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to operate Type-Q plug-in unit. The dc-coupled output 

terminals are provided. The output voltage signals are 

limited by peak to peak 0.3 volts when both sides of push-

pull output are terminated in 170 ohms. This limited the 

sensitivity of the Q-unit and therefore it was felt that a 

high gain amplifier be used in conjunction to this output 

to boost up the sensitivity. Tektronix Type-0 plug-in 

operational amplifier with a variable gain adjust range of 

1 to 100 was used. The plug-in unit was operated by 

Tektronix 543A Oscilloscope. The same oscilloscope display 

screen was used to display the output while balancing the 

bridge. 

The output signal from the operational amplifier was 

processed on a TR-20 analog computer to give the average 

concentration and mean square fluctuations of the con

centrations. The electrical conductivity is a function 

of both concentration of the electrolyte as well as the 

temperature. Besides operating at a different temperature, 

temperature changes during the run while operating recycle 

mode are inevitable. A temperature compensation circuit, 

incorporating a thermistor network, was developed. 

Both the electrolytic solution and the thermistor have 

a negative temperature coefficient of resistance. Thus, a 

reverse output signal of thermistor when connected in series 

with the conductivity probe will have a compensating effect. 
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It has been suggested that two similar probes be used, one 

located upstream from the test section to compensate for 

the tenç>erature and concentration of the incoming stream 

in to the test section. But this will hold only if the 

conductivity is an additive effect of temperature and con

centration of the electrolyte. Unfortunately, this is not 

the case in general, and it was not to hold in the present 

investigation. There is an interaction between the prop

erties. A temperature compensated calibration circuit was 

devised. The development of the mathematics is shown in 

Appendix D. 

The voltage signal to concentration conversion was 

obtained on EAI Model TR-20 analog computer. 

Mean square concentration fluctuation was determined on 

a true RMS voltmeter Model 3400 (Hewlett-Packard). The 

floating output of this voltmeter had a dc bias voltage of 

0.307 volts. The output was corrected for this bias by 

setting a negative pot on the analog computer. To get a 

smooth average the integrator network on TR-20 analog com

puter was used. Average concentrations were also obtained 

by using an integrator circuit. The dynamic average as 

well as the true average were determined. The electrical 

circuit schematics are shown in Figures 4.9 and 4.10. 

A relay-cam trigger timer was built to actuate reset, 

hold, and operate mode on the analog computer. This was 
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necessary so as not to overload the amplifier while car

rying out the integration. The electrical circuit is shown 

in Figure 4.11. 

A three pole switch was used to simultaneously operate 

the analog computery the strip chart recorder and the up

stream sampling timer. The strip chart recorder was a dual 

channel variable sensitivity Brush Instruments recorder. 

It was impractical to discharge "fluid" after single 

measurement and therefore a recycle mode was used. Cor

rection for the injected salt solution into the system was 

eiç)loyed by collecting samples at the upstream end. 

The cOTtplete experimental set up is shown in Figures 

4.12 and 4.13. 
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V. ANALYSIS OF RESULTS AND DISCUSSION 

A. Flow Characteristics 

1. Laminar flow 

The basic assun^tions used in developing the techniques 

for measuring the visccanetric properties are first investi

gated for their validity. 

The laminar flow has been verified for the limiting 

case. For 0,5% (by wt) starch slurry flowing at a velocity 

of 55 an/sec through a 0.3032 cm capillary corresponds to a 

Reynolds number of 1770. This is less than 2100 which is 

considered to be an upperbound for laminar flow regime. 

It has been shown by Govier and Charles (28) that the 

suspension can be regarded homogeneous if the settling ve

locity of particles is less than 0.005 ft/sec. Thomas (67) 

defined the minimum transport velocity as the average fluid 

velocity which just prevents the accumulation of a layer of 

solids on the bottom of a pipe. When the minimum transport 

velocity is exceeded and the solid particles are in the 

micron size range/ Thomas indicated that the flow may be 

considered homogeneous. Further, if the particle size is 

small and has a density close to that of the continuous 

medium, settling will be insignificant. These criteria are 

satisfied in this invsstigaticn fcr the concentrations of 

the solids studied. 
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Since the fluid under investigation is water and a 

solid-liquid systan is considered, the inconçaressible as

sumption is also justified. 

