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We make the variable change

h=Rh +A 'Bp

where
hl
ho= | !
h,
and
R,, R
R = 11 12
Ro1 Rag
Then
~(3)

= h'RTARh - (Bp)TAV(Bp) - ¢

We choose R to diagonalize A, so that

It can be shown that

ca

cr(es) A" (Bp) - o
= [~ B]B‘.,_is3 s - ft + Co]
where

f= o an, + a a3 + 63(a2ak + a]a3)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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and
o = me[l - By - B . (5.34)

The exact form for R is not needed, since the elements R]], RIZ’

etc., always appear in the combinations

R11Raz = RygRyy =

1
R11R2122 * RygRopdy = B3

2 2

Ripdg * Rygdy =y
2 2.
Ryprg * Rypdy =mp

We scale the integration variables:

] 1 " 'I
— k ’ 82 = —= 2 . (5.35)
Ay %)
The numerator given in Equation (5.26) becomes quite complicated after

the variable changes given in (5.29) and (5.35). We list the effect for

only the leading terms:

Il2 ”2 2 ”2 2 ll2

2 -2 2
=-5s/2 C “{[3/2 83 +Clk "2 ~ + ansz + Cn]G]k

- s/2 KA

2

(1] n 2 2
+ 4 c33(k . G])(k . cz) +C G]GZ} , (5.36)

- bp, + K)(p, » Wk - 1) = - klcT2(182 « 1/6 Ik 2k« p) (K - py)}

_] uz ) . " .
+C {85k (6, + P (6, - py) + ”Z(GZ p,) (k= p)
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x (K- 8,) + 8,06« p) (K« p)K + 5y
+ 806, » P (K + B (K - 6) (6« Bk < p) (K - 6)

+ 83(G] ¢ GZ)(k" ° p])(k“ ¢ pz)}+ (G] ® Gz)(G] ¢ P])(Gz ® pz)}»
(5.37)

2 2%k - p) (k - p,) =2 ¢ln + 322 s§ TR p])(k” . p,)
+n(6) + P (6 - p Ik 2+ 2 By(k - &)k * b))
x (6 + pp) +2 850k - 6)(k + p)(G) + p))

" 11
+mpGo(k « p) (K« py) + CGo(G, * p) (G, * P,

(5.38)
212(p, - D(py + 0 =2 ¢ (01 + 372 82 K2R - pD( - py)
+1,(6, + P (6, + Bk 2+ 280k + &) (K« p))
x (6, = p,) + 2 85(k - Gk * (8, * py)

# €k - p) (K« p,) + CEX(G, + p)) (5, - B} .
(5.39)

Here
6 = C '[n,8,p; - 8,8,p, + (na, + az8,)(p, = p,)]
1 N2P1P1 7 FaP3Pp ™ TNy T 384/ 8Py T Py ’

= ¢! - -
GZ = C [B]BBPI nlszpz + (a463 + n]a3)(ph pz)]
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Several of the terms in Equations (5.36) - (5.39) give rise to
leading behavior. However, several cancellations occur, leaving the

final result
Tg?{ =3 [-ig2 3%37 3'(in s - iw)h_] . (5.40)

This complex cancellation will be seen to occur to all orders in Sub-
section D.
The analysis for diagram 11a.2 is similar. We obtain the identical

result as given in (5.40):
i - .
TS; =3 [-lg 2!—3,- gh(ln s - m)L'] . (5.41)

Diagrams 1la.l and 1la.2 belong to the class of.s diagrams, to
be defined in Subsection D. We therefore obtain
L3 13, ;)
S a.l a.2

“ig? -le—!ah(ln s -int . (5.42)

The calculation for diagrams 11b.1 and 11b.2 follow the same
form as that for diagram lla.l. They belong to the class of u diagrams

as defined in Subsection D. We obtain the result

(3) (3) (3)
T =T+ T2
c-ig? g 3t In's . (5.43)

The other sixth-order diagrams include nonplanar diagrams, diagrams

involving quartic vertices. radiative corrections to the lower order
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diagrams, etc. We discuss some of these briefly.

The calculation of the diagrams in Figure 12a and 12b follows the
same procedure as above. They behave at most like ln3s. The diagrams in
Figure 12¢ do not involve fermion lines, and thus behave like 1/s, up to
powers of In s.

The nonplanar diagrams can be neglected, following the general
analysis of Tiktopolous (38). This is valid as long as cancellations do
not occur to prevent the attainment of the maximum powers of In s. The
maximum powers of In s are obtained in this case, justifying the neglect
of nonplanar diagrams.

Another class of diagrams is illustrated in Figure 13. We find that
diagrams 13a - 13c behave like In s, while diagrams 13d and 13e behave
like 1/s, up to powers of In s.

We note that the dominant sixth-order diagrams support the conjecture

made by Chang and Ma, as mentioned in Subsection B.

D. Pseudoscalar-Pseudoscalar Scattering to All Orders

In the last two subsections we found that the ladder diagrams with
fermions exchanged in the t-channel were the dominant diagrams. We
shall assume that these ladders, as illustrated in Figure 14, dominate
in all orders. There are several reasons for assuming this: the results
of the fourth- and sixth-order calculations, the similarity to the
ladders of (¢3)6, and the Chang-Ma conjecture. In this subsection we
calculate the diagrams shown in Figure 14 to all orders in the forward
direction. Diagrams like the one shown in Figure 14a we will call u

diagrams, while those in Figure 14b we will call s diagrams.
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| (a.l) (a.2)

o

(c.l) (c.2) (c.3)

{

Figure 12. Sixth-order pseudoscalar-pseudoscalar diagrams
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|

(a) (b)

T 1T

(d)

e e - —

Figure 13. Sixth-order pseudoscalar-pseudoscalar diagrams
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(a)

COMBINATIONS OF SCALAR AND
PSEUDOSCALAR CONTRIBUTIONS

(b)

COMBINATIONS OF SCALAR AND
PSEUDOSCALAR CONTRIBUTIONS

N-loop pseudoscalar-pseudoscalar ladder diagrams:
(a) u diagrams and (b) s diagrams
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To aid in comparison with Reference 15, we will calculate the 2(n+1)

order u diagrams shown in Figure 14b. They all have the same denominator,

n n=1
_ 2 _ 2 _ 2 _ 2 _ 2
0= T80 T Ll - k) - m ey - k)% - ]
=t j =l
x [p, - k) -1, (5.44)
where
_ .2 _ 2

The numerator of each individual diagram is given by

Trlr (K, + Ty (Ky +m) oo T (K +mT L, (6, + K +m)

X T (K +m) T By e m] (5.46)
where
r; = (i) or (75)
{f we denote the sum of all contributions as Nn’ then
N
pll) o2t [ (5.47)
u D
k] kn n

In Appendix D we show that, in the leading logarithm approximation,

Ny = (™A Gy H K)oy k) ¢ 3 By + k)oK (5.48)

n ™3

j=1

where
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n i A A
gl = ( I Az) 3 3 L0‘L2 . ,
n L=+ i=l 1<h <A, ...<A.=] 1 i-1

-1 "2 i
-1

Li = 2K,k I A, ,

I = !
1 _
j 3 o
Ly = 2[(p, + k) kA, - (5.49)

In (5.48), we define

J
=j+]
The relations in (5.49) are identical to the corresponding relations
(5.7) of Reference 15 except for the replacement of P, with (p2 + k]) and
Py with (p] + kn).
By power counting, one finds that the integral in (5.47) is

logarithmically divergent. Performing a subtraction on the divergent

(n+1)

u produces a In s term. However, we note in Appendix E

part of T
that, as in the case for the fourth- and sixth-order diagrams, this
logarithm is not promoted by the Feynman parameter integrations, and
thus remains nonleading. The diagrams of Figure 13 contribute to the
coupling constant renormalization. Since the integral of (5.47) has
degree of divergence zero (logarithmically divergent), the renormaliza-

tion will affect only terms independent of the external momentum. Thus

the leading energy behavior we find for these diagrams should be
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unaffected by the renormalization.

