ÎC-1 

LX=^+1 
" DO 134 IX=2,L'X -

CX=FLCAT(IC) 
I l^L-MM +2 
CO 132 J=l,2 
II = 11+1 
DU 132 X=l,% 

1 3 2 '  '  Q ( K , I 1 ) = Q ( K , I 1 ) + ' C (  I X , J , K ) * C X  
I j 4  I C = ( [ C * ( L X - I X ) ) / ( I X - 1 )  
I JO CONTINUE 
2C2 C O N T I N U E  
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