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Figure 3.5: The geometry of PATF under different assumptions on Pr and Pyir

Note: The header row specifies the assumptions on Pzjr and the header column specifies
the assumptions on Pr. Each cell is a plot of the geometry of PATE under a combination
of assumptions on Pgzp and Pr. The X-axis denotes the average treatment effect of the
first treatment. The Y-axis denotes the average treatment effect of the second treatment.
In each plot, multiple identified regions under the corrupted sampling model are presented,
with different colors denoting the maximum misclassification rates: 0% in red, 10% in orange,
20% in yellow and 30% in green.
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Figure 3.6: The geometry of
Note: The header row specifies which variable is subject to misclassification and the header
column specifies the type of misclassification. Each cell is a plot of the geometry of PT#!
based on the assumptions of MTR on average and select for better outcome probabilistically.
The X-axis denotes the probability of zero treatment effect. The Y-axis denotes the prob-
ability of unit treatment effect. Since a complete ordering does not exist for W = (Y, Z),
the left bottom is left blank. In each plot, multiple identified regions are presented, with
different colors denoting the maximum misclassification rates: 0% in red, 10% in orange,
20% in yellow and 30% in green.
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Figure 3.7: The geometry of
Note: The header row specifies which variable is subject to misclassification and the header
column specifies the type of misclassification. Each cell is a plot of the geometry of PATE
based on the assumptions of MTR on average and select for better outcome probabilistically.
The X-axis denotes the average treatment effect of the first treatment. The Y-axis denotes
the average treatment effect of the second treatment. Since a complete ordering does not
exist for W = (Y, Z), the left bottom is left blank. In each plot, multiple identified regions
are presented, with different colors denoting the maximum misclassification rates: 0% in red,
10% in orange, 20% in yellow and 30% in green.
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APPENDIX A. ADDITIONAL MATERIAL FOR CHAPTER 1

A.1 Additional simulation results

Table A.1: Percent Rejected under Hy : 7 = 1 at Nominal Level of 10%

p tj tx AR; ARy AR LM CLR

Panel A: T; =7, =1

00 04 08 108 10.1 106 105 104
-0.9 214 188 10.2 102 103 10.0 10.1

0.9 19.1 20.0 10.1 9.3 10.0 10.5 7.4
Panel B: T; = T}, =10

00 46 48 938 9.6 10.1 98 10.0
-0.9 115 11.3 101 10.8 9.9 104 10.8

09 105 104 95 98 94 98 104
Panel C: T; = T = 100

0.0 90 93 96 9.7 94 102 10.5
-0.9 83 98 102 104 10.0 10.1 10.2

0.9 102 101 11.2 10.5 11.2 10.1 10.1
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Table A.2: Percent Rejected at Nominal Level of 5% with N = 500

Method M1 M2 M3 M1 M2 M3

Bias correction No No No Yes Yes Yes

Test Panel A: p} and puf

AR 95 96 169 78 75 104
LM 98 100 124 78 72 8.6
CLR 96 98 139 78 72 94

Panel B: p3 and pf

AR 16.1 11.9 141 146 11.1 118
LM 154 122 122 14.7 10.6 109
CLR 143 128 11.7 141 10.8 104

Panel C: p and pd

AR 96 98 170 7.8 7.8 10.0
LM 10.1 100 126 80 7.7 87
CLR 9.6 103 135 76 7.6 9.2

Panel D: p) and pd

AR 15.8 12.2 145 145 11.3 122
LM 154 122 125 14.7 10.2 11.3

CLR 143 123 11.8 141 104 11.0
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Table A.3: Percent Rejected at Nominal Level of 5% with N = 10000

