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such probabilities, this indicates that an upper limit on temperature is
necessary in the application of the theory. In addition, the Nth order

perturbation method is based on P being much less than one so large

3ok |
transition probabilities as are found at high temperaturss also limit the
effective tempsrature range of the theory.

The temperature limit on the theory application is based on the upper
limit on relative collision velocities established by Shaerp and Rapp (3%)
as 5-6 x 102 cmfsec. A one-dimensional Maxwellian moleculaf beam with
temperature 7000°K has approximately one percent of its molecules with
velocities greater than 5 x lO5 em/sec. As beam temperatures increase,
the fraction‘of molecules in the high velocity region incrsases also so
that the transition probabilities used here are not very good approxima-
tions to the'actual probabilities. Below velocities of 5 x lO5 cufsec,

the transition probabilities agree well with those determined by more

exact methods (34).

Vibrational Energy Level Populations

The fraction of oscillators in the ground through the twenty~fifth
energy levels is shown in Figure 1 for an initial Boltzmamn distribution
at 290°% (slightly lower than room temperature) and a final temperature
(heat bath temperature) of 7000°K. Because of the large variation in the
oscillator fraction and in the number of collisions, thesé are plotted as
logarithms.

The variation of oscillator fraction with collision number is shown
for ten different levels for one level transition and for three different

levels with six level transition. As the number of collisions becomes



Figure 1,

Variation of fraction of oscillators with number
six level transition, T, = 200°K, T = 7000°K,

of collisions compar:
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large, a Boltzmann distribution at the heat bath temperature must be
realized for both the one and six level cases. For levels three, texzn,
and twenty showm here, this can be seen to the accuracy of the plot at
approximately ]_OL'r collisions. Using experimental valges for ZN from
Parker (55), at 7000°K, ZN = 109 seconds per collision. This results

5

in near equilibrium obtained in about 107~ seconds.

After about 10"9 secopds have elapsed, the fraction of oscillators
in level three is more than five orders of megnitude larger for the six
level transition when compared with the one level transition. Higher
energy level populations show even more variations than does level three.

Because of the logarithmic plot, very little detail can be seen for
larger values of time (collision nurber), so Figure 2 shows levels zero,
one, and two plotted linearly. Due to the large increase in the high
energy level population for six level transition as evidenced in Figure
1, lower energy level populations must be correspondingly smaller since
the sum.of.al; Xi1s st be equal to one. The ground level and first
excited levsel have lower populations when six level transition is allowed
than exists for one level transition. The level populations for six and
one level transition again must be equal when equilibrium is reached as
can be seen in Figure 2.

The ropulations in the two cases for level two appear in Figure 2 to
be approximate}y equal although the'population for the six level transi-
tion appears to be slightly higher. Because of the scale required to show
the ground level in Figure 2, the plot is difficult to r;ad so populations
for levels one through four are plotted with a somewhat expanded vertical

scale in Figure 3. Again little difference in populations for level two



- Figure 2, Variation of fraction of oscillators i?/ ground, f:l,gst, and second energy levels
with nunber of collisions, T 0 29001{ and T = 7000 K.
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Figurs 3. Variation of fraction of osecillators in i‘ipst, second, third, and fourth energy
levels with nuaber of collisions, T, = 2909K and T = 7000°K,
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appears. This will be shown in a different form later in Figure.5.
In levels three and four, more difference between six and one level

ransition is becoming apparent. Both energy levels show six level
transition giving a higher population than the corresponding one level
transition case. This is even more apparent in Figure 4 which shows the
variation in the fraction of oscillators in the fifth, sixth and seventh
energy levels. Energy levels higher than seven exhibit similar behavior
with inereasing difference being noted between six and one level transi-
tion as the energy level increases.

Pigures 2 and 3 show an overshoot in energy level one but discussion
of this point will be delayed until the ‘discussion of Figure 6 is pre-
sented.