The end effects problem was alleviated by employing 

two capillaries of two different lengths. Specifically, a 

5 foot and 10 foot capillaries were used. These lengths 

are considered sufficient to reach a fully developed steady 

state flow beyond the entrance and exit sections. The sum 

of the pressure drop across the tubes and the static head 

for various flow rates were plotted. The difference between 

the two curves, for a given flow rate and starch concentra

tion, represents the pure pressure drop across a 5 foot 

length of capillary tubing. This tacitly assumes the energy 

dissipation in the two cases for the same flow rate is equal 

which is reasonable. In other words, by.taking the dif

ference of the measurements made with 5 foot and 10 foot 

long tubes, the effect of flow contraction, tube entrance 

and exit are all eliminated. In this manner the pressure 

drop due to straight flow alone was determined. 

Since no dilute gases neither very narrow capillary 

tubes are involved in this investigation the continuum 

assumption is also justified. 

The assumption of no slip at the wall can be verified 

using capillary tubes of two different diameters. At a 

constant value of shear stress, for a systaa with slip. 



59 

3 3 
Q/r^ decreases with increasing diameter. If Q/r^ is plotted 

against shear stress and if the curves are coincident for 

the slurry with diameter as the parameter then the assump

tion of zero slip at the wall is justified. In Figure 5.1 

shear stress is plotted against 40/nrr^ for capillary tulses 

of diameters 0.3032 cm and 0.38509 an for 5% starch slurry. 

The curves are coincident and assumption of no slip at the 

wall is satisfied. 

The dilute starch suspensions are expected to behave 

as Newtonian with an increased viscosity from that of the 

continuous phase. As the starch concentration is increased 

the non-Newtonian character should be evident. 

The data for 0.5%, 1.0%, 2.5%, and 5.0% (by wt) starch 

slurries are given in Figure 5.2 The Newtonian character 

of 0.5%, 1.0%, 2.5%, and 5.0% starch is well borne out. 

Hagen-Poiseuille equation was utilized to determine the 

viscosity of the slurries for these concentrations. The 

results are shown in Figures 5.3, 5.4, 5.5, and 5.6 re

spectively. For 7.5% and 10.0% starch slurries analysis 

of Metzner (46) was used. The eagpression relating shear 

stress to the rate of strain is commonly referred to as 

power law (see Equation 3.12). The data fit the power law 

to an excellent degree. The results of this analysis are 

given in Figure 5.7 and Figure 5.8 respectively. The 

viscosity and power law parameters for the slurries are 
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derived from these plots and are given in Table 5.1. The 

basic shear stress-strain relationship is described in Fig

ure 5.9. The data are reproducible to an excellent degree. 

The maximum deviation in the flow measwranent for a set 

pressure drop was less than 3%. 

For the dilute suspensions, theoretical estimates of 

viscosity fron Equation 3.14 are compared against the ex

perimentally obtained values in Table 5.2. 

The viscosity of dilute starch suspensions were shown 

to be in agreement with Einstein's theoretical analysis. 

Starch slurries of up to a volume fraction of solids of 

0.035 could be correlated by Newtonian analysis. Rela

tively concentrated, yet hanogeneous slurries manifested 

non-Newtonian behavior. The data in this case were cor

related using a power law model. The suspensions fall 

under the class of dilatant (shear-thickening) fluid ma

terials. The entire data were correlated in terms of the 

modified Reynolds number and is shown in Figure 5.10 

B. Turbulent Mixing 

1. Turbulent diffusion 

Based on experiments with noninteracting particles 

Majumdar and Carstens (44) correlated particle size with 

the particle eddy diffusivity. They concluded that for 

particles smaller than the fluid mixing length, the particle 
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Table 5.1. Visconetric properties^ 

Starch Slurry 
Concentration Model^ K' n' 

0.5% (bywt) A 9.628 X 10-6 

1.0% A 9.887 X 10-G 

2.5% A 1.074 X 10-5 

5.0% A 1.133 X 10-5 

7.5% B 6.329 X 10-G 1.101 

10.0% B 2.81907 X 10-G 1.232 

^Temperature = 23°C; Medium = Water; Particle size = 
10.2jj,; Particle Sp. gr. = 1.486; d = 0.3032 cm. 