We find it convenient to rewrite Equation (5.48) as

No= (2™ A (o) - b)) +A (b, k) +A (b, + k) +A (kg - k)

+
I ™M 3

J . .
] B {(p, kj) + (ko kj)}] . (5.50)

J
The first term of (5.50) is identical to the corresponding term in

Equation (5.7) of Reference 15. It can be evaluated using Mellin

transform techniques, yielding a contribution to T3n+]) of

-ig2 HT%;;TTT Inzns . (5.51)
The analysis of the other terms in Equation (5.50) is quite com-
plicated. The result is that they are all nonleading. Therefore the
leading behavior is given entirely by (5.51). We outline the general
argument below. More details appear in Appendix E.
We need to consider two types of terms (see Equation (5.16) of

Reference 15):

sy g A N B M e e B e
Mt TugugHyvp T MgV T2 T T AT TR A, T TRy Ty
1 n
x [(k 2 _ m2 + ie)(k z . m2 + ie) ... (k 2 _ m2 + ig)
A A A
] 2 )
R, n=1 2 2
x { I (k2 -m + ie)}{.H [(kj - kj+l) -m + iel}

2=1 j=1

x oy + k)? = wl +ieHp, + k)2 = nf+iell™, (5.52)
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and
Ha VA H. VY, W V,_y B, V
J'EZ)Q =g, 9y 0y S e klokkok}\]k}‘]k)\z o kg ]klzknz
> oY "1 Ok Tk MM L M
X [(kx2 - m2 + ie)(kk2 - m2 + ig) ... (kx2 - m2 + ig)
1 2 13
noa2 2 n-1 2 2
x{n1 (k-m +ie)}{II(k.-k.+]) -m + ie}
e=l © =1 4
x {(p, + k])2 -+ ieH(p, + kn)2 -2+ i’ (5.52b)

where 1 < A, <A, ... <A, <n for (5.52a) and 1 < A, < 2

1 2 L 1

for (5.52b). All other terms have been examined in Reference 15. Each

9 et < Az <n

of the other terms was shown to be nonleading but only after a complicated
cancellation of possible leading terms (called p terms in Reference 15).

It is useful to parameterize the propagators in exponential form:

) © 02 2
(2 - n?+ie) = -i J o eiBkT-m4ie)

_2__ei8[(k+a)2-m2+ie]
u

k (K - m?+ i)' = -i [ dp (2ip)""
0 oa

a=0

.

e : 22
Kk (K -n2+ie)2=L] dar2ig)”! je! Bl (kta)"-m +ic]
By 0 i M

2

a=0
(5.53)

Following Blaha (39), we introduce n extraneous momenta (see

Figure 15). We can then use the relations given in (5.53) to write
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Y. | q -
Pr Nd ky~P2,Q e
o2, M T fe_
k|+O|VB| BIA k|+°|
-0 k|-k2,Q| 92 =9
..-.’... —————— --.-’....
kp+ ozﬁBa Bz ) kzta2
93-92 | _ke"k3%2 | 9370z
% ~% kn-1 ~Kn,Gn. Sn~0n-
ceePpachm ae e e e - - R T
%" kn VB" Bn ' kn+ap
k 'Pl*klh aﬂ
-~ Z
Cn‘ N _ e lc’,’;
\ Ne
PN
/«/ a
~ P| P| ~

Figure 15. N-loop pseudoscalar-fermion u diagram with spurious
momenta a. and Feynman parameters aj and BJ.
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Equation (5.52a) as

v

J(]) “ g g eer g puo fw de ... da dB, ... dB (2i8 )-I st
n,% Ho¥1 MYy ) MV, 2 7g O n il n 1 n
A V__,u - v__ U
x {1 [ ¢~ (2i8, )7 5,%" 8,
e=1 e e e
n 2 2
x f eoof exp{i I [(k,+a.)"-m+ie)lB.
ky  k = 4 J
n
n-l 2 2 2 2
+i Z [(kj - kj+]) -m° + ne]aj + l[(p2 + k]) -m° + ne]ao

j=1

. 2 2 .
+ |[(P] + kn) m + le]an}
a,=a.= ... =a =0
1 n

2
z 3£1i , (5.54)
where
8 - 32;\ (5.55)
H

In (5.54) we have neglected irrelevant constants.

The momentum integrations can be performed. This yields

N g po fmda da_dg, ... dg_(2ig)"" ot
n,% HoYo MYy T v, 2 ‘g 077 n "1 n n n

L

2 v__.u 7 V., W id(a)/cC
x {1 1% - (2im )7 8,°7 .5 Er . (5.56)
e=1 ¢ e e c

a=0
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where
0 1 n-1 o+1
c=¢ = d]’n + (ao + s])cn + ’;] d]’z Bosy o
0 n=1 0
N dO,n-l * (an + Bn)cn--l * zil dl,n-] 82 CJZ.-] ? (5.57)
and
n 2 2 n 2
D(a) = -do’ns + E [(Pz + az) Gl + (pI + az) HZ] + 2_ (aj - az) 'jR.
2=1 j,e=1
j<s
2 n n
- (m® - i€) [c(z °‘i+23i) -kdOn] (5.58)
i=0 i=1 ’
We have defined
L
d.£= Jif o, , d. . =a. R
i» i=j J»J j
j j 2] j
Cp=djamr ¥ (o ¥BIC v T di 8 Gy
i=j+1
. 2-1 .
_ J+! i+ .
=i, o F B IG T T d By G S I
i=j+1
cj. =1 , (5.59)
and
- J
6 = 90,51 8 %
H. = d. - C- 9
J j,n BJ j-l



99

0 2

lig = d5,0-1 Bj By G5 Gy - (5.60)

The expression (5.58) for D(a) can be obtained by the graphical cutting

rules (22, pp. 31-36) generalized to graphs containing 2n+6 external lines.

Following a similar procedure, we obtain

-]

(2) IS IR
J " cee da, ... do dB, ... dB (2iB,) "(2iB.)
n,% uovogu]v] gulvz fo 0 n 1 n 1 n
ib(a)/C
Ua V 2 V__,V 1 V__ e
x8 %8t (m (9% - (2i8 )7 8,°7 8,5 T a

n _ A A A c —

e=1 e e e a=0

(5.61)

By power counting, we see that (5.52b) is divergent. Expression (5.61)
is a result of dimensional regularization, where 2y is the spatial
dimension in which all momentum integrations have been performed.

We show in Appendix E that the leading terms in the integrals of

(5.56) and (5.61) are of the form

(p,*p,) . .
1 72 iD/C Y . _
—c2 f(a, B) e (d(,’n Py pz) , j=0,1,2, ... % , (5.62)
where
f(0, B) = 0 . (5.63)

Since f(0, B) = 0, we find that expressions (5.56) and (5.61) are non-

leading. The leading behavior of (5.48) is therefore given by (5.51):

P T S s
n!(n+l)!
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This is identical to the spin-average result, Equation (5.32), of
Reference 15. The results obtained in Subsections B and C are special
cases of (5.64) for n =1 and 2, i.e., for fourth-order and sixth-order
(see Equations (5.23) and (5.42)). It does not give the result found for

the Born terms of Subsection A. However, in performing the summation to

]
o

all orders, we will see that Equation (5.64) can also be used for n
to give the leading behavior.

The high energy behavior for the s diagrams can be obtained in the
same manner. All changes can be accounted for by replacing Py with Py
For the denominator, this amounts to replacing the factor [(p] -k

with [(pl + kn)2 - m2]. This results in changing s to -s in D(a) and D

n

given in Equations (5.58) and (5.44). Again we find that the term
An(pl . p2) (see Equation (5.48)) gives the leading behavior. This also

gives the effect s + -s in the numerator. We finally obtain

T§"+]) = -igz 1 [az(ln s - iv)zln . (5.65)

n!(n+l):

Again this is identical to the spin-average result, Equation (5.33), of
Reference 15.
With the expressions given in (5.64) and (5.65) we are able to sum

to all orders the leading logarithms of the two classes of diagrams:

o= oz imD

n=0

-igz z ————l———-(az_ln s)"
n=0 n!(n+l)!
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. 1](25 In s)
- -lg ——-———-—
glns
y cigd s (5.66)
b (g In 5)3/2 .
and
9 I](Za(ln s - im))
Ts = -ig —
(g In s)
=i 2 -i2mg 52a
v = e '8 - 373 (5.67)
v/ (g In s)
For the s model, the amplitude is given by
T =T +T7
s u
v T (14 i) _ (5.68)
", - . .
Vin (g In 5)3/2

This corresponds to a fixed cut in the complex angular momentum plane.
It is identical to the result obtained in Reference 15 for the spin
averaged fermion-fermion scattering amplitude. It is also similar to

the results of (¢3)6 and the truss bridge diagrams of ¢3 +-¢h (12, 40):

2 (ol 2g-1
T g (1+e im(2g ])) s

Vb (g In s)3/2
In this case the branch cut begins at J = (25 - 1) while in the s model
the branch cut begins at J = 25.

The amplitude for pseudoscalar-pseudoscalar scattering in the o
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model is also given by (5.68). The amplitude for the Y model can be
obtained from (5.68) with the replacement of g2 and §2 by 492 and 52/2.

In deriving (5.66) and (5.67), we have used the expressions (5.64)
and (5.65) for the Born terms as well. The value of (5.64) and (5.65)
for n =0 is just -igz, which is different from the expressions given in
(5.2). However, all these terms behave 1ike ng(t). When compared to
the all-orders sum given in (5.68) or in (5.66) and (5.67) which behave
like 92525, these terms are negligiblg. Therefore, the use of expressions

(5.64) and (5.65) for the Born terms does not affect the leading behavior

of the all-orders sum given in (5.68).