Figure 5 is a different presentation of the energy level populations.
The populations are shown for eneréy levels zero through nine at two
different times for initial temperature, 290°K and heat bath temperature,
7000°K. For n = 9,990 collisions, equilibrium conditions effectively
exist so that the curves for six and one level transition are identical.
However,vduring the relexation process, of which n = 1,065 collisions
is an -example, the curves are not the same as seen previously. The
crossover point for n = 1,065 collisions is at approximately level two
with the population of 1gvel two siightly higher for the six level case.
Higher energy ievels show greater populations in the six level transi-
tion case than the one level transition case.

The higher energy levels with six level transition shown in Figurs 5

appear to deviate only slightly from the one level case due to the ordin-



Figure 4. Variation of fraction of oscillators in fifth, sixth, and seventh energy levels
with number of collisions, T, = 290°K and T = 7000°K.
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Figure 5, Comparison of fraction of oscillators in the lower energy levels for six and one
level transition at 1,065 collisions and at 9,990 collisions. T = 290°K and
T = 7000°K, Note that the one and six level transition cases are identical for
h= 0,000 collisions.
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ate scale used. This is decelving, however, as can be noted from Table
3. Even though the absolute magnitude differences are small, the rela-
tive magnitude differences may be large. For instance, the fraction of
oscillators in energy level twenty three for the six level transition
case is one hundred times as large as the fraction in level twenty three
for one level transition.

The conclusion then is that significant differences are noted in the
oscillator energy level populations with the largest difference occurring
in the higher erergy levels. This result is important parficularly in
the application of vibrational relaxation theory to the coupled vibratione
dissociation problem. Dissociation from the higher energy levels is more
probable than from the lower levels so that a large difference in dis-
sociation rates could be determined.

The first level population is plotted in Figure 6 for initizl tempera-
ture of 290°K and heat bath temperatures of 6000°K and 7000°K. A distinet
overshoot is apﬁarent for'both'heatfbaﬁh temperaitures although the over-
shoot is less noticeazble for the lower temperature. The one level transi—
tion case is predicted by Equations 51 and 55. This overshoot occurs for
cases where the temperature, 4920°K, is between initial and {final tempera-
tures of the oscillators. Since the initial temperature is 290°K and
final temperatures are 6000°K and 7000°K, this overshocot occurs in both
cases. 1t is interesting to note that the overshoot is much less for the
six level transition case.

This decrease in overshoot might be explained by recalling that at
the initial temperature, nearly all of the oscillators are in the ground

level. For the single level transition case, nearly all oscillators which



Table 3.

51

Energy level population for 1065 collisions with T = 7000°K

and T, = 290°K

Energy level, J

xj(é level)

xj(l level)

W

=

VOO0~ O \n

10

1.9792 x 107+

25045 x 107+

1.2067 x 10":L

6.2782 x 10—2

3.376k % 1072

1.8702 x 10™%

T

1.0625 x 10
6.1636 x 107
3.6410 x 10~

2.1697 x 103

1.3061 x 10'3
7.9222 x 10~
L.BB60 % 10’1+

L

2.9508 x 107"

1.8095 x 10-4

1.1199 x 1077
6.8099 x 107
4.1800 x 1072
2.5686 x 1072
1.5793 x 1072

5.2215 x 107+

2.5951 x 167F

1.1923 x 10~+
5.6973 x 1072

2.722l x 1072

1.3008 x 10~2
6.2164 x 10=3
2.9705 x 103
1.4195 x 1072

1

6.7828 x 10~7

1y
3.2432 x 1077

1.5488 x 10~%

74009 x 10™7
3.5365 x 10~
1.6899 x 10~

8.0753 x 10~
3.8588 x 10
1.8440 x 10
8.8126 x 107

4.2125 x 1077




Table 3. {(Continued)
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Energy level, j

xj(é level)

xj(l level)

20

-6
6

9.4715 x 10
5.9770 x 10~
3.6705 x 10-6
2.2576 x 10-6
1.3884 x 1070

8.5462 x 107

2.0149 % 10~7

9.6542 x 107

L.6L473 x 10'8
2,261 x 1070

1.1373 = 10~

6.1213 x 1077




' o
Figure 6, TFirst level populations for T = 6000°K and T = 7000 X on an expanded scale. TO = 290°I{e
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will populate the higher energy levels at egquilibrium must at some time
during the relaxation be in the first excited state. Al heat bath tem-.
peratures greater than 49200K, the rate of transition to level one is so
high that this level is temporari}y overiilled as compared with the egui-
librium vealue.