Method M1 M2 M3 M1 M2 M3

Bias correction No No No Yes Yes Yes

Test Panel A: p} and pf

AR 224 488 132 9.1 202 7.0
LM 22.8 51.6 11.8 11.1 229 6.9
CLR 229 523 120 115 232 7.0

Panel B: p3 and pf

AR 58 71 65 55 54 48
LM 52 72 66 52 51 56
CLR 54 6.7 68 52 53 6.0

Panel C: p and pd

AR 22.1 505 134 89 206 6.8
LM 229 51.v 119 11.1 238 6.4
CLR 23.0 524 121 114 240 6.9

Panel D: pd and pd

AR 54 66 70 55 54 5.1
LM 52 68 68 50 50 58
CLR 52 68 67 53 52 6.1
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Figure A.2: Power of Bias-corrected Tests at Nominal Level of 5% with N = 500
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Figure A.4: Power of Bias-corrected Tests at Nominal Level of 5% with N = 10000
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A.2 Proofs
A.2.1 Proof of Lemma 1.1
The distribution of W, is W,, ~ N(u, §2,) with
p = (71, 711" + 7'IL, I, IT").

Given a single observation of W,,, w, and a known variance §2,, w is a sufficient statistic for 6

because the factorization theorem naturally holds for
Fwl6) = (2m) 0 2 exp (0 = )0 = ).
Note that W,, is a function of S,, and T},
W = [ST : TT)[Bo(BY 0 Bo) "% : Q" Ag (AT Q" Ag) 2],

hence S,, and T,, are sufficient statistics for 6, and part (a) of this lemma holds.

To prove part (b), firstly note that S, and T), are jointly normal. Their mean and variance are

S

E(Sa) = (BYQ,Bo)~2(Bo — B + B)T E(W,) = (BJ 2.B0) "% (Bo — B) p.

N|=

V(Sn) = (BF QuBo) ™2 BY V(W) Bo(BY QuBo) ™ = Iy,
E(T,) = (AYQ, " Ag) 2 ATQ VE(W,,) = (AF QL Ag) 2 ATO, s,

V(T) = (AT 0" Ag) "2 AT V(W0 Ag (AT Ao) 72 = I,
In addition, the covariance between S,, and T, is
Cov(Sn, Ty) = Cov ((Bf 0, Bo) "2 BYW,,, (A{Q;le)*%AOTQ;Wn)
= (BYQ,Bo) "2 BY V(W) Ag(AT 0 Ag) 2
= (BYQ,By) "2 By Ag(AF QM Ag) 2
=0,

where the last equality holds because By and Ag are designed to be orthogonal. As a result, S,

and T,, are independent. O
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A.2.2 Proof of Theorem 1.1

Firstly notice that since Wn is asymptotically normal, §n and 7, n are asymptotically joint normal
as they are linear transformations of Wn We show that §n —4.8,. fn —4T,, and §n and fn are

asymptotically uncorrelated.

S, = BTQ,By)~2 BIW,

= (BYQ0Bo) "2 BY (W, — 1) + (BY 0, Bo) 2 BY u

= (BY0Bo) "2 B (W, — 1) + (BJ 2 Bo) 2 (Bo — B) .
By Cramer-Wold Device, we have (Bg’ﬁnBo)féBg(/Wn — ) =% N(0, I); by Slutsky Theorem, we
have (BT, Bo)~2(By — B)Tju =P (BT, By)~2(By — B)T . Hence S, 7 S,,. Analogously,

T = (AT A0) 2 ATOL W,
= (A0, Ag) 2 AT (W — ) + (AT, Ao) 2 AT, i,

where its first part converge in distribution to standard normal and the second part converge in

probability to the mean of T;,. As a result, fn —? T;,. Finally,

—
3

(Dov(gmfn) = Cov ((BgﬁnBo)_%BgW (Agﬁﬁle)_%AoTﬁglﬁn)

NI

= (BYQ,Bo) ™2 BY V(W0 Ao (AT O Ag)
—=P0

because £, —P V(Wn) and Bl Ag = 0. Part (a) of Theorem 1.1 holds.

The statistic ¢(-,, -, 70, 7)) is, by definition, a continuous function. The critical value function
(-, 70, Th, @) is also a continuous function because the conditional distribution of S, given T, is
absolutely continuous with a density that is smooth function of 7;,. Hence part (b) of this theorem
holds by continuous mapping theorem.