E. The Born Terms for Pseudoscalar-Fermion Scattering
The Born diagrams for pseudoscalar-fermion scattering are shown in

Figure 16. All diagrams contribute to the leading behavior. We obtain

. 2
T v o-ig 8 ,
15.a A]A3
T o -igz ) (5.69)
15.b X]X ? :
3
~2ig%m? &
A A
T N 13
15.¢ ¢t - m2

F. Fourth-Order Pseudoscalar-Fermion Diagrams
Figure 17 illustrates the fourth-order diagrams for pseudoscalar-
fermion scattering. Besides the diagrams shown in Figure 17, there are

many radiative corrections to the Born terms. These radiative corrections
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(c)

Figure 16. Born diagrams for pseudoscalar-fermicn scattering
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Pz* Rot ke 93 Ry _ L o _
——— -

P P~kyaq P3

(a.1) (a.2) . (a.3) (0.4)
TrTTE TN 3Ty e
(b.1) (b.2) (b.3) (b.4)

- , = N/

!

_l.--} \ AV

(c.l) (c.2)
"‘1\).//“" “‘“\\ 7

LN _.?_’1_

(d.l) (d.2)

Figure 17. Fourth-order pseudoscalar-fermion diagrams
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are nonleading and will not be discussed further.

In analogy with the pseudoscalar-pseudoscalar scattering, we call
the diagrams of Figure 16a.1 and 16a.2 s diagrams and those of Figure
16a.3 and 16a.4 u diagrams. They are the leading diagrams.

We discuss the diagram of Figure 16a.1. The corresponding amplitude

is given by
2 _ 16a.1
T16a.l = g —BTET- . (5-70)
a.l
k

The denominator Dgzz is given by Equation (5.5). The numerator is given
by
ﬁ(Z) 2

16a.1 ~ ‘.’(P3)['F‘|F‘2“ w12+ 2k - P K - kzgsz - Km + gB,m - kp,m
- kn 4 wlutpy) (5.71)

The leading behavior comes from the term

"1(2:.1 = -ulp3)#, ulpy)

(5.72)

n

-5 6
1]A3

The calculation follows the same procedure as in Subsection B. We

arrive at the result

T = -inz 4 (ln S - iﬂ)z (5 73)
163.] (217)1; g 2 : :

The analysis of the diagram in Figure 16a.2 is entirely analogous.
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We obtain the identical result:

T _ -ir? gll (In s - i't'r)2 . (5.74)
17a.2 (ZW)E 2

Combining Equations (5.73) and (5.74), we obtain
1 o L@ Pns - im? . (5.75)

The u diagrams can be handled in the same manner as the s diagrams.
The denominator is changed by the replacement of [(p2 + k])2 - m2] by
[(Pz - k])z = m2]. This is equivalent to the replacement of s by -s.
The numerator undergoes the change of replacing P, with “Py- This also

is equivalent to changing s into -s. We obtain the results

(2) (2) -im L 1n°s
T = T = g . (5.76)
17a.3 17a.4 (zﬂ)h ?
Thus
2 o ik (5.77)

Some of the other fourth-order diagrams are shown in Figure 17b -
17d. They are all nonleading. We list only the results. The diagrams
of Figure 17b and 17d behave at most like a constant. The diagrams of
Figure 17c behave like 1/s, up to powers of In s, while their planar
counterparts behave at most like In s. The leading behavior for the

fourth-order diagrams is thus given by Equations (5.75) and (5.77).
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G. Sixth-Order Pseudoscalar-Fermion Diagrams
The planar sixth-order diagrams are illustrated in Figures 18 and 19.
We expect the diagrams of Figure 18 to give the leading behavior. The
calculation of the leading diagrams is quite tedious. However, if one
performs the calculation as the forward spin average, it becomes tract-
able. In this case the general analysis of the following subsection

applies, and we obtain -

T?) = -ig 2]—3 [0 s - im%)? (5.78)

and
13 o g2 (52 1n2s)2 (5.79)
u 9 737 18 ¥ :

H. Pseudoscalar-Fermion Scattering to All Orders
We assume that the ladder diagrams such as that shown in Figure 20
give the leading contribution in any given order. We shall work with the
forward spin averaged amp]itude.h The calculation is parallel to that for
pseudoscalar-pseudoscalar scattering given in Subsection D. Let us
denote the sum of all contributions from diagrams such as that shown in

Figure 20b by

N
Tf"”) - _gz(n+1) i3n+1f f D_n ) (5.80)
Ky k "
n

The denominator Dn is the same as for pseudoscaiar-pseudoscalar scattering

and is given by Equation (5.43). The expression for the numerator is
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= = -~ - NAAAN

(a.4)

- -1  +3 MORE

(b.l)

Figure 18. Leading sixth-order pseudoscalar-fermion s diagrams
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i

(b.4)

Figure 19. Nonleading sixth-order pseudoscalar-fermion planar
diagrams
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- = (a)

COMBINATIONS OF SCALAR AND
PSEUDOSCALAR CONTRIBUTIONS

(b)

COMBINATIONS OF SCALAR AND

*  PSEUDOSCALAR CONTRIBUTIONS

N-loop pseudoscalar-fermion ladder diagrams: (a) s
diagrams and (b) u diagrams
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derived in Appendix D. The result is

S~ n+l n
No= (=27 [A (py » py) +A (p, « k) + .ﬁ

N .
i B (p; + k) kj] . (5.81)

This equivalent to the replagement of (k1 + pz) with p, in expressions
(5.47) and (5.48). As in Subsection D, we find the term An(p] . p2) to
give the leading behavior. The other terms have been analyzed in Appendix
E. They have already occurred in the calculation of Subsection D. They
were shown to be nonleading.

Since the leading term is identical to that given in Subsection D,

we obtain the identical result:

. 2 1 - 2
Tfln.*.]) = -ig m (gz In S)n . (5.82)

The analysis for the s diagrams is paraliel to that for the u

diagrams. We obtain the same result as in Subsection D:

T§n+l) = -ig? EE(n}I)f [2(n s - in%" . (5.83)

Therefore, we arrive at the same results as in pseudoscalar-pseudo-

scalar scattering for the all-order amplitudes:

. 1,(23 1n s)

T =
u -
glins
v il 5 (5.84)
v Ybr (g 1n 5)3/2 ’ )
T A --ig2 e 1279 (29 R (5.85)

s " Yt (g In 5)3/z
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T = T_+T
s u

. 2 en " 2g
¥ L (e S (5.86)
Vi g In s)3 2

The result for the o model is also given by (5.86). The amplitudes
for pseudoscalar-fermion and pseudoscalar-antifermion scattering are both

2

given by (5.86) with the replacement of g“ by 52/2.

l. Summary

In this work we have explicitly examined pseudoscalar-pseudoscalar
and pseudoscalar-fermion scattering. Fermion-fermion scattering was
calculated in Reference 15. Amplitudes containing external fermion lines
were spin averaged. The other amplitudes listed in (4.4) differ from the
amplitudes mentioned above only by changing two external pseudoscalar
lines to scalar lines. As noted in Appendix D, this affects only the
mass terms. Therefore, these amplitudes have the sahe leading behavior,
and we are justified in speaking of fermion-boson and boson-boson
amplitudes.

In the s model we found all amplitudes to be identical. They are
given by (5.86).

The fermion-boson, antifermion-boson, and boson-boson amplitudes in
the ¢ model are also given by (5.86). The fermion-fermion and fermion-
anitfermion amplitudes are respectively given by (5.84) and (5.85).

They lack the signature factor.
In the Y model the boson-boson scattering amplitude is given by

(5.86) with 92 and §2 replaced by hgz and 52/2. The fermion-boson and
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antifermion-boson amplitudes is given by (5.86) with 52 replaced by 52/2.
The amplitudes for fermion-fermion and fermion-antifermion scattering are
given respectively by (5.84) and (5.85) with g2 and §2 replaced by 92/2

and 52/2. They also lack the signature factor.
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Vi. CONCLUSION

In this work we review the supersymmetry transformation and the
construction of a field theory satisfying this symmetry. The Feynman
rules are derived and renormalizability is studied to the lowest order
of perturbation theory.

We have studied boson-boson and boson-fermion scattering in the
high energy limit within a class of field theories containing fermions
and spinless bosons with the aim of investigating the role supersymmetry
plays in the theory. Fermion-fermion scattering was studied in an
earlier work (15). 1In all cases we found the amplitudes to be dominated
by the diagrams with fermions exchanged in the t channel. This is
similar to the rule in Regge theory that an amplitude is dominated by
the highest J-plane trajectory allowed in the t channel.

The Wess-Zumino model of supersymmetry used in this calculation is
clearly renormalizable since the dimension of all interaction terms is
less than or equal to four. The supersymmetry places restrictions
between the coupling constants and between the masses. As demonstrated
in Section 111, these restrictions greatly improve the renormalization,
causing cancellations of divergences to occur between different diagrams.
All remaining divergences are removed by the introduction of a single
wavefunction renormalization constant.

In contrast, the symmetry restrictions in spontaneously broken non-
Abelian gauge theories are essential for their renormalizability. The
symmetry also plays a strong role in their high energy behavior. All

integrations over transverse momentum are convergent, due to cancellations
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between diagrams. All In s factors come from the integrations over
longitudinal momentum. This causes the theory to Reggeize. The vector-
meson self-couplings play an important role in these cancellations.