In the six level transition case, energy levels above level one may
be filled directly from the ground state so that some oscillators never
appear in the first energy level. Conmseguently the overshoot is reduced
as shown in Figure 6.

A caleulation, for which data is not shown here, for I, = 290°X and
T = 5000°K still results in an overshoot in energy level one for one level
transition as predicted by equations 51 and 55, but does not result in an
overshoot in the six level transition case. For heat bath temperatures

below 4920°K, no overshoot in either case occurs.

Relaxation of Vibrational Enexrgy

The average vibrationél energy per molecule as calculated by Equaticn
L8 is plotted in Figure 7. Again logarithmic scales are used so that
nearly 2ll of the relaxation can be seen. Results of four heat bath
temperatures, 2000°%, 4000°K, 6000°K and 7000°K with an initial tempera-
ture of 290°K are shown. All four curves have the same general shepe with
the time taken to reach equilibrium inversely proportional to the final
temperature. Because of the logarithmic scales, little difference is
noticeable between six and one level transition for 2000°K and 4000°K and
only a small difference for 60C0CK and 7000°K.

To show the variation of vibrational energy more effectively for the



~Figure 7. Variatioa of dimensionless vibrational energy with collision muwber for T = ZOOOOK,
1000°K, 6000°K; and 2000°K, To = 290°%,
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later part of relaxzation, Figure 8 is plotted linearly for a2 heat bath
temperature of 6000°K. Here the difference in the energy relaxation is
more readily seen. The energy at any point in the relaxation is larger
for the six level transition case than that for the single level transi-
tion.

The percentage change in mean vibrational energy is calculated by

the equation

AEV = (E)é - (EV‘)]_
&

x 100% . (57)

where (E;)é is the mean vibrational energy for six level transition and
(f%)l is the energy for single level itransition. This psrcentage change
for 6000°X is graphed in Figure 9 as a function of number of collisions.
The maximum deviation appears to be about eleven percent and oceurs at
about 1000 collisions. The percentage change at n = 0 and n = o= must
be zero since eguilibrium values must be found at these points.

The mean vibrational energy per molecule variziion with number of
collisions for 7000°K is shown in Figure 10. 4 significant difference
betueen the single and multiple transition cases occurs here as in Figure
8 previously. When the percentage change in E; is calculated and piotted, -
Figure 11 results. For 7000°K, the meximum deviation is néarly Twenty
percent occurring between 900 and 1000 collisions. The number of collision
at the point of maximum percentage deviation in the vibrational energy
curves should decrease as the temperature increases due to the more rapicd

reiaxation cccurring at the higher temperatures.



- - 1, ) .y . - ~ O r
Figure 8, Variation of dimensionless vibrational energy with mmber of collisicas for T = 6000 X,
TO = 290(‘)1{0 ’
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Figure 9. Percentage change in vibrational energy for six level transition compared with one
level transition. T, = 2909K and T = 6000°K, Note: 4, defined in Equation 57.
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Figure 10, Variation of dimensionless vibrational energy with mumber of collisions for T= 7000 K
T, = 290°K,
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Figure 11. Percentage change in vibrotional energy for six level transition compared with one
level transition, T 0 = 290°K and T = 7000°K, MNote: AL, defined in Bquation 57.
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The Bethe~Teller energy equation, Equation 49, shows an expgnential
increase of the mean vibrational energy from its initial value to its
final equilibrium value for a constant heat bath temperature. Deviation
of the mean vibrational energy from this egquation could be seen if t/ZQ
is determined from Equation 49 to give

i;g») - E(0)

tlp, =In | — | (58)
E%&wa - Ev(t)

and this value is plotted versus t or ZNt for both single and multiple
level transitions. The single level transition case will produce a
straight line with slope proportionalAéo'ZQ. The function on the right
hand side of Equation 58 has been graphed in Figure 12 versus n for

T, = 290°K and T = 2006°K, 4000°K, and 5000°K.