Part (c) follows immediately from part (b) because under the null,

~

PT(¢(§n’TnaﬁnaTﬂa7—é) > Cw(fn,ﬁn,ﬂ),ﬁ/},a)) —P PT(¢(Sn7TnaQnaTO776) > Cw(TanyTO’Téaa)) = «,

where the equality holds by definition of the critical value function. O
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A.2.3 Proof of Lemma 1.4

Assumption 1.1 ensures that fy (o) x(y|z) = fy(l) fT(l) fT(O) fsix(s|x)ds is continuous at the

threshold, implying the continuity of y(0, z, p) because
y(0,2,p) = main/ fyoix (ulz)du = q.

. . 1o} Is]
Again, Assumption 1.1 ensures that w fY fT fT i ‘g; 1s1x (517 1o 55 continuous at the

threshold. Note that

z o x
y(o’x’ ) %;((yn fy % ‘f(‘)d
0 ] X © = |
Z Y (0) (ylz) y=y(0,z,p) © lX(y’ ) y=y(0,,p)

so y(0, z, p) has continuous first order derivative with respect to the running variable at the thresh-
old. Similar argument can be made to y(1,x,p). Hence part (a) of this lemma holds.

Let 7(z,p) = y(1,z,p) — y(0, z, p) be the quantile treatment effect and 7/(x, p) be its first order
derivative with respect to the running variable. Theorem 1 from Chernozhukov and Hansen (2005)
ensures that!

Pr[Y; < y(Ti, Xi, p)| Xi] =p Vp € (0,1).

Notice that (T3, Xi,p) = y(0, X, p) + Ti(y(1, Xi, p) — y(0, Xi, q)) = y(0, Xi,p) + T;7(Xi,p). As a
result, Pr[Y; — T,7(X;,p) < (0, X;,p)|X;] = p, or equivalently, ¢, (Y; — T;7(X;,p)|X;) = y(0, Xi, p).

Since gy (Yz - TZ-T(Xi,p)|XZ') has the same smoothness properties as y(0, X;,p), it suffices to

show that
lim g, (Y7'|Xs = @) = 4 (Yi — Ti7(X4,p)| Xi = 0) (A.1)
and
tim 0qp(Yi*a|fi =x) _ Og(Yi— Tﬂ(a)f,p)!Xi =) (A.2)

=0
Equality (A.1) is trivial by the definition of Y;*. Equality (A.2) holds following the proof below.

!They result is conditioning on instrumental variable Z, which is a fully determined by X and is thus dropped.
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dap (Y — Tym (X, p)| X = )

ox
OFy _rr(x,p) x (y]®)
_ ox
_ x
Iy —rr(xp)x (Ylz) y=y(0.2:p)
affoo fY—T-r(X,p)\X(U|$)dU
— oz
fY—TT(X,p)\X(yVC)
y=y(0,z,p)
9 [Y  Pr[T=02]fy(0,x cq)|(x,7=0) (ux) +Pr[T=1|2] f, (1 x e1)— (X p)|(x,7=1) (u|z)du
_ ox
fy—rrx ) x (ylz)
y=y(0,2,p)
Analogously,
aqp(l/i*|Xi _ x) o oY Pr[T:0|m]fy(0’X7€O)|(X’T:O)(u|z)+Pr[§;1|r]fy<1’X761)7(T<p)+XT/(p)>‘<XYT:1>(u|z)du
Ox Sy -1 )+ x7 () 1x (Y]7)
y=y(0,z,p)
| X = Ogp \Yi—T;7(X;,p)| Xi= .
After comparing the difference between Oap (YlaLXZ ) and qp( ngx ) x), it can be shown
that
lim Fy—re@+xre)xWT) = fr—rrxpix @le)| _g
and

i X0+ xr eI r=) (4]7)
z—0 oz
~im Ofya.x.enl(x,r=1)(u + (7(p) + xT’(p))]x)T,(p)
x—0 al’
Ofy.x,e) (xX=r=1)(u + 7(0,p))
B or
_ Ofya.xo|xr=1)(u+ (2, p)2)
- ox

_ O fy(1,x,0)—r (X p)| (X, 7=1) (u|T)
ox

7'(0,p)

7 (x,p)

=0

=0

As a result, equation (A.2) holds. O
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A.3 Additional mathematic notes