Despite the cancellations in the renormalization of supersymmetry,
the s model has the same basic features of the high energy behavior as
the Y and o models. Mesons play only a passive role, providing momentum
transfer for the fermions exchanged in the t channel. Meson-meson
couplings are unimportant. There is no P_L damping and the maximum energy
dependence exhibited by the individual Feynman diagrams is attained.

It is interesting to note that the spin-averaged amplitudes for
fermion-fermion, fermion-boson, and boson-boson scattering are all equal
in the high energy limit within the s model. In the ¢ model the spin-
averaged fermion-boson and boson-boson amplitudes are equal, while, as
noted in Subsection | of Section V, the fermion-fermion scattering lacks
the signature factor. This is due to the fact the fermion wavefunction
is no longer se]f—conjugate. The Y model is slightly more complicated.
The boson-boson amplitude is given by four times the spin-averaged
fermion-boson amplitude. The spin-averaged fermion-fermion amplitude is
equal to % times the spin-averaged fermion-boson amplitude, minus the
signature factor. These factors arise because there is only one type of
meson which can be exchanged. Again the fermion-fermion amplitude lacks
the signature factor because the fermion wavefunction is not self-
conjugate. All amplitudes of the three theories possess a similar fixed

square root cut.
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IX. APPENDIX A
In this appendix we give our notational conventions. We also list

some results for Majorana spinors that are used in the text.

We define our metric according to

-1 ,

90 =1 » 9137 9= 933 °
(A1)
9y = 0 foru#v
The Dirac matrices we use satisfy
i, vy = 28" . (A.2)
We define
.01 2
Y5=Y5= iy vy (A.3)
so that
2
-YS =] . (A'l‘})
We take as charge conjugation matrix
. 02
C=iyy . (A.5)
Our charge conjugation matrix C satisfies the conditions
cct=clc=1
CT = -C ,
L T
¢ ye=-6") . (A.6)

We also define
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otV = %-[Y“, Y1 . (A.7)

Integrals over four-dimensional volumes in momentum space are

denoted by

4
J.ifiu% : (A.8)
‘ (27)

The amplitude T used in the text is defined by
A
S=1+ T(2n) d(pf - pi) . (A.9)

The coupling constant, g, we employ in the discussion of the Wess-
Zumino model in Sections IIl, 1V, and V differs from that defined in
Reference 16 by a factor %.

A Majorana spinor ¢ is defined by

v=v'=GOT (A.10)

where C is the charge conjugation matrix. Because of (A.10), ¥ and ¥

are not independent fields:

t

N (A.11)

wa - wB CB

This is the reason a factor of % is needed in front of the kinetic energy
and mass terms of Ss’ Equation (4.1).
The spinor wavefunctions we employ follow the convention of Bjorken

and Drell (41), except we use a different normalization:

z ulp, slulp, s) =g +m (A.12)
S
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and
zvip, shvip, s) =p-m . (A.13)
s
The explicit forms of the spinor wavefunctions, with helicity %,
are
Xg
alp, ) = €+ m¥| 5 o ,
E+m Xs
> >
o £
vp, s) = (E+m¥[ EF*m 7S : (A.14)
1

where Xq is a nonrelativistic spinor wavefunction satisfying

G-p
FER K . s (A.15)
and
g, = -io,(x}) (A.16)

If we choose the reaction plane to coincide with the xz plane so

that r = (0, r, 0, 0), then in the limit r/E + 0

M., . G .. ,.x
X TMFoom xS smE—mng
2 - ;@ ;e oo ) (A.17)
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and

n, = (é) ’ n_= (?) , (A.18)

, etc., apply to particle 1, etc.

(m

where x_

We now list some identities satisfied by two Majorana spinors, w]

and y,. The proof of these relations appears in Gasiorowicz (32).

Yoy = 0
‘I’]Yu‘pz = 'azYu‘p] >

‘pIstz = ‘32751"] ’
- - (A.19)
VY Y5¥p = VoY Yol ’

VY Y = Y Y
lplou9¢2 = -¢2°uvwi
Using the Fierz transformation, Gasiorowicz also demonstrates that

(07, 750y) Bprtyguy) = B Gge) (A.20)
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X. APPENDIX B

In this appendix we derive the Feynman rules of Figure 8 in
Section IV. We will do this uging functional methods and reduction
techniques. Reduction techniques simply mean that one may obtain the
S-matrix element by taking the appropriate n-point function, removing
the propagators from the external legs, and placing the external momenta
on the mass shell.

Functional techniques allow us to calculate the n-point functions
as functional derivatives of the generating functional. In the case of

the Lagrangian given in Equation (4.1), the generating functional is

given by

Z(J) ~ [BABBBY expilf dl*x[£0+.s:, + &0} (8.1)
where
£o= 410 W% - n?a%) + 41 B2 - n’8%) + 2liGBy - m] (8.2)
£, = -39 V(A - iv;B)y - imgA(A® + 8%) - 1/8 (a2 + 892 | (8.3)
and

L,=JA+JB+ W . (8.4)

We can write £| in terms of functional derivatives. Then (B.1) becomes

. b 5 § &
Z(J)mf““s“xp'{fd"sl (ﬁ;ﬁ;&?)

X fdl*y[.to +¢,] , (8.5)
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where
e (8 8 8\ ., 0)3[¢4J:L[5 S50~ (i15)g 7o
I\ 8, 83 S B | TR | 3, “8o 5'80 iy
3 2 2 4
x 53 -slfmg(:) S [62+62] ~1/892(]T)
o 6, Loy &
4 4 4
x St tg] (8.6)
UM Y X X

Summation on repeated indices is implied.

The integration can now be performed, using the formula

. . a1,
fs £ elf(’lngg*'JE)___ (det A)‘i‘ e"%fJA J . (B.7)

Det A is an irrelevant constant, so (B.5) becomes

ife [5S-S5 8\ . Jr - gC 2T
'f | (GJA’ 55’ sﬁ) ] | Jabat gt Spm

2(J) ve X e (8.8)
where
. ~ip(x-y)
A(x - Y) = f ;e 3 ’
p -m + i€
p (8.9)
Seix = y) =sp (x-y)cT
with

oip(x-y)
Splx-v) Fomeie

p
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Note that

Ax - y) = &y - x) , (B.10)

sS(x - y) = -[s5(y - 01" . (8.11)

The propagators A(x - y) and SF(x - y) provide the rules for Figures
8a, 8b, and 8c.

For simplicity, let us first examine the diagram in Figure 8f of

Section |1l:

This is a term in the expansion of

3
< (AAMAG)) > = (1) ST SGT SRR ON D

It corresponds to the term -img A3 in £I' We expand the two exponentials
of Z(J) given in (B.8), keeping only the term which can contribute to

this diagram. Let us call this term A,. Then

3

3 3 3

= 1 § () ) oy (o ] s ) 3 ]_

= (1) 5,6 53,y &0,y () () 4) fEJ_s (97 5
A

x fJAAJA IJAAJA IJAAJA i (B.13)
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To obtain diagram 8f, the first three derivatives must act on each
of the last three integrals. There are 3! ways to do this. The other
derivatives can act on the remaining currents in 3! ways. We get another

factor of (2)3 from the fact that

§ 6
GJA(x) GJA(w) ‘/.JAAJA =2 AMx - w) . (B.14)

This follows from Equation (B.10). We therefore obtain

3 3
- (1 e (1) co3@36n 6y &
a= () o (1) en’@Penen 4
=-3 img . (B.]S)

This is the Feynman rule listed in Figure 8.

Next let us look at the vertex shown in Figure 8g:

This corresponds to the term -irmngB2 in £|. This vertex appears in the

expansion of

3
<1 [A(x)B(YIB(2) ) > = (}) “A‘zx) GJB?Y) GJB‘EZ) zJ) .  (B.16)

Expanding Z(J) as given by (B.8), we obtain
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3 3
I : 2 S i l § 8
ABZ = (i-) GJA(X) GJB(y) GJB(Z) i (-img) (T‘) —
B

3 L
x (-3)7 373 fJAAJA f Jghdy f Jghy - (B.17)
We have kept only the term contributing to the vertex shown in Figure 8g,

and have called this term ABZ' To obtain this vertex, 5/6JB(y) and

G/GJB(Z) must act on each of the last two integrals, giving a factor 2!.

The derivative 62/6J2

B gives another factor of 2!. We obtain a factor of

(2) since, e.g.,

§ 8 _ i
SIg() 33,0 f Jgbdg= 2 Aly - w) (8.18)

and another factor of 2 because of Equation (B.14). Therefore, we

obtain

s, = (1) ” i (-img) (%) " (03 L3

~img . (8.19)

This agrees with the rule given in Figure 8.