The two curves representing 2000°K in Figure 12 are very close to-
gether indicating little deviation from the Bethe-Teller energy eguation.
The rate of relaxation for six level transition is only slightly greater
than thgt for one level transition for this temperature. For 4000°kK,
more deviation is seen although the six level transition curve is still
very nearly a straight line. Again thevrelaxation proceeds at a more
rapid rate for six level transition. Similar results are seen for 5000°K
with somewhat more deviation noted than for 4000°K.

The vibrational energy ratio for 6000°K and 7000°K is shown in
Figure 13. Significant deviation from the one level transition can be
seen for both heat bath temperatures. The six level transition curve for

6000°K is very nearly a straight line. However, for 7000°K the six level



Figure 12, Vibrational energy ratio var'l ation with number of colec»ns. 1 29001{,
T = 2000°K, 4000°K, and 5000 °K.
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Figure 13, Vibrational energy ratio variation with number of collisions, T 0 = 29001{G
T = 6000°K and 7000°K.
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transition curve is not straight. The Bethe-Teller energy equation does
not seem to accurately hold for this té* perature.

For the ocne level transition case, the vibration relaxation tine
mzy be determined from thﬂ slope of the curves in Figures 12 and 13 by

the equation

1
T = JE
v Z(slope ) (59)

- - . : . ~O., N
or from Eguation 50. For temperatures up to 6000 K and approximately

for 7000°K, an effective vibrational relaxation time might be defined

o’

vy Eguation 59 for six level transition. This can be done by using an
average slope from Figures 12 and 13 in determining the effective 2"

For 7006°K, the s lcpe is obtained from the sectlon of the curve 0 to
5000 collisions because of the possibility of in‘cegration error accumil-
lating near eguilibrium which would cause at least part of the curvature
seen in Figure 12. This is equivalent to assuming that the general form
of the Bethe~Teller energy equation holds approximately with a modified
vibrational relaxation time, in this case a smaller 'Z‘v than for single
level transition.

To evaluate Z’V from Equation 50_ or 59, values of ZN (time between
collisions) must be known for the temperatures involved. These values
may be found approximately by theorstical methods or from experimental
data. Experimental resulis for NZ are shown in Figure 14. These data

ars taken from a collection of experimental resulis presented by Parker

(55).



Figure 14, BExperimental time bebween collisions for N as a function of heat bath temperature.
+ = Millikan and White, & - Blackean, 0 - Gaydon and Hurley & - lukasik and Young,
¢ - Henderson., Taken from paper by Parker (55).
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The experimental results for ZN allow calculation of the vibrationai
relaxation time for the one level transition case and the effective vi-
brational relaxation time for the six level case. The resulting times
and the percentage change from the single level transition case are pre-
sented in Table 4.

Little difference in relaxation times at temperatures below 4000°K
is apparent from Table 47 This is due mzinly to small values of multiple
quantum transition probabilities at these low temperatures and agrees
with the conclusion of losev and Geneérolov (48) that for Né, vibrational
excitation below the characteristic vibrational temperature (33549K for
Né) has an adiabatic character. For temperatures above 4000°K, signifi-
cant differences in vibrational relaxation times do exist although the
form of the Bethe-Teller energy equation appears to hold at least ap-

proximately.