^Code: Model A T = - K' (~) ; Model B T = - K' (^) 

Table 5.2. Viscosity® 

Starch Slurry 
Concentration 

Experimental 
in poise 

From Eq. 3.14 
in poise 

0.5% (by wt) 0.00943 0.0094 

1.0% 0.0096 0.0095 

2.5% 0.0105 0.0098 

5.0% 0.0111 0.0101 

Temperature = 23 C; Medium Water; Particle Size = 
10e2p; Particle Sp, Gr. 1.486; capillary diameter = 0.3032 
can. 
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diffusion coefficient is equal to that of the fluid. This 

is further justifying the assumption that at low concen

trations neutral suspensions of small particles are 

hcanogeneous. 

It is recognized that molecular diffusion is an inef

fective process by comparison with turbulent diffusion, 

but it has been shown that (72) the interaction of the two 

processes is in some cases quite important. However, this 

is significant only in low Schmidt number case. Therefore 

it is possible to employ an additive correction for molecular 

diffusion in the present investigation. Further, since the 

tracer used in this study is an acpieous salt solution, the 

dynamic properties of the fluid are not expected to change 

in any appreciable measure. 

The admixture (salt solution) was introduced at the 

center of the pipe through a small #16 gauge hypodermic 

tubing. At a plane downstream from the source, the concen

tration was measured by the electrical conductivity probe 

across the diameter of the pipe over a period of time. 

The spread of material was characterized by the lateral 

component of the mean-squared displacement of the material 

2 from its center of mass, represented by of Equation 3.17. 

Rate of spread of the admixture was determined by measuring 

the concentration across the diameter downstream from the 

point source. If the concentration profile is assumed 
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Gaussian and longitudinal diffusion negligible, the con

centration can be shown to follow the equation 

C = ^ e]cp(- -%%) , (5.1) 

2Jr xj ^*1 

where Q is the quantity of admixture injected per unit 

time into the test pipe. Typical recorded measurements are 

reproduced in Figures A. 5 and A. 6. Figure A. 7 shows the 

concentration profile derived from these measurements. 

— 2 2 From a semi-log plot of C vs. r , the value of x^^ was ob

tained by making use of Equation 5.1. Such a plot for 1% 

starch suspension and a Reynolds number of 21,625 is given 

in Figure 5.11. Again from Equation 3.7 

t 

(t-h) R^(h) dh . (5.2) = 2u' ̂ 

Taylor (65) defined a time scale parameter indicating 

the life-time of the eddies responsible for turbulent dif

fusion 

00 

Ljj = I Rj^(h) dh . (5.3) 

Various functional forms for the correlation coefficient 

R^(h) have been suggested in the literature. Most commonly 
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used expression is that of e3q>onential decay, 

Rj^(h)^e"^ . (5.4) 

From Equations 5.2 and 5.4 

*1 = 2u'2 L^{t - L^Cl-e-t/Lh)] , (5.5) 

For large times this can be reduced to 

Lim X? = 2u'2 L. t - 2u'^lJ . (5.6) 
t»o ^ 

2 
From Equation 5.6 and the experimental data of x£ vs. time, 

both Ljj and u' were determined. The results of are 

shown in Table 5.3. 

Also frcm Equation 5.6 

1 ̂ 1 2 
Lim I-~ = Ljj) = Dg , (5.7) 

where Dg is the eddy diffusivity. The eddy diffusivity 

results are shown in Figures 5.12, 5.13, 5.14, and 5.15 as 

functions of solids concentration at three different Rey

nolds numbers. In Figure 5.16 the data are plotted in 

terms of logarithmic clear fluid Reynolds number. Figure 

5.17 shows the data plotted against suspension Reynolds 

number on semi-log snalea. 

Diffusion data indicate that solids do affect the eddy 
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Table 5.3. Lagrangian time scale parameter/ Lj^ in sec 

starch Slurry Reynolds Humber, " 
Concentration 16,220 21,625 27,035 

0.5% (bywt) 0.08477 0.0617 0.0546 

1.0% 0.0816 0.0541 0.0584 

2.5% — 0.049 0.0508 

diffusivity in the continuous phase. The effect of the 

solids is higher at lower Reynolds number than at higher 

Reynolds number. Kada and Hanratty (36) qualitatively ob

served that for large particles, effect of solids in low 

concentration suspensions was not significant at high 

Reynolds number. The results of the present investigation 

involving fine particle suspensions show the same trend. 

At very low concentration of solids the diffusion char

acteristics of the suspension seem to approach to that 

exhibited by the clear water. The results further show 

that the effect of increased solids on eddy diffusivity 

decreased with progressively increasing Reynolds number. 