Let's examine the followina vertex of Figure 8h

4

corresponding to the term -1/8 ng of SI‘ As before, we expand the
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following 4-point function

L
1 8 8 8 $
<T {B(x)B(y)B(z)B(w)) > = (-) ST (x) S Ty) 83 (z) 83 (W)

In the expansion of (B.20), we keep only the term contributing to the

above diagram. Let us call this term Bb’ We obtain

4 b Pk
_ [ 5 5 5 §  veige 2y (1 §'
By = (.) S0 SI-(3) 83,() 83wy (D178 9) (.) f;jﬂ (-4)

x fJBAJB fJBAJBf JBAJBI Jghlg

Now is it simply a question of combinatories, keeping only the terms

which contribute to the above diagram. Proceeding as above, we obtain

(%) Gy g (1) ot

-3 ig2 . (B.

The analysis of the other diagram of Figure 8h is entirely the same.
obtain the same result, given by Equation (B.21). This agrees with
Figure 8.

To obtain the rule for the diagram appearing in Figure 8i

corresponding to the term -1/8 gZ(ZAZBZ) of £|, we expand the b-point

Z(J) .(B.20)

21)

We
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function

4
1 § 8 8 $
<t (a0 > = (3] T BT T w2 (6.2

Let us call the desired term in the expansion of (B.22) AZBZ' We obtain

I 4 2 .2
_ [y 8 5 5 P N A | [
AzBa = (.) 53, 83,(y) 83,(2) §3;(W) i(-1/8 ¢°) (n) (2)f ‘”/Zx saﬁ

4L
x (-1)" 37 (6) fJAAJAfJAAJAfJBAJBfJBAJB . (B.23)
Keeping only the terms which correspond to diagram 8i, the combinatories

yields

A282

b _.2,,.2
(1) (178 ¢8) LA (4 ¢ (g

= -ig2 , (8.24)

in agreement with Figure 8.

Lastly, let us calculate the rule corresponding to Figure 8d.

corresponding to the term -g/2 5Aw of £l. The result for Figure 8e can

be obtained from this result due to symmetry.

As before, we will expand the vertex function
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- 3
T (4,005,008 > = (H ) 5 o7 S T 1) - 629

In order to obtain all signs correctly, let us explicitly exhibit the
reduction technique. To be specific, let us consider the amplitude for
particle A coming in, with an outgoing antifermion and fermion. This
amplitude is given by

T(p]sl, P,S,» p3) = ( ) .j.dhxd yd z u(pls]) (lZ - m)ya

x <T (9, (T AR) ) >(- 5, - nd) (T - m).

i(p]x+p2y-p32)

X vT(pzsz) e (B.26)

We expand (B.25), keeping the term, called sz, corresponding to diagram

8d:

6
(1N v 3 8 8 8 5§ & 8
Ay, = (T) i(-3g) (-%) &[c ][cy¢] an y) 6n (x) &J (z).’. 83, 8f 6ﬁ¢

- LT[ = C-T
foAAJAf nScm [ n SFn . (B.27)

Taking the functional derivatives, and keeping only the terms contrib-

uting to the vertex of Figure 8d, we obtain
. 3 <1y -1 A c
My = (DG @@ N ) [dhu st - w12 {- s -,
- Sg(u - Y)Yo][Sg(x - ”)a¢ - Sg(u - X)qa] + [SE(Y - ”)o¢

- Sﬁ(u - y)¢c][SE(x - ”)ay - Sﬁ(u - X)YG]
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- (-8) @lweney [z s - w1z {aisi - ),

x [Sﬁ(x - ")a¢] - 4[Sg(u - Y)¢U][S§(x - ")aY] . (B.28)

We have used Equation (B.11) in deriving (B.28). Using the relation

€M) = =(c™") from Appendix A, we arrive at
my = (- 3) @3 [ iz s - 01@3 ¢ 158 - we st - e
+ [sﬁ(x - u)c”! sﬁ(u - y)c']]as (8.29)
= -ig j-dhu Az - u)[sc(x - u)Sg(u - y)]aB . (8.30)
Noting that
izx -m SF(x -u) =i 68(x - u) R
and
-ig - m Selu-y)=islu-y)

Equation (B.26) becomes
T(p,s,,_pzsz, p3) = G(p,s])V(pzsz)(-ig)(zn)hé(p] tp, - p3) » (B.31)

valid to order gz. The Feynman rule we obtain from (B.31) is that given
in Figure 8d.

As mentioned above, the Feynman rule for the diagram of Figure 8e
can immediately be obtained from that f&r Figure 8d. It agrees with the

rule listed in Figure 8.

af
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We have verified these rules with the calculation of higher order
diagrams. We obtain the additional rule that every.fermion loop is
associated with a factor (-1). Also, if two diagrams contain closed
fermion loops differing only in the direction of the charge flow, we

keep only one of them.
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X1. APPENDIX C

In this appendix we derive a procedure for evaluating traces of

terms often appearing in calculations involving fermions.

We employ the

convention for y matrices such that {Yu, y“} = 2g¥V, where the metric

uv

g is given by (+, -, -, =). We follow essentially the methods outlined

in Caianiello (42). For the purposes of this work we do not need all the

results listed below. We list them for completeness, as well as to show

the full power of the methods.

Let
,;i = pli) 4 00
where péi) = m(i).
Let
R=P PPy .. P

We prefer to rewrite this as

_ .5 . 53 . 55 . 55
R = P]y Y P2 P3y Y°P

P]YS . YSPZ . P3Y5 . YSP

=
]

4

5 23

. 01
Here y“ = iy vy Y v~.

y -

~

~

P

°p

P2m-lY Y "om

for n = 2m

5 5
m-17 Y

for n = 2m-1

-

(c.1)

(c.2)

(c.3)
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We introduce the dual representation

M= iyuys . r“

It is then easy to verify that

{r*, V= 24"

rhrh = -1 ’

Letting primed indices run from 0 to 4, we can summarize this as

I ] | I
v,V =26

| I |
where the metric 6% ¥ is given by (+, -, -, -, =).

Let us now define

We can then write

g, = qsf)P”'

where

D = e, o)

We find it also convenient to define

g, (ivs)l;i

and

iys

g; = 7, (iv") = P (iy"y%) 4 (D (i)

(c.4)

(c.5)

(c.6)

(c.7)

(c.8)

(c.9)

(c.10)



g, = (iYS) » Q=
Then
() - D, o) -
and
- o(0)
Qul = Qul (0’ 0’ 0’
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We also obtain the following results

_‘D
.
=
i

p=Y]
©
f
©
.
o

and

i i) i

=P P, - m(i)m(j)
' J

. Qj = -(Pi . Pj + m(i)m(j))

We are now able to rewrite (C.3) as

(1) B ;
R= GGG, - G, b,

-— - m o a a
R = (1), 80,0, - G, 8,

The power of this notation is seen when we take

(c.

(c.

(c.

(c.

(c.

(c.

(c.

2m s

(c.

2m=-1

the trace of R.

1)

12)

13)

14)

15)

16)

17)

18)

The otherwise troublesome m's are handled automatically by the formalism.
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Let us take the trace of (C.16) (and thus of (C.3)). For illustrative
purposes, we will consider only the case n = 2m. The application to the
case n = 2m-1 is straightforward.

We use the fact that the trace of gamma matrices can be written as

a pfaffian. We use the notation outlined in Reference 42. Let

(c.19)
(i j) = Qi * Qj ’
etc. Then we can write the trace of R as
#Te(R] = $(-1)"Trig 0.0, .. G,
(c.20)
=-N"1235%... 2n~1 Zm)
where (1 2 3 § ... 2m-1 iﬁb is the pfaffian (see Reference 42).
For instancé
1Tr[Q;Q,0,Q,] = (123 B)
= (12) (34) - (13)(28) + (18)(23) (c.21)

If we define

= _ Mmooz -
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that is, we replace Q; with di and aj with Qj’ then we note from (C.14)

and from (75)2 = 1 that

TriR] = Tr[R] . (c.23)
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Xit. APPENDIX D

A. Pseudoscalar-Pseudoscalar Scattering

In order to calculate all the ladder diagrams of order 2(n+l), we
need to evaluate the numerator of each individual diagram. To do this,

we use the methods developed in Appendix C.

First let us evaluate the expression for the numerator associated

with the diagram shown in Figure 21.

In this diagram all the rungs are pseudoscalars. The numerator,

neglecting factors of i from the propagators, is given by

M= Tr[(l(n + m)YS(Kn_I + m)y5 - (K] + m)YS(KI - ‘2 + m)y5
X (K] + m)yS(K2 + m)y5 ves (Kn + m)ys(ﬁ] + Kn + m)YS] . (p.1)

Let us define

A A R S
P = (kg ¥ P Ry = Ky g = Kpe e Tnyg = g
tomsz = (e, = P 0.2)

We can then write (D.1) as

Moo= Trl(g) + myg (£ + m)yg(£y + mhyg oo (£, o + m)yg] (0.3)

Now define

Lo=200) 4 (D.4)
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k|-k£_
k2y * k2
ko-k3
. — — S o= — e
kn-1 =Kn
e e ——— oy c—— e o
Kn V # kn
—_——— e — ——— ———-- —
Py © Pr+kp P

Figure 21. A ladder diagram for pseudoscalar-pseudoscalar scattering
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and, as in Appendix C, let

4. = L.(iys) . (D.5)

Then

Moo= D™, - gy,,] (0.6)

Using the notation of Appendix C, this is just

M = D0 23 .. ) (0.7)

(See Figure 22)

We note that

Q = Q2n+l’ Q2 = Q2n’ Q3 = QZn-l’ Tt Qn = Qe ) (0.8)

With this in mind, we find it convenient to rewrite (D.7) as

%Mn = (-1)2n+](n+] 2n+2 1 2n+2-1 2 2n+2-2 ... n 2n+2-n)
(p.9)
= - (n+] 2n+2 1 2n+2-1 2 2n+2-2 ... n 2n+2-n)
For example, for n = 3, we have
M =-(48172635) . (p.10)

We have thus grouped equal momenta together. The extra factor of (-1)"
in (D.9) comes from the sign of the permutation to bring the pfaffian to
this form.