Comparison with Experimental Results
The theoretical vibrational relaxation times are compared with ex-
perimental results in Figure 15. The experimental data were compiled by
Parker (55) from work by a number of researchers. The experimental curve
of White and Millikan is obtained from a curve fit of data from their

extensive experimental studies given by these authors (58) for Nz as

1/3

where p is pressure in atmospheres, T is temperature in Kelvin degrees

and'zv is in seconds.
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Table 4. Vibrational relaxation times for single and multiple
transition cases

Tempsrature, K T (1 level)sec ’L’v(c’) levels)sec Dlzfjx\?‘g;zzzc
2000 2,600 x 10~ 2.570 x 10~ 1.1
4000 © 8.570 % 1076 8.175 x 1070 L.7
5000 3.550 x 1070 3.100 x 10-6 12.7
6000 1.830 x 100 1.480 x 1070 19.1

-6

2000 1.134 x 10 2.860 x 10~7 29.1L




Figure 15, Experimental and theoretical vibrational relaxation time variation with heat bath
temparature for N o + « Gaydon and Hurle, [ - Blackman, 0 - Millikan and White,
® - Henderson, & . Herzfeld and Litovitz., Taken from paper by Parker (55).
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Figure 16 shows the variation of t} with T-1/3. This data presenta-
tion is commonly called the Iandau-Teller plot. The vibrational relaxa-

tion time can be shown (42) to have a temperature dependence given by

Ty o T .e_’f?_____“'l/B) L~ ) (61)
: (61)

for landau-Teller single level transition probabilities. For relatively
low temperature (under 1000°K), Equatioﬁ 61 shows that the logarithn of

2; is approximately proportionai to T-l/3. Thié means that at low tem~

-peratures, the Landau-Teller plot should show a straight line. However,

1/6

at higher temperatures, T and‘efgﬁ%%—-—- have larger effects so that
the landau-Teller plot is no longer a straight line. Recent experimental
results by White and Millikan (58) for N,, Camac (45) for 02, and Iutz
and Kiefer (50) for O, show essentially straight line variations. The
results of the multiple quantum transition analysis tends to support

this experimental evidenée.

As can be noted from Figures 15 and 16, considerable disagreement
exists on correct values of experimental relaxation times. Generalov
(49) studied the effect of impurities on the vibrational relaxation time
in oxygen. He found that addition of impurities generally decfeased the
relaxation time at low temperatures and increased the time for high tem-
peratures over the time found for pure oxygen. Blackman (42) found
roughly éimilar results in his studies. Because the data of White and

¥illikan have been obtained quite recently with very pure gases, it is

suggested that the deviation of the other experimental points may be due



Figure 16, Experimental and theoretical vibration relaxation tiwe variation with heat bath
: temperature to the negative onewthird power. + « Gaydon ard Harle, -~ Blachkmnan,
© - Millikan and White, @ - Henderson, & « Herzfeld and Litovitz. Taken {rom
paper by Parker (55).
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to impurities in the test gases with resulting relaxation times roughly

following the effect found in oxygen.by Generalov and Blackman. Only

better experimental data will resolve the controversy which now exists.

The effective vibrational relaxation times calculated for the six

level transition caseAare seen to roughly parallel the data of White

and Millikan. In all cases shown, the theoretical times are lower than

the corresponding experihental values of White and Millikan. Possible

reasons for this discrepancy are as follows:

(1)

(2)

The vibrational relaxation time is sensitive to the value
used for 1! which has only slight temperature dependence so 1!
was assumed constant here. Slightly larger values of 1!

than uéed in.fhis stuéy significantly increase the vibrational
relaxation ﬂime thereby giving a better check with Millikan
and White's data. Somé authors, for example Herzfeld (59),
suggest values of 1! on the order of 1l.30 angstroms. Dis-
agreement in values of 1! exists because of the extreme dif-
ficulty in determining this quantity experimentally.

The one-dimensional model of the collision process used in
calculating tfansition probabilities generally gives larger
transition probabilities than thrée-dimensional models (27).
Use of -a three-dimensional model would result in somewhat
larger values for the vibrational relaxation fime. In

addition, the exponential repulsive potential chosen should

~be modified to account for attractive forces or replaced by

a more accurate but also more complicated potential.
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L

(3) The number of collisions per unit time, ZN, from‘whichfzv
is caleculated, is experimentélly determired so would contain
possible experimental errors and errbrs due to data inter-
pretation. -

(4) The theoretical model is for a small concentration of os-

Q
e
}.—!
‘_5
[t
o
Q
H
4]

in a constant temperature heat bath. MNost ex-
periments were run in a shock tube with neither a dilute
mixture nor constant temperature hezt bath.