A.3.1 The statistic for likelihood ratio test

Given 2y, the log likelihood function of observing W, is
! ! 1 1 To—-1
In L(W, |7, 7, II,II") = —In(27) — 3 In(|Q2,|) — §(Wn — ) Q. (Wy, — ),

with g = (7IL, 7/I1 + 71T, I1, IT') . To remove nuisance parameter (I, I'), let i = A(IL, II')T and
assume (7, 7’) is fixed. Then to maximize In L(W,, |7, 7/, m, ) is equivalent to the following restricted

optimization problem:

1 1
max In L(W|f2) = ~In(2m) = Sin(12]) = 5 (Wn — )T (W, — i)
I

st. BT =0.

With Lagrange multiplier method, one can obtain i* = (I4 — QnB(BTQnB)_lBT)Wn. As a result,

the concentrated log likelihood function is
1 1
In L(Wy|7,7') = —In(27) — 5 n(12]) - §WnTB(BTQnB)_1BTWn.
Hence the likelihood ratio statistic is

LRy = W1 By(BIQ,By) 'BIW,, — (mil/Q) wIBBT0,B)'BTW,.

A.3.2 The statistic for Lagrange multiplier test

The first order derivative of log likelihood with respect to parameters (7,7')7 is

m 0

O LWo|r, 7' L) _ T I 1
8(7’ T/)T - ( n M) n

) 0 0

0 0



104

Note that when evaluated at (7o, 7, 1, ﬁ’), the mean is fi* = (I4—Q,Bo(B{ Q. Bo) ' BI') W), hence

o o
oln L(W,, |7, 7/, IL, IT' - rga | 0
(a( | T N (W (14— QuBo(BIRBo) B W) 0
T, T 7-077'(/),1_[71_[/ 0 0
0 0
o o
T
= WEBO(BanBO)ilng
0 0
0 0

= W/ By(BIQ,By) I

= ST(BIQ,By) 1L
So the statistic for Lagrange multiplier test is
~  ~T o~ ]~
LMo = ST(BE 0, Bo) (T (B§ 9 Bo) ™ 1) ' T (BY Q2 B0) 250,

which can be further simplified to S!S, given that I is non-singular.
The maximum likelihood estimators for nuisance parameters are obtained by solving the fol-

lowing first order condition:

0ln L(W, |70, 7§, IL, IT')

O(IL, )T = Wy — 1)"0" Ag

T

II
H/

=0.

The solution is (IL, IT")T = T (AT, 1A0)7% and is independent with S,,. As a result, LM follows

chi-squared distribution with two degrees of freedom under the null hypothesis.
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A.3.3 The estimation of Qn

By definition, Q, is the variance estimator for /Wn Since /Wn is the difference between estimators

from two sides, which are independent, we have

—

QO = V(W] = VW] + VIV, )
The same steps can be applied to the calculation of both W[W,j | and V[ﬁ/\n_ . The following

discussion focuses on V[W,I| only. W, is a vector of bias-corrected intercepts and slopes, i.e.,

CCT’s Lemma SA4 provides formula for the diagonal elements of V[WJ |. For off-diagonal elements,

one can make use of the covariance terms provided by CCT’s Theorem A2.
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APPENDIX B. ADDITIONAL MATERIAL FOR CHAPTER 2

This appendix adopts CCT’s notation where possible and utilizes some conclusions from that
paper. Let e, be the selection vector with 1 in element p + 1 and 0 everywhere else and assume,
with some abuse of notation, that the dimension of e, adapts to make matrix and vector operations

conformable. Much of the theory in this appendix applies to both sides of the cutoff symmetrically,