In contrast to the present study of suspensions of 

fines in water, Boothroyd (10) studied fines-laden air. 

From momentum traiispOit aîîalûyy lie (3) suggested that g 

plot of vs pjgd^/4pga^N^g may be a suitable way to 
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correlate the results. His results were, however, insuf

ficient to establish any functional relationship between 

these variables. At high Reynolds number, even for very 

small solid loading, he found that the diffusion char

acteristics in air altered appreciably in contrast to the 

present observations. This suggests that Schmidt number 

may also be an important parameter in correlating the eddy 

diffusion data in suspensions. The present experiments 

involved a Pf/Pg of 0.672 in comparison to 1.8 x 10"^ in 

his case with other variables (D, a, and Nj^g) within the same 

order of magnitude. However, more data would have to be 

gathered in order to establish conclusive correlations. 

2. Intensity of segregation 

The intensity of concentration fluctuations was studied 

at the center of the pipe. Lee and Brodkey (43) noticed 

that intensity of fluctuations persisted longer at the cen

ter of the test section than any where else, this may be 

in part a direct consequence of the position of injector 

source. Therefore the results would serve as an upperbound 

to a mixing time required in a pipe flow. Also, experi

mentally it has been observed (20) that the root mean 

sc[uare velocities are equal in all directions, and there

fore it was concluded that the isotropic assumption may 

be better suited at the pipe center. In view of Equation 
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3.33, 

c (5.8) 

The intensity was plotted vs. time on a semi-log plot and 

the time constant tg was determined. Typical results are 

given in Figure 5.18 for 1.0% starch. 

The average size of the energy containing eddies is a 

direct function of the bounds of the system. The following 

relation is written on the dimensional basis 

= 2c^ r^ , (5.9) 

where c^^ is a constant. Beëk and Miller (5) have suggested 

a value of 1/4 for c^- Hinze (35) gives an empirical re

lation for macroscale parameter L^, 

If it can be assumed that the velocity macroscale and the 

scalar macroscale are of the same order, then from Equation 

5.9, 5.10, and A.20 

Lf = 3/4 (IAq) (5.10) 

(5A) (-r) 
e 

2/3 L. 
(5A) (—) 0.341 

(5.11) 

The assumption of equal macroscale parameters can be 
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justified since the measurements were made after the ad

mixture was dispersed across the cross section and it is 

supposedly passive. The energy dissipation analysis is 

given in the Appendix, section B, From Equation A.20 for 

energy dissipation 

3 u' ̂ 
e = "2 "l— • (5.12) 

From turbulent flow analysis (Appendix, section E), friction 

velocity was determined as a function of Reynolds numlîer. 

Laufer's (42) data at the center of pipe give 

= 0.8 . (5.13) 

From Equation 5.13 u' was determined. Then from Equations 

5.11 and 5.12 and known viscometric properties theoretical 

estimate for t^ in accordance with Equation 3.52 was calcu

lated. Tables 5.4, 5.5, and 5.6 compare the theoretical 

and experimental determinations. The results agree within 

an order of magnitude. Further observations reveal that 

theoretical prediction based on the isotropic assumption 

serves as an upperbound for the time required to achieve 

micromixing. 

The turbulent concentration fluctuation intensity is 

plot-t-ëu âs a £uii«jLloxi o£ the Rêyiiûlds number and the con

centration of the solids in Figure 5.19. 
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Table 5.4. Time constant for micromixing 

«Rg = 16,220 

Concentration of 
Starch Slurry 

tg. Experimental 

seconds 

tg. Theoretical 

seconds 

0.5% (by wt) 

1.0$ 

2.5% 

0.57 

0.653 

0.953 

0.95 

0.946 

^ipe diameter = 5.715 cm; other properties as in Table 
5.1. 

Table 5.5.^ Time constant for micromixing 

= 21.625 [ ~ 

Concentration of 
Starch Slurry 

"E, Experimental 

seconds 

tjj/ Theoretical 

seconds 

0.5% (by wt) 

1.0% 

2.5% 

0.53 

0.527 

0.49 

0.7298 

0.7281 

0.7249 

As in Table 5.4. 