(5) Interpretation of experimental data for'zv involves approxi-
mations. and assumptions such as a constiant eﬁthalpy process
as was used by Blackman (42). Iutz ard Kiefer (50) indicate
that Blackman’s and White and Miilliken's experimental't%’s
should be reduced by approximately ten percent. Furthermore,
most data interpretation involves the use of the Bethe-Teller
eguation so these data may be insccurate if the Bethe-Teller
equation does not exacily hold.

Engineering application of the Béthe-Teller energy eguatlion can be
approximately accomplished by using.an effective vibrational relaxation
time which is somewhat smaller than that defermined from ?6,1 for the
single level transition case. In determining the effect of vibrational
relaxation on gasdynamic problems, the Bethe-Teller equation is much
easier to apply than the’set of Equations 13, and appears to give nearly

the same final resulis for the vibratiocnal energy variation.
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CONCLUSIONS

The number distribution and vibrational encrgy relaxation of a

system of hermonic oscillators weally interacting with a constant tem-

perature heat bath including multiple quantum transition (Nt'rl order
perturbation aporoximation) has been examined for Nz. The following

conciusions may be drawn:

1) Multiple quantum transition is more probable for hiéﬂ energy
levels than low energy levels for.high temperatures. Tais
ten&s to confirm the theorj of preferential dissociation from
higher levels.

(2) The upper temperature limit for the transition probability

model derived from the Nt‘

order perturbation approximation
= . o ; - m s
of Rapp and Sharp is about 7000 K since transition probabili-
ties predicted at higher temperatures are no longer small and
may be even larger than one.

(3) The use of multiple guantum transition results in energy
level populations much different than those found for single
quantun transition particularly in the higher energy levels.
Therefore a Boltzmenn distribution does not exist and vi-

. brational temperature may not be defined.
E (=) _ E ()
. Ly s .
(&) The energy ratio ( ) versus time may be

. -ETV (e} = B (O)
approximated as a straight line on a semi-log plot for heat

bath temperature below 7000°X. This confirms the general
form of the Bethe-Teller equation.for these temperatures.

For temperatures less than the characteristic tempesrature
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of vibration (3354°K for NZ)’ little difference inz:v is
noted between single and multiple level {ransition. &t

temperatures greater than the characteristic vibrational

‘temperature and less than approximately 70C0°K, z& must be

decreased from the value found theoretically with single
quantum transition.

Present theoretical resulis show that the Ilandau-Teller plot

is more nearly a straighi line for multiple gquantum transi-

tion than for single quanium transition. This follows, the
trend of the recent experimentzl resulis of White and Milliken.

The fzct that the theoretical curve lies below the experimental
one may be attributed to the uncertainty of the range ol re-
pulsive forces and the collision time, the use of a one-

dimensional collision model, and the assumption of a small

concentration of oscillators in the heat bath.
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SUGGESTIONS FOR FURTHER STUDY

Application-of this theory to other gases such as oxygzen should
be accomplished with the resulis compared with experimental data.
In addition, other initial and final {temperature comcinations
should be tried including cases where the initial temperature

is higher than the final temperaturc.

The assumption of variable temperature heat bath could be zdopted,
in particular, to investigate the mean vibrational energy over-
shoot ﬁentioned previously in Chapter II.

Dissociation rates for diatomic gases could be prediéted_using the
number distributions found here with coupled vibration-dissociation.
Results could be compared with single quantum transition results
and experimental data to see if the multiple quantum transition
assumption produces rates which compare favorably with the ex-
perimental rztes.

Use of a better transifion probability model would allow the
resulis to be extended to higher temperatufes and to more COI=

plex gases.
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