(1%

so I use “o” as a placeholder for either + or — in equations. Further let r,(z) = (1, z,..., zP),
14(z) = 1{x > 0}, 1_(z) = 1{x < 0}, m = min(h,b) and v < p < ¢. Define the following terms

related to local polynomial regression:

n

Tap(h) = 13" rp(Xi/h)rp(Xi/h) Kup(X:)
=1

Tag(b) = £ rg(Xi/b)rg(Xi/b) Ko p(X;)
=1

n

Bupa(h) = Ve, (Lap(h) ™ % D~ (Xifh)ry(Xi/ W) Kup(X0):
i=1

When nh — oo, nm — oo and h — 0, CCT’s Lemma SA.1 and SA.2 imply that these terms have
well-defined limits under Assumptions 2.1 and 2.2.
Let 3 Zep(h) be the coefficient estimators from the weighted regression of Z; on 7,(X;):
n
Bzep(h) = Hy(m)Tap(h) ™11 D rp(Xi /) ZiKo n(X2)
i=1

with Hy,(h) = diag(1,h™1,... h™P). These coefficients are related to the quantities of interest by

iyl (h) = Ve, Bze,(h)

and

forv=0,...,p.
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B.0.1 Proof of Theorem 2.1

Based on the bias calculated from Algorithm 2.1, the difference between the bias-corrected

estimator and the true treatment effect is

N . =Y h
Cop(h) = A% (1, D) = G = (Cp(h) — ) — (EF T’:’”’p( ) _ Ty

TT,V,p (h’) TT,Z/ .

The first two terms on the right side can be written as

. 1 . TY.v A
Cup(h) = G =——(Fywp(h) — 1vw) — == (Frup(h) — 71,)

TT?” TT,V

TY v ~ 2 1 ~ ~
TR h) — - h) — h) —
- (Prvp(h) —T10) P — (Tywp(h) = 7v) (Frup(h) — 710)
]- ~ TY v ,
=—(Tywp(h) = 1vp) — 5= (Fr0p(h) — T10) + Ry,
TT7V TT,V

with R,, = Op(nhl% + h2PH=1)) (CCT’s Lemma A.2). Similarly, the last two terms on the right

side can be written as

Vot 1, 1 Ty
B 22— - 2 = b)) —1v,) — =5 (E* 77, ,(h) — 77 ,) + R,
'f_ik“’V,p(h) 7_;{171/ 7—])‘:7,/( Y,V,p( ) Y,l/) 7_7*1721/( T,V,p( ) T,V) + n

with R} = Op(ﬁ + R2(P+1=v)) By construction of the wild bootstrap DGP,

- rq(Xi/b) He(b)™' 85, g +&f Xi>0

K2
rq(Xi/b) Hy(b)"'B;_ , +ef Xi <0,
with £7 tq and B}_’q being the true parameters in the bootstrap data. Equivalently, N*Z(:/ ) —

vle, By, , is the true treatment effect in the bootstrap data. CCT’s Lemma SA.3 indicates that

E* Ia}(:’;)(h) _ lu’g(:’) — hl+p_uﬂ}(.1+p)%o,u,p,1+p(h)/(1 +p)| + Op(hQ—‘,—p—y)7

which allows for an analytical form of the bias in the bootstrap data:
* Ax * — *(1+ *(1+ —
B (1) = 75 = WP (B ppia () = B () /(14 D)L+ 0077,

Notice that CCT’s bias term is only slightly different from this. They use the following formula for

bias correction:

g (1b) = F20p(h) — REPY (AGTDB L1 (h) — A5 TDB i () /(14 D).
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Built on above preparations, it can be shown that

~ 1 Ty, v * *bc —v
CV,P(h)_ qu(h b) G = (TY,V,pq(h b) TY,V> 7_7( TV,pq(h b) TT,V)_'_RTZ_Rn_Rnb _|_Op(h2+p )7

TTv Ty
(B.1)
where R*¢ is defined by:
xbc 1 —y x *
Ryt = h P (U PB () = i PB L  (0) /(14 p)!
T
TYV vy (1 1
S B B st () = B (1) (L4 )
;W-y( A8 pper(h) — Y7241 () /(14 p)!
TYl/ v 1 1
+ Y (ADB et () = ST (1) /(14 p)!
Tl/
1 —y 1
=——=h'"? (Mgmr q)%+ vpp+1(h) — Mg/ﬂ;)%—,u,p,p—&-l(h))/(l +p)!
TT,q(D)
ywa®) 1ipn -1 1
= T B B 1 () = AT B () /(14 )
Tv,q
1 . .
S CIDB o1 () = ASTPB_ 1 () /(14 p)!
TYl/ v 1 1
o W (B g () = B e () /(14 )
Tl/
1 1 _ 1 . (14p)
_ o hl—i—p v(~(1+p) ” h (1+p y h 1 !
(%T,mq(b) TT,u) (,UYJrqu—i- p,p—l—l( ) My q% p,p+1( ))/( +p)
7A_Y,1/7 (b) TY,v —uA(1 1
=Gy~ T R B () = B () /(L4 )
T,v,q Twv
1 1
— 1+p—v - 1+q—v -
PO g TP TTO Y o)
The second equality holds because Z( ) = M(ZI:F 5 )(b) and 77, = 77,,4(b) almost surely because the