Table 5.6.^ Time constant for micromixing 

^Re = 27,033 

Concentration of 
Starch Slurry 

tg, Experimental 

seconds 

tg. Theoretical 

seconds 

0.5% (by wt) 

1.0% 

2.5% 

0.46 

0.43 

0.34 

0.5921 

0.59 

0.59 

®As in Table 5.4. 
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The decay of intensity of concentration fluctuations 

was aided scanewhat by the solids. However in the concen

tration range studied no significant effect was descerned. 

The time constant for micromixing decreased with increasing 

Reynolds number. 

The noise due to vibrational mode of the equipment 

as well as the inherent noise in the electrical system was 

found to be of no significance. 

In the present work use of a single master calibration 

utilizing a thermistor circuit greatly reduces the effort 

on the part of an experimentalist. Turbulent flow experi

ments are complex, time consuming and require a lot of 

organization. The improvement should be considered a step 

in the right direction. For practical reasons recycle mode 

in liquid flow experiments confronts one with the varying 

tanperature due to dissipation as well as environmental 

changes and the present method of concentration measurement 

eliminates the inaccuracies that may be recorded without 

temperature compensation. The measuring technique of the 

present work is a definite improvement over the past de

signs. Particularly in case of turbulent flow experiments 

in liquid phase where control parameters such as temperature 

of large scale systans are encountered, and since conductiv

ity of an electrolyte is proportional to both concentration 

as well as the temperature. 
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VI. CONCLUSIONS AND RECOMMENDATIONS 

1. The dilute suspensions of fine starch particles 

(a < 0.03) indicate a Newtonian flow behavior. The viscosity 

of such suspensions agree well within the theoretical pre

dictions of Einstein's analysis. 

Relatively concentrated suspensions fall under the 

category of dilatant (shear-thickening) materials and are 

characterized by a power law model. 

Flow characteristics of suspensions in the entire 

range of concentrations of this study can be correlated in 

terms of the modified Reynolds number. 

2. The addition of solids enhances the eddy diffusion 

process in the continuous phase of the suspensions. At low 

concentrations, in the limit, data extrapolates to the clear 

fluid characteristics. The results futher indicate that the 

effect of increased solids on eddy diffusivity decreased 

with progressively increasing Reynolds number. 

Comparison of the data obtained for water suspensions 

of fines with that of reported data of fines-laden air (10) 

reveal that the dimensionless diffusivity should be cor-

2 2 
related as a function of Pf/Pg d /a as well as Ng^, 

The results in both cases are too few to warrant conclusive 

The data correlation in terms of suspension Reynolds 
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number in contrast to the clear fluid Reynolds number did 

not gain any significant advantage. 

The decay of the intensity of concentration fluctua

tions was aided somewhat by the solids. However, in the 

concentration range of the solids studied no significant 

effect was discerned. The data may well be correlated in 

terms of the Reynolds number for homogeneous suspensions. 

The ccanparison of the theoretical predictions of the time 

constants for micromixing based on isotropic assumptions, 

and a homogeneous fluid with equivalent properties of the 

suspensions, with experimental results for suspensions is 

quite good. The theoretical value gives a conservative esti

mate of the time constant required to achieve micromixing. 

It may be used as an upperbound for mixing design calcula

tions . 

3. The measuring system developed is a definite im

provement over the past designs. The master calibration 

using a thermistor network to conç>ensate for the change in 

the tairperature yields accurate and more reliable measure

ments . 

4. An increase in the range of concentration that the 

probe can measure is recommended. For the present investi

gation it was limited to 4Ù,Ù0Û ohms. This can be improved 

almost two fold by shifting the balance point on the ac 
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Wheatstone bridge. The overall output is limited by the 

Type 127 Tektronix preamplifier power supply output that 

was used to drive the Q-unit. However, one limitation of 

operating over a wider range is the change in capacitance 

in the system and its effect on total in^edance leading to 

a complex calibration procedure. 

5. The measuring technique may also be used to infer 

the starch particle distribution across the cross section 

by making use of suitable conductive tracer materials. 

This may shed some light on the minimum transport velocity 

of solid-liquid flow in such a system. 