We define

A = (-1)"(1 2n+2-1 2 2n+2-2 3 2n+2-3 ... n 2n+2-n) (0.11)
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P2 ne | P,
mmne  auliie —m— e i e
n n+2
n-| n+3
2 2n
e —— = — - -
| en+|
—— — ) c——— = —— . ol ne——
P| 2n+2 P|

Figure 22. This is a relabeling of Figure 21 (see text)



m
and
8 = 2-1)"1(1 2n42-1 2 2n42-2 ... n+l n+j+l ... n 2n42-n). (D.12)

That is, B; is defined by replacing the element n+l-j in An with n+l and
multiplying by an overall factor (~2). This will be illustrated later.
We will show that (D.7) can then be written as

n
o= (D™ Imp ) (k#p)) - m7IAL + 3

] [(k#pp) ok, - m? Bi]. (D.13)
J—

This is similar in form to the result obtained in Reference 15. We
will be able to ignore the mass terms, which should be nonleading. The
major difference between this form and that obtained in Reference 15 is
the replacement of P with (p] + kn) and the replacement of Py with
(p, = k).

We will find the following relations to hold

n
A= T A. (D.14a)
n =1 3
. n 2 A, A A,
= 1 4 : L BUNTCIN (. 14b)
=j+] i=1 1<A]<A2...<A.=j 1 =1
i
where
2 2
. = =(k. - .1
8, (J m") (D.15)
kg = k] - P, (D.16)
i 2 i=1
Lj = 2[(ki . kj) - m] I A2 (D.17)



145

and we define

i = | . (p.18)

It follows that

n_ - . _ 2
Ly = 2[[(kl pz) kn] m ]An-] , n> 1 ,

(D.19)

1 _ - TR -
L0 = 2[(k] p2) k] m]

We see that, apart from irrelevant mass terms, the only change from
Reference 15 arises in the Lé terms occurring in Bi. This change is the
replacement of Py with k] - P, (when all signs are taken into account,
it is the replacement of p, with Py - kl)’

Let us illustrate these statements with some simple examples. Con-

sider first the diagram shown in Figure 23a.

From (D.9)

M = -(2 41 3) . (D.20)
Using the properties of pfaffians (see Reference 42) , we can expand M] as

0o 0
M = -[(2 b)(13) + (241 3)] (p.21)

where we define

00
(ij)=0
(D.22)

o} o
(i ) =G Jj)=(kj)
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P2 k) -P2 P2
—_— = — —t —_— o —
K| Y [ kg
— . — S —_— - —
P P4k Py
(a)
! 3
— e — —— e  em—
P 4 P;
(b)

Figure 23. Diagram (b) is a relabeling of diagram (a) (see text)
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The second term of (D.21) can be expanded as

oo
(2413)=-[108(23)+ (34O 2]
(D.23)
= =2[(1 4)(2 3)]
where we have used the fact that Q] = Q3.
Thus we can write (D.21) as
o= =120 3) - 20023 (b.28)
From (D.11) and (D.12) we have
A =-(3) (0.25)
Bl =223 . (D.26)

Substituting these into (D.24) and using the values for (2 4) and (1 4),

we obtain
iy = (Ll - py)-(ky + p)) = Ay + [l +p))oky - w2181 . (0.27)

This is in agreement with (D.13).

If we how evaluate (D.25) and (D.26), we obtain

-(kf - mz)

>
[}

(D.28)
2

w
|

p = 2[0(ky = p)eky ] - m

This is in agreement with (D.14).
We now proceed to the two loop case. (See Figure 24).

From (D.9),
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P2 k| -P2 P2
— o — — -— e ——
ki ! 4 k|
kj-k2
P Tlah S o o
kz* ﬂ ko
-— e — O -— - —
Pl P|+k2 P
(a)

P2 3 P2
e il omme sl =
2 4
| 5
— g - — e ——
Py 6 Py
(b)

Figure 24. Diagram (b) is a relabeling of diagram (a) (see text)
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kMZ ==-(36152L4) . (D.29)
This can be expanded as
oo
M, = -[(36)(1524) +(361524)] . (D.30)
We can expand the second term as

)
(361524 =-[(16)(3524) +(56)(1324) +(26)(153014)
+ (46)(1523)] . (D.31)

The first two terms of (D.31) are equal. Since Q = QS’ it is

clear that

(16)=(56) . (D.32)
We can also see that

(3524 =0324 . (p.33)
by rewriting the left hand side as

(3524) =-(5324) . (D. 34)

We can compare this to (1 3 2 4) by noting that Q = QS’ that 1 is less
than everything to its right while 5 is greater than everything to its

right, and by using the fact that

(i j)=-( i)

for i < j (D.35)

=Q, - Qj

Thus the first two terms of (D.31) are equal.

We can also show that the next two terms are equal. Again, it is
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clear that
(2 6) = (4 6) . (D.36)

We now make use of the fact that

iJ when Q. = Q.
=0 o (p.37)
Im i<l,m j>1,m ,
where we write
ij
=(iNGm -GmG . . (D.38)
Im

This is just the determinant of the matrix (; #\) written in the
notation due to Cayley (see Reference 42).

Thus we are able to expand (see Reference 42)

15
(1534 =(025(34) - ( )

3 4 (p.39)
= (1 5)(3 4)
(One could also interpret this as a trace, and use the fact
_ _ A2
The second term is zero from (D.37). Similarly,
(1523)=1( 512 3) . (D.40)

Using (D.35) plus the fact that Q, = Q,, we arrive at the equality of the

second two terms of (D.31). Thus we are able to write (D.30) as

M, =-[(36)(1524) -2(16)(3524) -2(26(5348] . (b.41)

Using (D.11) and (D.12) and substituting for (1 6), (2 6), and (3 6), we
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obtain the validity of (D.13) for n = 2.
Now let us verify that the relations given in (D.14) hold for n = 2.

Using (D.37) and expanding as in (D.39), we immediately obtain
(1524) = (15)(24) . (D.42)

Substituting for (1 5) and (2 4), we verify that
2 22 2
Ay = (ky = m°) (k = m") (D.43)
in agreement with (D.14a). We note for later purposes that (D.42) is of

the form

A, = 8, A, (D.4%)

where we have taken into account the relabeling

a, = (2 4) . (D.45)

In order to develop a recurrence relation for the proof of (D.14 ),
we find it convenient to expand the second term of (D.30) in a different

manner.

oo oo
(361524 =(1536214

It
~
v
~
—~
w 0
oNO
N
&+
A
]
_—

) s (D.46)

) (zu)+z(;2) (3 4)

In the second line of (D.46), the third term is zero from (D.37) and the

]

—

—

\a)

A

~

w O
o O
N

L

S

]
T
\A) s
o\



152

last two terms can be shown to be equal.

)
Now (3 6 2 5) is essentially just a relabeling of (D.23), yielding

oo
(3624 =-2(26)(34)

. (0.47)
= ‘[(p] + kz)'k] -m ]B]

So the first term of (D.46) becomes, upon substitution for (1 5),

(o 2o} 2 |
(1503624 =1((p, + kz)-k] - m°]a, B, ) (D.48)

The second term is

(12 e

-2(1 3)(5 6)(2 &)

= -2[(k, - p,)+k, = W1L(p, * ky)-ky = WLk} = n’]
(p.49)
= 20(k; - Pl k, - W 1L(p, + ky) ok, - n’l4,
= [(py + ky) ok, - mzng
The last term is
15 s [15) g
2 (z 6) (3 4) = (z 6) B
=20 2)(5 6) B, (p.50)
= 2[(p, + ky) vk, - nl1l(k, + k)) - n’18)

Collecting (D.48), (D.49), and (D.50), we obtain
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29 _ 2 1 2.2
(36152%4) = [[(pl + kZ)'k2 -m ]A2 B] + [(p] + kz)-kl -m ]L0

+ 2[(p, + k)oky = nl[(ky'k,) - 8] . (D.51)

This is the same recurrence relation for Bé as given in Reference 15, so

we conclude that (D.1k4b) is valid for n = 2. One can also verify this
directly by expanding (D.41).
Now let us consider the three loop case (see Figure 25).