bootstrap DGP is obtained by fitting a local polynomials of order q. The last equality holds because
of similar argument in CCT’s Theorem A.2. Asymptotic normality of (A,,p( ) — A7, (hb) = ¢
then follows from normality of 7 TYVp (7, 0) — Ty, %%fy7p7q(h, b) — 77, (CCT’s Theorem 1) and the

fact that remaining terms R,,, R}, R:* and O,(h**P~") are negligible.
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h2(1+p—v)

CCT have shown that V% (h,b) = Op(nhllJrQV + ) (Lemma SA.4) and R2 = 0,(V%(h, b))

(Theorem A.2). In addition, because O,(h?TP~") = 0,(R:>), it suffices to show that

nb3+2

R*bCQ
h2(1+p V) })

Voe(h,b)

1

:Op(min{nhH” W)

h2 14+p— I/)O ( +b2(1+Q*I/))Op(1_~_

nblt2v

1
nb1+2zx

1
b3+2p)

:Op (b2+2(p—1/) min{(%)fﬂ—i&p’ 1} + an(l-{—q—u) min{nh3+2p, nb3+2p})0p(1 +

=0, (min{nh*t? nb>*27}) 0, ( +p21H) 0, (1 +

pr==r).
:Op(b2+2(p—u) min{(%)?ﬁ-l’u’ 1} + nb2@ ) p20HP=Y) i {329, nb3+2p})
h h
+ Op gy min{(3)* 2, 13 + 0040 min{(7)%4%, 1))
:Op(1)7

provided that nmin{h3+t?", b3+2P} max{h? b*9=P)} — 0 and nmin{h,b' T2} — co. O.

B.0.2 Proof of Theorem 2.2

Repeat the steps from Theorem 2.1°’s proof for the iterated bootstrap to get

*

T V / ~axbe * ok *xbc v
—( W opq (1, 0) =T )—TY (P75 pig (B 0) =77, )+ Ry =Ry =Ry Op (R*P77),
T,V Twv

CA:,p() A*qu( ) sz_

As is proved in previous section, the higher order terms do not contribute to its asymptotic vari-

(f_;;blfp q(h7 b) - T;,z/) -

g;«;;b;pq(h b) — 74, converges to that of - (#{f, (. b) ~7v,,) — 35 ”(ATqu(h b)—7r,), then

its asymptotic normality will be proved.
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Proof for variance convergence in probability. Rewrite bias-corrected estimator for Z:

a1 0) = 720 =(72,,p(h)

:%Z,V,p(h)

n hl—i—p—l/(ﬂ(Q)

Z_7q

- h1+p—u(ﬂ(q)

Z4,

+ Op(hQer*V)

—E7z,p(h)) +

(E7z,p(h) (E"772,p(h) —724)

)

- TZ,V)

—E7z,,(h)
(6) — n B i1 (R) /(1 + p)!

S0 = 1E) Bk ppe1(R)/ (1 + )

=vle, 1 ,(h) zn:rp (Xi/h) K+h(Xi)5Zi>
=1
—vle, T, (% zn:r,, X;/h)K_p(X )ezz.)
i=1
+ %r_,q(b)l (2 Zz:rq(Xi/b)K_b(Xi)gZi)%_7V7p7p+1(h)
_ WFJD(]U))_I (% Zz:l; Tq(Xi/b)K+7b(Xi)€Zi) B yppr1(h)

+ 0 (h2+p_”)
- Z W(X.
with

W(X;) =

Wi (X5) = W_(X5)