Finally, the report would be incomplete without the 

mention of following jargon from hydrodynamics. "Hydraulic 

transportation is a common place mystery and today we are 

still groping for the equivalent of Hooke's Law." 
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IX. APPENDIX 

A. Equation of Motion 

Assuming that the mean velocity is constant through

out the flow field considered and independent of time t, 

then the instantaneous velocity can be represented as a 

sum of the average velocity and a randcxn fluctuating ccan-

ponent, that is 

Ui = Ui + Ui . (A.1) 

Substituting this in Navier Stokes equation at a point A 

in the flow field 

au. au. , a .2 
[•at + <"]£ +V = - P 8%+ ^ • '^-2' 

A 

Correlation equation between the velocities at A and B can 

be derived from this (35) 

8 a q , a g 
at "ifj - ^ik, j + ^i,kj 

= - p^- (A'3' 

where A is chosen to be the origin and 

and 
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and 

= '"i'APB 

For isotropic turbulence Elation A. 3 reduces to 

at 
(Qj j) — (S. .) — 2v 

& n X TJ 

V (OU J 
If l'A,B 

A,B A,B 
(A.4) 

where 

B. Estimation of Dissipation Energy e 

Taking Fourier transforms of correlation functions 

S, , = âf-(S,, . (r) - S, - ,(r)) = 
i,j ~ Bit: ik,j i,kj 

(k) e^^^-^^dk 

—00 

Qij = E^j(k) e^^^'^^dk (A. 5) 

One can rewrite Equation A.4 after transformation and 

contraction 

E^^(k) = coii(k) - 2v k^ E.^(k) (A.6) 

Define in an isotropic flow field over a sphere of radius k 
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E(k) = ATTk^ I E^^(k) (A. 7) 

and 

T(k) = 4Trk^ I co^j^(k) 

on substituting in Equation A.7 

= T(k) - 2v k^ E(k) (A.8) 

When Equation A.8 is integrated over infinite wave number 

range, time rate of change of kinetic energy of turbulent 

motion is given by 

J E(k)dk 

at 4 T(k)dk - 2v E(k)dk . (A.9) 

Now first term on the right is the rate of transfer of 

energy from one wave number to the other and obviously 

integration from 0 to » will yield zero. Thus 

9 
at 

E(k)dk = - 2v j k^E(k)dk = e (A. 10) 

say, where e is the dissipation energy. Recall Equation A. 5 

(A.5) Gi,i -
E. . (k) ei(*-r)ak 

-.00 
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Applying spherical coordinates k, 0 and 0 with polar axis 

along the direction of r (note this choice is possible 

since the flow field under consideration is isotropic). 

27r IT 

Qj i (r,t) = dk d0 de E . .(R,t)k^ sin e e:Lkr cos e 
If 1 

o o 

or 

= 47r dk k^ E^^(k,t) 

Now as r _v 0 

Oii(o,t) = 3u'^ = 47r J dk k^ E^^(k,t) 

= 2 E(k)dk 

E(k)dk = I (A.ll) 

Substitute this in Equation A.10 

3 au /2 

2 9t 
= 2v k''E(k)dk = e (A.12) 

From Equation A. 4 Von KËrman-Howarth Equation can be 
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derived (35 ). 

•̂ (u'̂ f(r) = u'̂ (̂ +-̂ )K(r)+ 2v f̂ (r) , 
3r 

(A. 13) 

where f(r) is the longitudinal correlation coefficient. 

The function f(r) is an even function. In an expanded 

series form 

f(r) = f(0)^ 4 ^ ^ ]  + . . .  .  ( A . 1 4 )  
vr2 ^0 • r=0 

2 
Further if one defines a longitudinal microscale \ as 

^2 ̂  -2 . (A.15) 
r9^f(r)-| 

Lo 

Equation A. 13 on enç)loying Equation A.14 and in the limiting 

case as r _+ 0 becomes 

2 
= 2v u'^Lf" (0) + 4r (0) ] 

Since K'(0) = 0 ( flow field is isotropic and incompressible) 

Substituting from Equation A.15 

= - 20 ̂  

Fran Equations A. 11/ A. 12 and A. 16 
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00 

E(k)d3c 

= 10 
00 

O 
(A.17) 

' k^E(k)dk 

o 

To divert a little, Reynolds number as is canmonly 

known is a function of some characteristic length, char

acteristic velocity and property of the fluid. In isotropic 

case the mean velocity or boundaries are no factors and 

therefore conventional Reynolds number is of no signifi

cance. To overccane this difficulty in characterizing the 

turbulent flow a microscale Reynolds number is introduced. 