From (D.9)

My = -(48172635) . (D.52)
This can be expanded as

My = -[(48)(172635) + (2 g 172635)] . (D.53)
We can expand the second term as in the two loop case (see Equation
(D.41)), yielding
My = -[(48)(172635)-2(18)(4726305)
-2(28) (174635 -2(38(172645)] . (D.54)

Substituting for (1 8), (2 8), (3 8), and (4 8), and using definitions

(D.11) and (D.12), we can write

3
3

- - . - 2 . - 2
iMy = [[(k; = p,) (k3 +p) - ]A3 + [(k3 +py) kg = m 18
2..2 2.1
+ [(k3 + Pk, - m 185 + [(k3 +py)ek, - m 1851 . (D.55)

This is in agreement with the general form (D.13).
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Diagram (b) is a relabeling of diagram (a) (see text)
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To compare with (D.14a), A, can be expanded as

3
A; = -(1726305)

-t neess - (116 - (;g)a 6) - (;;) (2 5)

- el (D.56)

-(1 7)(2 6 3 5)

Only the first term in the expansion of A, is nonzero due to (D.37). We

3
recognize (D.56) as

Ay = 83 A . (p.57)

3

This verifies (D.14a) for n = 3.
For comparison with (D.14b) we expand the second term of (D.53) in

a different manner. As in the two loop case, we can write

[o I ] (o Jo]
(48172635 =(7482635)

OO0
(7482635 - ( ) g) (2635  (0.58)

+2(;g)(4535)+2(;g)(26b5)

When we take into account relabeling, we can compare these terms
with the two loop expansion and find
2

) 1
£ [(p, + k,)-k, -m B2 (D.59)
j=1 1 37 7] 2

o O
(17NHk82635) = -8,
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- (13)essn =20 w806

= -2[(k] - pz)-k3 - mZ][(p] + k3)-k3 - mZ]Az (D.60)
= -[(p, + k3)-k3 - mZ]Lg -
and
2@5)“635>+265)u6h5)=ulnwsuuesm
+ 4(13)(7 8)(26 45)
(p.61)

2
-[(p] + k3)-k3 - m°]

x [200k; - k) - w182 + 20k - k) - n218,1.

Collecting (D.59), (D.60), and (D.61), we obtain

: [(py + ky)+k; = n18) + [(p) + Kp)+ky - m’IL)
j=1 3 3

00
-(68172635)-= Ag

+ [(py + ky)oky - n1{20(ky + k,) - 1B

+2[(ky + k) - mZ]B;} . (D.62)

This is just the recurrence given in Reference 15. Substituting for

3 .1 2 . ps -
0’ BZ’ and B2 verifies (D.14b) for n = 3.

With the previous examples in mind, we find that there are two

L

useful expansions for (D.9). The first expansion verifies (D.13) while
the second verifies (D.14 ). The validity of the expansions can be

proven by induction. The general form is given by
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-(n+] 2n42 1 2n+2-1 2 2n+2-2 ... n 2n+2-n)

M

-[(n+1 2n+2) (1 2n+2-1 2 2n+2-2 ... n 2n+2-n)

o o
+ (n+l 2n+2 1 2n+2-1 2 2n+2-2 ... n 2n+2-n)] (D.63)

(-l)h+l[(n+l 2n+2) (-1)"(1 2n#2-1 ... n 2n+2-2)

(o] (o]
+ (-1)™(n#1 2n+2 1 2n+2-1 ... n 2n+2-n)]

Comparing with (D.11), we see that the first term is just

(w1 2042) (<1)"(1 2092-1 ... 0 20%2-2) = [k, - p)-(k_+p,) - mZ]An

(D.64)

Using (D.37) one can prove by induction that the following recurrence

relation holds for An:
A=A A . (D.65)

Using the methods illustrated in the previous examples, one can

prove by induction that the second term of (D.63) can be expanded in the

following form.

(o) (o)
(-1)"(n+1 2042 1 2n+2-1 2 20+2-2 ... n 2n+2-n) =

(-I)n+12[(l 2n+2) (n+1 2n+2-1 2 2n+2-2 ... n 2n+2-n)

(D.66)
+(2 2n42) (1 2n+2-1 n+l! 2n+2-2 ... n 2n+2-n) + ...
+ (n 2n+2) (1 2n+2-1 2 2n+2-2 ... n+l 2n+2-n)]

By comparison with (D.12), this is just
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[ =1

[k, + p)ek; - mzlsg . (0.67)
1

J
Combining (D.65) with (D.67) yields (D.13).
Expanding (D.66) in a different manner yields

0 (o]
(-1)"(n+1 2n+2 1 2n+2-1 2 2n+2-2 ... n 2n+2-n)

(-1)"(1 2n+2-1 n+1 2n+2 2 2n+2-2 ... n 2n+2-n)

(2 2n+2-2 3 2n+2-3 ... n 2n+2-n)

2n-1
[-(-l) (n+l 2n+2
(D.68)

(n+1 2n+2-2 3 2n+2-3 ... n 2n+2-n)

+ 2(-]) (] 2n- ) (2 2n+2-2 n+l 2n+2-3 ... n 2n+2-p) + ...
) (2 2n+2-2 3 2n+2-3 ... n+l 2n+2-n)]

ldentifying terms in (D.68), we can write the following recurrence

relation
8) = a_ 8’ for j <n )
n n n-l
(D.69)
n n n-1 j
B =1Ly + jzl 2(k kj)Bn_]

These relations, along with (D.65), are the same as those obtained
in Reference 15, and thus lead to the same solution. Our functions L}
are defined slightly differently, but upon neglect of irrelevant mass
terms, the definitions become =quivalent.

In order to complete the analysis of pseudoscalar-pseudoscalar
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scattering let us examine what change occurs upon the replacement of one
of the pseudoscalar rungs, say, the jth rung, with a scalar rung. This
is a change in the coupling from ('gYS) to (-ig). In (D.1) this cor-
responds to the replacement of the appropriate ys's with i's. From

(C.14) this amounts to changing (D.7) to

M= s(-1)"(1 23 ... ... Zn#2-] 2n+2-j+1 ... 2n+2) . (D.70)

That is, we replace all elements between j and 2n+2-j, inclusive, with
barred elements. The extra factor of (-1) comes from the iz. From (D.12)
this is equivalent to replacing m with -m in all the barred elements and
multiplying by an overall (-1) (we obtain a factor (-1} for each rung we
pass going up the ladder from j, a (-1) for each rung going down the
ladder to 2n+2-j, and a (-1) going across the top. This results in an
overall minus sign.) Differences due to mass terms can be neglected,
since they should be nonleading. This brings (D.70) back to the form
(D.7), up to mass terms.

This argument can be repeated for the replacement of an arbitrary
number of pseudoscalar rungs. Thus, to leading order in log s, all
combinations contribute equally. There are (n-1) rungs which can be
replaced with scalar lines. This leads to Zn-] combinations. Adding

all diagrams thus leads to a factor of Zn-‘.

We thus obtain the
following result for the sum over all combinations, correct to leading

order in log s.
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_ (401
N, = (2 )Mn

(D.71)

n .
(2™, - By (k + p)AL+ T (o + K)ok BT

j=
This is in agreement with Reference 15.

The numerator for the u diagrams evaluated in subsection D of

section V can be obtained from Equation (D.71) by replacing -P, with Py

B. Pseudoscalar-Fermion Scattering
We now consider the numerator for pseudoscalar-fermion scattering.
Let us examine the 2(n+1) order diagram shown in Figure 26, taking the
forward spin average.

Here all rungs are pseudoscalars. The numerator is given by

M o= $Trl(K + m)Ys(Kn_] + m)Y5 e (K o+ m)ys(K] -p, t m)y5
x (K + m)Y5 oo (K m)y5(¢1 + m)] . (D.72)

We see that this is the same form as (D.1) except for the factor of
% due to the spin average and for the replacement of (¢]+Kn+m) with
(ﬁ]+m).

We are able to carry out the analysis of the preceding section with
only minor changes. In this case we have n rungs which can be either
pseudoscalars or scalars. They all contribute with the same sign. The
extra rung gives another factor of 2, which cancels the % due to the
spin average. We thus obtain the same result as in the preceding

section, except for the change of everywhere replacing (P]+kn) with Py
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P2 P2+ Kk P2
— — - — S
k| l k|

ki- k2 7
s e ey —— o
k2 § y k2
ko -k3
e cmme i - cms
kn-1= Kn
I S —
kn § ! kn
> —_———— P — — . —

Figure 26. A ladder diagram for pseudoscalar-fermion scattering
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C. Other Amplitudes

The numerators for all the other amplitudes mentioned in the Summary
of Section V are all given by Equation (D.71). These amplitudes differ
from the ones discussed in Sections | and |l above by the replacement of
two external pseudoscalar lines with scalar lines. This causes a change
only in the mass terms, which are nonleading. For instance, in order to
obtain scalar-pseudoscalar scattering, one simply changes the external
lines of Figure 20 labeled with momentum. p,, to scalar lines. One also
changes the corresponding couplings from -gys to ig. But, as argued
above in Section |, this causes no change to the leading terms. Thus
the pseudoscalar-pseudoscalar, pseudoscalar-scalar, scalar-scalar,
fermion-fermion, fermion-pseudoscalar, and fermion-scalar amplitudes
for the s diagrams (respectively, the u diagrams) in any given order
have the same numerator in the leading logarithm approximation (and when
external fermion lines are forward spin averaged). This numerator is
given by Equation (D.71). Therefore, one can speak of boson-boson,
boson-fermion, and fermion-fermion scattering in the high energy limit

without ambiguity.
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XI11. APPENDIX E

In this appendix we present some of the details for the proof of the
statement that Equations (5.56) and (5.61) do not contain any leading
terms. This amounts to the proof of statements (5.62) and (5.63). We
base our approach on the methods of Reference 15.