We(X;) = %V!GLF.7p(h)_1

With this simplified notation, we have

LR o (1B = Ty) — TR (e, (h,b) = 7ry) = 3 WX

TT7V 7—T‘,l/

which has variance

1 Ty,
A\ (Z W(Xz)(TTVEYi - T%VETZ
=1 ) sV

Tp(Xi/h)Ko,h(Xi) ~n

Dezi + Op(h*P7Y)

) q!e;h1+pﬂ/

Wl}q(b)_l

Tq(Xz/b)Ko,b(Xl)

n

1 T
eyi — —Zeri) + Op(R2FP77),
TT,v TT,V

i=1

2Ty,

Apply similar steps to the iterated bootstrap, we have

1 ~xbc h.b * T;ﬂ’
( TY u,p, q( ) ) - TY,ZI) - (
TT,V Ty

1 T,
) = ZW(XZ)Q( 2 ot + 41/0%1‘— 3 0Yi,Ti)-
i=1 Ty T Tr
~ Ty,
5 (7T g (B Z W(Xi)(—¢eyi — 7.*2V ET4)5
T7V Twv
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which, by the construction of wild bootstrap, has variance

2 *
1, Yy . 1 T I
~2 Y,v AQ Yv . 4
E W(X o —Ey; — *2 5TZ g W(X, — Evi+ =1 €T — —3 EviéTi)-
TTv Ty TTv TTv

By the standard argument on the convergence of residuals to the population error, it is en-
sured that Y. W(X;)%e%, —P Y0 W(Xi)%0d,, Y0, W(X;)2%2, =P S, W(X;)%0%, and
S W(X;)2eyiér —P Y W(X;)?0y;1,. Combined with the fact that T3, = T24(b) =P 77,
the proof for convergence of variance is complete.

Proof for asymptotic normality. Conditional on the regressors and residuals, {W(Xi)(%éyz-—
%’Qéﬂ)ef } is a sequence of independent and mean zero random variables. In addition, it consists
of four parts based on the definition of W (X;). It can be shown that each part is asymptoti-
cally normal by Lindeberg-Feller CLT. The proof below is an example showing that the first part
%V!@LF,MD(h)_lrp(Xi/h)K.’h(Xi)(%én - %éﬂ)e;‘ is asymptotically normal.

The Liapunov’s condition requires that

H Z]E]H (X1)|*H0 =P 0
Sno i
with
Hi(X;) = iy!e:,F.7p(h)lrp(Xi/h)K.7h(Xi)(%éYi — :;éﬂ)e;‘; 52 = ZV(Hi).
i=1

Based on CCT’s Lemma SA.1, we know that

- 1
Z (X240
- E|H;(X1)] O ((nh)1+5)
1
2 _
Sn - Op(nh)’

which verifies the Liapunov’s condition given that nh — oo. Similar arguments can be applied to

other three parts. .
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APPENDIX C. ADDITIONAL MATERIAL FOR CHAPTER 3

Proof of Proposition 3.1. Under the minimum probabilistic requirements specified by equations
(3.3b) - (3.3d), the vector ((P")T,(PP)T)T has a convex geometry because it is defined by a set
of linear restrictions. Its geometry is closed because the linear restrictions are in the form of “>”,

“=” and “<”. As a result, the geometry of the subvector P¥ is also closed and convex. O

Proof of proposition 3.2. The expected outcome conditional on the treatment Z = z is

E[Y|Z = 2] ZZIPY\Z ylz) = ZZJPYZ Lk

. Zf —ZJ]PF(f)PZ\F(ZU)
Zy Py (2)

DD WENEEIT TR
y o f

The expected outcome if treatment z is received is

= ZyIP[Y(z) =y = ZZZ/P[Y(Z) =y, F=fl

y f

PZ\F(Z‘f)‘ 0

So E[Y|Z = z] is a weighted average of Y (z), with the weights being proportional to 16

PIWE] is convex. If

Proof of Proposition 3.3. Similar to Proposition 3.1, one can show that HP|
H'[PFWE] is convex, then their intersection H[PY"W] will also be convex. The mapping through

linear transformation matrix B preserves the convexity. O