For isotropic turbulence the characterizing velocity may be 

taken as the r.m.s. turbulent velocity u', and for char

acteristic length microscale definition in Equation a. 15 

is utilized 

X 
2 -2  

(A. 15) 

Thus 

The microscale Reynolds number has been correlated 

empirically with macroscale parameters (11 ) and is con

veniently represented as 
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(A. 18) 

where is the macroscale. Substituting for Re ̂  
/ K 

(A.19) 

Going back and combining Equation A. 16 and A.19 and in light 

of Equation A. 12/ dissipation energy 

The constant A^ is found to be on an average 1.1, it 

is independent of decay but a function of R^nolds number 

and varies from 0.8 to 1.4. 

C. Kolmogoroff's Theory 

Recall Equation A.8 here, and making use of the fol

lowing definition 

k 

3 (8UI£, ̂  3 Hli 
2 ^ dt ^ 2 ^ 

(A. 20) 

S{k) = - j T(k)dk 

o 

which can be looked up on as the energy transferred from 

the eddies in the wave number range 0 to k 

•̂ ft̂  = _ -̂ 1̂  - 2v k̂ R(k) 
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Integrating the equation from 0 to k', where k' is a wave 

number representative of the rangé frcan dissipation eddies 

to the energy containing eddies. 

k' 

E(k)dk 

at 
— — s (k' ) — 2v y? E(k)dk 

which in effect says that the rate of change of kinetic 

energy is a direct consequence of a transfer from the range 

0 to k' to the range k' to » 

00 
•» 

£ = S(k) = 2v k^ E(k)dk . (A. 21) 

Thus beyond the wave number k' there exists a statistically 

equilibrium situation w.r.t. time and the process is inde

pendent of the energy containing eddies directly. This 

explanation was first put forward by Kolmogoroff ( 40). His 

theory states that the eddies in the equilibrium state de

pend only on the rate of energy dissipation & and on the 

kinematic viscosity v. The only characteristic length and 

velocity that can be made from a combination of v and e are 

3 1/4 

& = (Tr) * V" = ( V Ê ) 1/4 

based on the dimensional analysis. Inverse length scale is 



107 

often referred to as Kolmogoroff wave nionber. 

From dimensional analysis# one determines a form of the 

energy spectrum E(k) 

E(k) = *rh ^(kô) 

where %|) (k&) is a universal function. Substituting and b 

in terms of v and e one finds 

If the Reynold's number is very high so that sane large 

eddies in the equilibrium range are independent of viscous 

dissipation, then for these eddies inertia terms will be 

controlling. If such a range can be realized then i|) (kô) 

function must be such that Equation A. 22 is independent of 

the kinematic viscosity. Such a form is 

E(k) = tlj(kô) (A.22) 

i|)(k6) = (kô)-^/^ 

and Equation A.22 reads 

E(k) = V (A. 23) 

The confirmation to Kolmogoroff ' s theory through experiments 
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has been excellent29.). 

Recall Equation A. 13 at this point. In the limit as 

r 0, it reduces to Equation A. 15 which says 

ÔU , 2  
at 

= - 20 vu 
. 2  

and from the Theory section Equation 3.35 we have 

ac 
,2 . , 2  

at = - 12 D (A. 24) 

Similar to the development of Equation A. 17 analogous scalar 

spectrum can be defined. Analogous to Equations A. 11 and A. 12 

for scalar field 

E^(k)dk = c^ = c'2 (A. 25) 

and 

00 00 

at 
E^(k)dk - - 2D •k^ E^(k)dk = , (A. 26) 

say, from Equations A. 24, A. 25 and A. 26 

J dk 

5^1= 6-4-

J A^OOâk 

(A. 27) 
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and velocity scale already derived in Equation A.17 reads 

= 10 

E(k)dk 

00 (A. 17) 

k''E(k)dk 

If E(k) and E^(k) functions are known on theoretical or 

empirical basis the microscales can be calculated. In an 

analogy to the Kolmogoroff ' s theory Obukhov (54) and 

Corrsin (18) proposed a maximum characteristic wave number 

for a scalar spectrum 

k* = iAr) 
1/4 

(A. 28) 

but this was shown to be good for Schmidt numbers of the 

order of unity only by Batchelor (4). He concluded in his 

paper that for the case of Schmidt number »1 the maximum 

characteristic wave number of the scalar spectrum should be 

1/4 
) (A. 29) 

As a direct extension of Kolmogoroff ' s theory Equation A. 23 

Obukhov. (54) and Corrsin (18) analogously arrived at the 

expression for the inertial-convective subrange 
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El (k) = B £ 
c c 

-1/3 ̂ -5/3 (A. 30) 

The scalar spectrvun relationship has been verified by the 

experiments of Gibson and Schwarz (25 ). From very large 

Schmidt numbers, the shape of E^ in the inertial convective 

range is unchanged, however scalar field cut off wave number 

is given Equation A.29 as derived by Batchelor (4). 