We will need the following definitions:

. j 0

(), 20,501 S Pop * 95n Gar Py

sy = 1 Jjra0 L 0 0 j. j+!

(JJ) - Bj [aj_' cn(cj-] aj_] cj_z) + aj cj_](cn aj cn )] t}
- . 0 [}

(je) = dj,z_] cj_] c. . J<z (E.1)

j
where dj,z and Cz are given in (5.58).

We note the following formulas:

1_1i20(a) = 2L 1y
B, C 3a" ¢ ¢
2 2 {a.=0
(E.2)
1 i 3%p(a) - 2L (50
8,8, C 3a* 3a’ c W
L7 L] ai-O

Keeping terms with jowest power in aj's and highest power in

(p] . pz), we have for j' < j2

Go » ) 2 GO )Y =4 cjI ¢® 1. (p, + p.)]

Jy =) =0 Uy - 5pigt Ga Ci1t,ntPy t P ,
J

Gy e = G ¥ =) 6 lizgg oy o)1



(by + 1) = ("), = d; €0 (v p))
.y - ey o J

(pl ¢ J) = (p]) (J)u = dO,j-l cn(p} pz) ’ (E'3)
. Sy 0 ip 2

(py = Jy)lpy « Jy) = Bpdy CJ.] 1 %y [d(),n(pI * P,)7] .

(P, * §.)(py + §u) = d7) ¢ e (o - p)?
2“2 T §rsja=1 “j.=1 “n %0,n'P1 " P2 ’
1°72 2
. s 50 - 50 = - CNd (o, - p)?
2 ] ] ] jl-l n 0,n "1 2

In order to illustrate the general argument, let us examine a simple
case of (5.55) and of (5.61).
For an example of (5.55), consider the term An(p2 . kn) in

Equation (5.48). In this case (5.55) becomes

. iD(a)/cC
(1) _ o .o y=1.70 ¢
Jn,z = guovopz .j.dao cen dandsl cee dBn(len) Sn Cz =0
v .
u 0 iD/C
0 (n) " e
=g p fda ... da_dB, ... dB —
HoYo 2 0 n 1 noo¢ c2
j‘ (pz . n) eiD/C
= de, ... da dB. ... dB
0 n 1 n c CZ
a C0 iD/C
n n-l S
N fd(!o e dandB] cee dBn——-c— (E) —CT- . (E.Li)

We have used expressions (E.1), (E.2), and (E.3) in deriving (E.b).

If we let f(a, B) = o« C:_]/C, we obtain the results siated in (5.62)
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and (5.63). The expression in (E.4) obviously gives less leading

behavior than the term

A (p. - p.) iD/C
f—-—’——-z—fz | (€.
D ¢

n

We illustrate the technique of handling (5.61) with the examination

of the term An(kl . kn). In this case (5.61) becomes

iD(a)/c
(2) vl =1 oMo V0 e
Ui %0, j’dao ... do dB, ... dB (2i8,) "(2i8 ) ' 8,78 " ———

¢ |a=0

. TRV u v,q iD/C
2i 00 0 Ole
" guovofdao dandB] dBn [(—E—)(]n)g -(1) “(n) ] %
iD/C

v [day o dods, . s, [3[':- (1n) (4) - (‘c; n) ] e o (&0

The first term of (E.6) is divergent in the limit w > 2 and requires

a subtraction. From (E.1) we obtain

(1n) = "4} -1 R (E.7)

which is of degree n ~ 1.

Let us call the first term of (E.6) I. Scaling the variables as in

(2.37) and (2.38), we arrive at the result

] © .
I ~ Jf dan ... de dB8, ... dg_ 6(1 - 3@ - EB)J[ dp pn(2-m)-l e ipD/C
0 0 n "1 n 0

(E.8)

We have used the fact that D, C, Cg_!, CA, and dA ). are respectively

1’72



166

homogeneous functions of degree n + 1, n, A - 1, n - 4, and AZ - A] + 1.

Using Equation (2.39), the p integral can be performed, giving the

result
| d c n(2-w)
1,n-1
lmf doa, ... dax dB, ... dB G(I-Za-z‘B)’—(—)
0 0 n 1 n cw+l D
x T'(n[2 - w]) . (E.9)

The pole at w = 2 is explicitly exhibited in the gamma function. Per-
forming the subtraction yields

d
_ - 1,n-1
I m[ day ... da_d8, ... dg_&(1 - Za - 8) _é?_ [In 0/C + Ayl (E.10)

where Ao is an arbitrary constant to be fixed by the renormalization.
The term In D/C is not promoted by the Feynman integrations. Therefore,
this term behaves at most like In s, and is nonleading.

Let us call the integral of the second term of (E.6) Iy Performing
the scaling as before, we obtain

1 -1 1.0
d],n-l Cn cn-] [dO,n(pl ) pZ)] ¢
I, ~ - . (E.11)
2 2 2 D

c c

We have taken the limit w + 2 since the integral is convergent. After
factoring the term (p] . pz), the remaining polynomial vanishes for
@y =@y = ... = = 0. Therefore, this term is nonleading.

We now proceed to the general case of Equation (5.56). In Appendix
C of Reference 15, it was shown that the leading terms of Equation (5.18)

of that paper could be written as
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(P, * p,) ; .
ola, 8) =52 g (o e p ), j=0,1, ... 2.(E12)
c 14

In the case we consider here, the proof of (5.62) is entirely
analagous. There are only slight modifications. We treat each modifica-
tion separately.

i) The replacement of the factor (p] . pz) with (p2 . An)/c. In

this case we replace (E.13) with

(p, = 1)
'-3L1;-Jl- gla, B) e

iD/C J
[do’n(p‘l ¢ pz)] .

But

A0 Cn_l(p, * p,)
n
Thus if we define

- gla, B) 0
f(a, B) . dA " Cn_] (E.13)
n
we obtain Equations (5.62) and (5.63).
ii) The replacement of a factor (p] . Ak) with (Ak . An) with

(xk < An). But

A
k
(p, . Ak) v dO,Ak-l C, (p] . pz) ,
A
k 0
(=2~ do,xk-l dAn,n G cAn-I(pl Py)

This is equivalent to the change
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i. ¢
Ak,n n-1
f(a, B) = g(a, B) . (E.15)

c

This verifies Equations (5.62) and (5.63) for this case.
iii) Lastly, it is possible to obtain a factor (xkxn). This

arises from a term

] _l_ aZD(a) - 2_i_ (}\ A )g
v k' 'n’ “uv
B, B C 23" 2a _ C
A An Ak Ay a=0
This can be interpreted as the change
(X, 2)
Aup\) k'n guv (E.15)
k™1 c

gla, B)(py, * P,) . .
1 2’ iD/C . j_ owvu
e [do,n(p, Py 17 = popyAy h(a,B,p],pZ)uvc.

CZ
(E.16)
From (E.1) the change (E.15) is equivalent to
[d ¢k o ed ¢ MY
O,Xk-l n "2 Ak,n Ak-l [ |
A
0 n
dlk,kn'l clk‘] Cn v
> = [ ] q" . (E.17)
C

One can interpret this as a modification in (E.16) of
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d c? cAn
. . AL,A =1 "A-1"n
S—(—u’_s) . ID/C . J 4L’ n k
2 (py = ppde " "ldy (py = py)1" > .
1
xfﬂ(’:‘ézﬁ ()« 2 e ldy oy -0V, G0,
)
0 n
d c c
A LA =1 A -1 “n .

> [ k’n k ] g(a, B)e'D/C , j=0 .(E.18)

c

The function g'(a, B) is different from that given in Equation

(E.16). But the vanishing of f(0, B) has been explicitly shown.

This verifies Equations (5.62) and (5.63).

The general case of Equations (5.61) can be handled similarly. The
divergent terms are treated exactly as in the special case An(k] . kn)
considered earlier. The subtracted integral gives rise to a term
In(D/C) which is not promoted by the Feynman parameter integrations.

The convergent terms give rise to only one case not already treated.

This is the replacement of (p] . pz) in Equation (E.12) with

(1 -n) coco )
cz " cz [aoan(pI . pz)] . (E.19)

This is obviously less leading than the term (p] . p2) since the

coefficient vanishes for @y = o = 0.