His theoretical prediction for the viscous convective sub

range is given by 

kj^ « k « kg 

for large Schmidt number case. Exponential is of the order 

of unity. Thus 

For continuity of the E^(k) function at kj^ it is written as 

2 

(A.31) 

This (-1) relation is verified by the experiments of Nye 

and Brodkey (52). 

5 
Using Equations A.30 and A.31, a - ̂  aiid -1 c0itç)0site 
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spectrum, in Equation A. 27 

2 6"^/^ ( + 2/3 log (k^A.) 

- ĉ )̂ + 2/3(v/e)̂ /̂ (k|-k̂ ) 

(A.32) 

Corrsin (16), starting from here and similar derivation for 

velocity micros cale, has performed an order of magnitude 

analysis in detail to get 

9 A T 1/3 

«13= i (3(#) (f) + log % j 

as written down in the Theory section Equation 3.34. 

D. Temperature Corapensalted Conductivity Probe for 

the Measurement of Turbulent Concentration Fluctuations 

Electrolytic solution and the thermistor have a nega

tive temperature coefficient of resistance. Thus a reverse 

output signal of thermistor when connected in series with 

conductivity probe will have a compensating effect. 

For the conductivity probe, output voltage signal 

Vp = f (C,T) , or 

C = f*(V„,T) . (A.33) 

From Figure A.l it is evident that in the concentration 
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0 . 8  

-2.0 -1.6 -1.2 -0.8 -0.4 0.0 

INVERTED CONDUCTIVITY PROBE OUTPUT VOLTS 

Figure A.l. Conductivity probe response as a function of 
electrolyte concentration and temperature 
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and temperature range called for in the present investiga

tion the probe signal is linear with respect to individual 

property while keeping the other constant. Thermistor out

put signal is a function of temperature alone, i.e., 

= g(T) , or 

T = g*(V^) . (A. 34) 

The thermistor response was linearized connecting an 

^propriate parallel shunt resistor, see Figures A.2 and 

A.3 for details. 

From Equations A. 33 and A. 34 

C = f**(Vp,V^) . (A. 35) 

Lowest order regression model for nonadditive variables is 

C = a + bVp + dV^ + eVpV^ + hV^ + qV^ . (A. 36) 

In view of the linear response of the conductivity probe 

w.r.t. concentration and temperature individually, 

h = q = 0 . (A. 37) 

Therefore 

C = a + bVp + dV^ + eVpV^ . (A. 38) 

Parameters a, b, d, and h were obtained by performing 
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regression analysis on the calibration data. Figure A.4 

illustrates the temperature compensation explicitly. 

For Newtonian fluids, turbulent flow velocity distri

bution has been widely studied based on various phenom-

enological assumptions but none explains the entire flow 

region with a single equation. Pai (55) developed a solu

tion to the complete Reynolds equation, amongst others, 

which does not resort to numerical methods. For pipe-flow 

he assumed 

where parameters a^, ag, and m have been determined from 

the boundary conditions. Parameter m is limited to an 

integer to assure a known symmetry of the velocity profile. 

By substitution of Equation A. 39 in Navier Stokes equation 

and solving for an incompressible pipe flow gives 

E. Turbulent Flow Analysis 

/ (A. 39) 

and a - ^ ^ 
~ m - 1 / (A. 40) 

where 

Brodkey, jet al. (12) has empirically correlated extensive 
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Figure A.4. Conductivity probe response incorporating 
temperature compensation circuit 
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pipe flow data available in literature. Parameters m and 

s are given by 

m = -0.617 + 8.211 x 10"^ , and 

s = 0.585 + 3.172 x 10"^ - (A.41) 

A complete agreement is found between the existing data and 

Pai's power series representation for Reynolds number less 

than 100,000. Brodkey, et al. (12) has extended these re

sults to power law fluids. 
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Figure A.5. Mean concentration sample data; (a) — = 0.084; 

(b) I = 0.252 
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Figure A.6. Root mean square concentration sample data; 

(a) 5 = 0.084; (b) § = 0.252 
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